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Part 1 - Using the Distributive Law

We will further study solving linear equations. Let us �rst recall a few de�nitions.
.
De�nition: An equation is a statement in which two expressions (algebraic or numeric) are connected with an equal

sign. A solution of an equation is a number (or an ordered set of numbers) that, when substituted into the
variable(s) in the equation, makes the statement of equality of the equation true. To solve an equation is
to �nd all solutions of it. The set of all solutions is also called the solution set.

For example, the equation�x2+3 = 4x�2 is an equation with two solutions,�5 and 1. We leave it to the reader to verify
that these numbers are indeed solution. We will have to deploy systematic methods to �nd all solutions. The methods we
will use usually depends on the type of equation. We have been studying the simplest equations, linear equations. We will
continue this study with slightly more complex situations in which the unknown appears several times in the equation.

Now that we can simplify algebraic expressions, we can also solve such equations. Most often we will be dealing with
the distributive law to eliminate parentheses. Then we combine like terms. After that, these equations will be reduced to
simple two-step equations.

Example 1. Solve each of the given equations. Make sure to check your solutions.

a) 3 (2x� 1) + 5 (�3x+ 2) = 70 b) 2 (8x� 5 (2x+ 1))� (x+ 1) = 49

Solution: a) We simplify the expression on the right-hand side. After that, the problem is reduced to a two-step equation.

3 (2x� 1) + 5 (�3x+ 2) = 70 apply distributive law to open parentheses

6x� 3� 15x+ 10 = 70 combine like terms

�9x+ 7 = 70 subtract 7

�9x = 63 divide by � 9
x = �7

We check: if x = �7, then

LHS = 3 (2 (�7)� 1) + 5 (�3 (�7) + 2) = 3 (�15) + 5 (23) = �45 + 115 = 70 = RHS X

So x = �7 is our solution.

b) As before, we simplify the expression on the right-hand side. In this case, this might take a litlle bit more
steps. After that, the problem is reduced to a two-step equation.

2 (8x� 5 (2x+ 1))� (x+ 1) = 49 apply distributive law to open the inner parentheses

2 (8x� 10x� 5)� (x+ 1) = 49 combine like terms

2 (�2x� 5)� (x+ 1) = 49 apply distributive law again

�4x� 10� x� 1 = 49 combine like terms again

�5x� 11 = 49 add 11

�5x = 60 divide by � 5
x = �12

c Hidegkuti, 2020 Last revised: September 26, 2021



Lecture Notes Linear Equations 2 (Z) page 2

We check: if x = �12, then

LHS = 2 (8 (�12)� 5 (2 (�12) + 1))� ((�12) + 1) = 2 (�96� 5 (�24 + 1))� (�11)
= 2 (�96� 5 (�23)) + 11 = 2 (�96 + 115) + 11 = 2 (19) + 11 = 38 + 11 = 49 = RHS X

So x = �12 is our solution.

We can also solve applications that boil down to these new types of equations.

Example 2. Ann was asked about her age. Her answer was: "My age is 10 years less than three times my brother's age.
The sum of our ages is 18 years". How old are the siblings?

Solution: Let us denote the brother's age by x. Then Ann's age can be expressed as 3x� 10. The equation will express
the sum of these two quantities.

x+ 3x� 10 = 18 combine like terms

4x� 10 = 18 add 10

4x = 28 divide by 4

x = 7
So, if the age of Ann's brother is 7 years, then Ann's age is 3 � 7 � 10 = 11 years old. So the siblings are
7 and 11 years old. We check: the ages add up to 18, and 11 is ten less than three times 7.

Example 2b. Wendy is asked about her age. She answers as follows. "My age is seven years less than twice the age of
my son. The sum of our ages is 61 years. How old is Wendy?" Solution - YouTube Link

Example 3. One side of a rectangle is 8 feet shorter than three times another side. How long are the sides if the permeter
of the rectangle is 96 feet?

Solution: Let us denote one side of the rectangle by x. Then the other side can be expressed as 3x � 8. We obtain an
equation expressing the perimeter of the rectangle.

2

0@ x|{z}
one side

+ 3x� 8| {z }
the other side

1A = 96 combine like terms

2 (4x� 8) = 96 apply distributive law

8x� 16 = 96 add 16

8x = 112 divide by 8

x = 14

Now that we know the value of x, we know all the sides. The side denoted by x is 14 feet long, and the side
denoted by 3x� 8 is 3 � 14� 8 = 34 feet long. We check the condtions stated in the problem. Is 34 indeed
8 less than three times 14? Yes, 34 = 3 � 14 � 8. The perimeter of this rectangle is 2 (14 ft + 34 ft) =
2 (48 ft) = 96 ft. There fore, our solution is correct: the sides pf this rectangle are 14 ft and 34 ft long.

Note that we did not check 14 agains the equation. This is because it is possible that we made a mistake when setting up
the equation. Instead, we state our �nal result, and check those against the conditions stated in the problem.
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Example 4. Children's tickets cost 12 dollars, and adult tickets cost 20 dollars. The number of children's tickets purchased
was �ve more than three times the number of adult tickets purchased. How many of each tickets did we buy
if we paid 900 dollars for all these tickets?

Solution: Let us denote the number of adult tickets purchased by x. Then the number of children's ticket can be expressed
as 3x+ 5. We obtain an equation expressing the value of all the tickets.

We paid 20 dollars for each of the x many adult tickets. So the adult tickets cost. 20x dollars. Similarly,
each children's ticket cost 12 dollars, and we purchased 3x + 5 many children's tickets. Therefore, we paid
12 (3x+ 5) for the children's tickets. We will now set up an equation to express the total value of all tickets:

20x+ 12 (3x+ 5) = 900 apply the distributive law

20x+ 36x+ 60 = 900 combine like terms

56x+ 60 = 900 subtract 60

56x = 840 divide by 56

x = 15

Since x represents the number of adult tickets, our result is that 15 adult tickets were purchased. Then the
children's ticket, denoted by 3x+ 5; must be 3 � 15 + 5 = 50. So it appears that the correct answer is
15 adults and 50 children tickets .

We check: 3 � 15+ 5 = 50 and so the number of children's ticket is indeed 5 more than three times the number
of adult tickets. As for the total cost, 12 (50) + 15 (20) = 600 + 300 = 900. This means that our solution is
correct.

Example 4b. The tickets for the �eld trip were purchased yesterday for both students and instructors. Children tickets
cost 11 dollars, adult tickets cost 14 dollars. The number of children tickets purchased was �ve less than
twice the number of adults tickets purchased. How many of each were purchased if all of the tickets cost a
total of 465 dollars? Solution - YouTube Link

Part 2 - The Unknown Appears on Both Sides

Example 5. Solve the equation 2x� 8 = 5x+ 10. Make sure to check your solution.

Solution: Recall that in an algebraic expression, the numbers multiplying the unknown are called coef�cients. In this
equation, the coef�cients of x are 2 on the left-hand side, and 5 on the rigth-hand side. We can easily reduce
this equation to a two-step equation by subtracting 2x from both sides.

2x� 8 = 5x+ 10 subtract 2x

�8 = 3x+ 10 subtract 10

�18 = 3x divide by 3

�6 = x

The only solution of this equation is �6:We check; if x = �6, then the left-hand side (LHS) is

LHS = 2 (�6)� 8 = �12� 8 = �20

and the right-hand side (RHS) is
RHS = 5 (�6) + 10 = �30 + 10 = �20

So our solution, x = �6 is correct.
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Note that there is another way to reduce this equation to a two-step equation. Instead of subtracting 2x, we could also
subtract 5x. Both methods lead to a correct solution. This is a new situation for us. We have a choice between
two methods. Although both methods are equally correct, one is better than the other one because it makes the rest of the
computation easier. These kind of strategic decisions will become more and more important as we advance in mathematics.

Let us see now, what would happen if we chose to subtract 5x.

2x� 8 = 5x+ 10 subtract 5x

�3x� 8 = 10 add 8

�3x = 18 divide by � 3
x = �6

As we can see, now we had to divide by a negative number in the last step. This can be always avoided if we address the
side on which the unknown has the smaller coef�cient. Keep in mind, coef�cients include the sign.

Example 6. Solve the equation 7a� 12 = �a+ 20. Make sure to check your solution.

Solution: Let us �rst compare the coef�cients. On the left-hand side, the coef�cient of a is 7. On the right-hand side, the
coef�cient of a is �1. Since �1 is less than 7, we will eliminate �a from the right-hand side. We reduce this
equation to a two-step equation by adding a to both sides.

7a� 12 = �a+ 20 add a

8a� 12 = 20 add 12

8a = 32 divide by 8

a = 4

So the only solution of this equation is 4. We check; if a = 4,

LHS = 7 � 4� 12 = 28� 12 = 16 and RHS = �4 + 20 = 16 =) LHS = RHS

So our solution, a = 4 is correct.

Example 7. Solve the equation �4x+ 2 = �x+ 17. Make sure to check your solutions.

Solution: �4 is less than �1. Therefore, we will eliminate �4x from the left-hand side.

�4x+ 2 = �x+ 17 add 4x

2 = 3x+ 17 subtract 17

�15 = 3x divide by 3

�5 = x

We check; if x = �5, then

LHS = �4 (�5) + 2 = 20 + 2 = 22 and RHS = � (�5) + 17 = 5 + 17 = 22 =) LHS = RHS

So our solution, x = �5 is correct.

c Hidegkuti, 2020 Last revised: September 26, 2021



Lecture Notes Linear Equations 2 (Z) page 5

Once the unknown appears on both sides, we might face new situations that were not possible in two-step equations.
Consider each of the following.

Example 8. Solve each of the following equations. Make sure to check your solutions.
a) 5y + 16 = 5y + 16 b) �6x+ 5 = �6x+ 9

Solution: a) 5y + 16 = 5y + 16
This equation looks different from all the others because the two sides are identical. Logically, the value of
two sides will be equal no matter what number we substitute into the equation. Computation will con�rm
this idea.

5y + 16 = 5y + 16 subtract 5y

16 = 16

The statement 16 = 16 is true, no matter what the value of y is. Such a statement is called an unconditionally
true statement or identity. All numbers are solution of this equation.

b) �6x+ 5 = �6x+ 9
�6x+ 5 = �6x+ 9 add 6x

5 = 9

When we tried to eliminate the unknown from one side, it disappeared from both sides. We are left with the statement
5 = 9. No matter what the value of the unknown is, this statement can not be made true. Indeed, our last line is an
unconditionally false statement. This means that there is no number that could make this statement true, and so this
equation has no solution. An equation like this is called a contradiction.

These strange situations happen when the unknown has the same coef�cient on both sides. Otherwise, there is exactly one
solution. Based on their solution sets, linear equations can be classi�ed as follows.

.

1. If the last line is of the form x = 5, the equation is called conditional. This is because the truth value of the
statement depends on the value of x: True if x is 5, false otherwise. A conditional equation has exactly one
solution.

2. If the last line is of the form 1 = 1, the equation is unconditionally true. Such an equation is called an
identity and all numbers are solutions of it.

3. If the last line is of the form 3 = 8, the equation is unconditionally false. Such an equation is called a
contradiction and its solution set is the empty set.

Discussion: Classify each of the given equations as a conditional equation, an identity, or a
contradiction.
a) 3x+1 = 3x� 1
b) 2x�4 = 7x�4

c) x� 4 = 4� x
d) x�1 = �1+x
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Example 9. Solve each of the given equations. Make sure to check your solutions.

a) 4 (3x+ 1)� (x+ 3) = 10x� 4

b) 3x� 2 (4� x) = 3 (3x� 1)� (x� 7)

c) 4 (y � 2)� 6 (3y � 5) = 5� 2 (7y + 1)

d) 2 (x� 2)� (x+ 6) = x� 10
Solution: a) 4 (3x+ 1)� (x+ 3) = 10x� 4

Solution - YouTube Link

b) We �rst eliminate the parentheses by applying the distributive law.

3x� 2 (4� x) = 3 (3x� 1)� (x� 7) eliminate parentheses Caution! � 2 (�x) = 2x
3x� 8 + 2x = 9x� 3� x+ 7 combine like terms and � (�7) = 7

5x� 8 = 8x+ 4 subtract 5x

�8 = 3x+ 4 subtract 4

�12 = 3x divide by 3

�4 = x

We check: if x = �4, then

LHS = 3 (�4)� 2 (4� (�4)) = 3 (�4)� 2 � 8 = �12� 16 = �28 and

RHS = 3 (3 (�4)� 1)� (�4� 7) = 3 (�12� 1)� (�11) = 3 (�13) + 11 = �39 + 11 = �28 =) LHS = RHS

So our solution, x = �4 is correct.
c) We �rst eliminate the parentheses by applying the distributive law.

4 (y � 2)� 6 (3y � 5) = 5� 2 (7y + 1) eliminate parentheses

4y � 8� 18y + 30 = 5� 14y � 2 combine like terms

�14y + 22 = �14y + 3 add 14y

22 = 3

We are left with the statement 22 = 3. No matter what the value of the unknown is, this statement can not
be made true, this is an unconditionally false statement. This equation has no solution. An equation like
this is called a contradiction.

d) We �rst eliminate the parentheses by applying the distributive law.

2 (x� 2)� (x+ 6) = x� 10 eliminate parentheses

2x� 4� x� 6 = x� 10 combine like terms

x� 10 = x� 10 subtract x

�10 = �10

When we tried to eliminate the unknown from one side, it disappeared again from both sides. We are left
with the statement �10 = �10. This statement is true for all values of x. Indeed, our last line is an
unconditionally true statement. This means that every number makes make this statement true, and so the
solution set of this equation is the set of all numbers. An equation like this is called an identity.
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We often use identities in mathematics, although it seems at �rst that we would not need equations whose solution set is
every number. Consider the following equation: a+b = b+a. This equation is an identity, because every pair of numbers
is a solution. We use this identity to express a property of addition: that the sum of two numbers does not depend on
the order of the two numbers. Now that we can solve equations with the unknown on both sides, there are more types of
applications that we can solve using linear equations.

Example 10. The sum of three times a number and seven is one greater than twice the sum of eight and the opposite of
the number. Find this number.

Solution: We denote the unknown number by x and set up an equation expressing the conditions stated in the equation.
The sum of three times a number can be translated as 3x + 7. Twice the sum of eight and the opposite of
the number can be translated as 2 (8 + (�x)). We can immediately simplify this to 2 (8� x). (Recall that to
subtract is to add the opposite.) The two expressions, 3x+7 and 2 (8� x) are being compared: 3x� 7 is one
greater than 2 (8� x) : We express this with our equation that we will solve for x.

3x+ 7 = 2 (8� x) + 1 distribute

3x+ 7 = 16� 2x+ 1 combine like terms

3x+ 7 = �2x+ 17 add 2x

5x+ 7 = 17 subtract 7

5x = 10 divide by 5

x = 2

We check. Not x = 2 with the equation, because we might have made a mistake when setting up the equation.
Instead, we check if the number 2 works with the conditions stated in the question. The sum of three times two
and seven is 3 � 2 + 7 is 13, and twice the sum of eight and the opposite of two is 2 (8 + (�2)) = 2 � 6 = 12.
This works because 13 is indeed one greater than 12. Therefore, our solution is correct.

Example 10b. Five times the sum of four and a number is six less than seven times the same number.

Solution - YouTube Link

Sample Problems

Solve each of the following equations. Make sure to check your solutions.

1. 2x+ 3 = 4x+ 9

2. 3w � 5 = 5 (w + 1)

3. 7x� 2 = 5x� 2

4. y � 4 (y � 1) = �y � 2 (y � 2)

5. 2w + 1 = 2w � 9

6. 4� x = 3(x� 12)

7. 7(j � 5) + 9 = 2(�2j + 5) + 5j

8. 3 (x� 5)� 5 (x� 1) = �2x+ 1

9. Ann and Betty dine together. The total bill is $38. Ann paid $2 more than Betty. How much did Betty pay?

10. The sum of two consecutive even integers is �170. Find these numbers.

11. One side of a rectangle is 7 cm shorter than �ve times the other side. Find the length of the sides if the perimeter of
the rectangle is 118 cm.

12. The school ordered fruit for the cafeteria. A pound of apples cost 3 dollars and a pound of oranges cost 4 dollars.
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The weight of the apples is 3 pounds more than twice the weight of the oranges. The school paid 79 dollars for the
fruit. . How many pounds of apples did the school purchase? How many pounds of oranges?

13. Two times a number is 5 less than the sum of 80 and the opposite of the number. Find this number.

14. 55 people showed up on the party. There were 3 less women than men. How many men were there?

15. We have a jar of coins, all quarters and dimes. All together, they are worth $17: 60We have 13 more quarters than
dimes. How many quarters, how many dimes?

16. The sum of three consecutive odd integers is 57: Find these numbers.

17. One side of a rectangle is 3 cm shorter than four times the other side. Find the sides if the perimeter of the rectangle
is 204 cm.

18. The opposite of a number is 18 more than twice the number. Find this number.

19. Red pens cost $1 each, blue ones cost $1:50 each. We bought some pens. The number of red pens is 7 less than �ve
times the number of blue pens. How many of each did we buy if we paid $58?

20. Lisa took 5 exams. The �rst four exams received scores of 72, 93, 86, and 82. How much did she score on the �fth
exam if her average score is 84 points?

21. *Today, Tim's father's age is 6 years more than three times Tim's age. But 14 years from now, the father's age will
be 2 years more than twice Tim's age. How old is the father today?

Practice Problems

Solve each of the following equations. Make sure to check your solutions.

1. 5x� 3 = x+ 9

2. �x+ 13 = 2x+ 1

3. �2x+ 4 = 5x� 10

4. 5a+ 1 = �2a+ 1

5. 5x� 7 = 6x+ 8

6. 8x� 1 = 3x+ 19

7. �7x� 1 = 3x� 21

8. 3 (x� 4) = 2 (x+ 5)

9. 2� 3 (y � 1) = 5 (y � 2)� 4 (2y � 7)

10. a� 3 = 5 (a� 1)� 2

11. 4m� 1� 3 (2m� 1) = �4m+ 8

12. 3y � 2 = �2y + 18

13. 8 (x� 3)� 3 (5� 2x) = x

14. 5 (x� 1)� 3 (x+ 1) = 3x� 8

15. 2 (3x� 5)� 5 (2x+ 1) = �3 (x+ 5)� x

16. �2x� (3x� 1) = 2 (5� 3x)

17. 3 (x� 4) + 5 (x+ 8) = 2 (x� 1)

18. 5 (x� 1)� 3 (�x+ 1) = �3 + 8x

19. 2 (b+ 1)� 5 (b� 3) = 2 (b� 7) + 1

20. 3 (2x� 1)� 5 (2� x) = 4 (x� 1) + 5

21. 3 (2x� 7)� 2 (5x+ 2) = �5x� 30

22. 3(a� 4)� 4 (a� 3) = 3 (a� 2) + 2 (3� a)
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23. Mary bought four less than three times the number of books that Jose did. Together they bought sixteen books. How
many did Jose buy?

24. A school purchases tickets to a show. A child ticket costs $8 and an adult ticket costs $14. The school has paid a
total of $610 for tickets. The number of child tickets was 5 greater than three times the number of adult ticket. How
many of the tickets were for adults?

25. Julia is 5 years younger than her brother, Tom. How old are they if the sum of their ages is 43?

26. One side of a rectangle is 6 in shorter than the other side. Find the sides of the rectangle if its perimeter is 120 in.

27. One side of a rectangle is 6 in shorter than twice the other side. Find the sides of the rectangle if its perimeter is
120 in.

28. The largest angle in a triangle is three times as large as the smallest angle. The middle angle is 35� larger than the
smallest angle. Find the angles in the triangle.

29. What a great ceremony! We had 150% more guests this year than last year. If the number of guests this year is
1875, how many guests were there last year?

30. The sum of two numbers is 27. Their difference is 11. Find these numbers.

31. The sum of two numbers is 11. Their difference is 27. Find these numbers.

32. The sum of two numbers is �11. Their difference is 27. Find these numbers.

33. The sum of two consecutive odd integers is 92. Find these numbers.

34. The sum of �ve times a number and �10 is 8 less than six times the sum of 7 and the opposite of the number. Find
this number.
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Answers

Discussion
a) contradiction b) conditional c) conditional d) identity

Sample Problems

1. �3 2. �5 3. 0 4. all real numbers are solution 5. There is no solution. 6. 10 7. 6

8. There is no solution 9. Thus Betty paid $18 and Ann paid $20 10. �86 and �84 11.11 cm by 48 cm

12. 17 pounds of apples and 7 pounds of oranges 13. 25 14. 26 women and 29 men on the party

15. 41 dimes and 54 quarters 16. 17, 19, and 21 17. 21 cm by 81 cm 18. �6 19. 10 blue and 43 red pens

20. 72 points 21. 36 years old

Practice Problems

1. 3 2. 4 3. 2 4. 0 5. �15 6. 4 7. 2 8. 22 9. No solution 10. 1 11. 3

12. 4 13. 3 14. 0 15. all numbers are soluttion 16. 9 17. �5 18. no solution

19. 6 20. 2 21. �5 22. 0

c Hidegkuti, 2020 Last revised: September 26, 2021



Lecture Notes Linear Equations 2 (Z) page 11

Sample Problems Solutions

1. 2x+ 3 = 4x+ 9

Solution: 2x+ 3 = 4x+ 9 subtract 2x from both sides

3 = 2x+ 9 subtract 9 from both sides

�6 = 2x divide both sides by 2

�3 = x

We check: if x = �3; then

LHS = 2 (�3) + 3 = �6 + 3 = �3
RHS = 4 (�3) + 9 = �12 + 9 = �3

Thus our solution, x = �3 is correct. (Note: LHS is short for the left-hand side and RHS is short for the
right-hand side.)

2. 3w � 5 = 5 (w + 1)

Solution: we �rst apply the law of distributivity to simplify the right-hand side.

3w � 5 = 5 (w + 1)

3w � 5 = 5w + 5 subtract 3w from both sides

�5 = 2w + 5 subtract 5 from both sides

�10 = 2w divide both sides by 2

�5 = w

We check. If w = �5, then

LHS = 3 (�5)� 5 = �15� 5 = �20 and RHS = 5 ((�5) + 1) = 5 (�4) = �20

Thus our solution, w = �5 is correct.

3. 7x� 2 = 5x� 2

Solution: 7x� 2 = 5x� 2 subtract 5x from both sides

2x� 2 = �2 add 2 to both sides

2x = 0 divide both sides by 2

x = 0

We check: if x = 0, then

LHS = 7 (0)� 2 = 0� 2 = �2 and RHS = 5 (0)� 2 = 0� 2 = �2

Thus our solution, x = 0 is correct.
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4. y � 4 (y � 1) = �y � 2 (y � 2)

Solution: y � 4 (y � 1) = �y � 2 (y � 2) distribute

y � 4y + 4 = �y � 2y + 4 combine like terms

�3y + 4 = �3y + 4 add 3y to both sides

4 = 4

This statement is true for all values of y. We also say that the statement is unconditionally true. Such an equation
is called an identity, and all real numbers are solution.

5. 2w + 1 = 2w � 9

Solution: 2w + 1 = 2w � 9 subtract 2w from both sides

1 = �9

The statement 1 = �9 is false no matter what the value of w is. Such a statement is called an unconditionally false
statement, or contradiction. This equation has no solution .

6. 4� x = 3(x� 12)

Solution: We �rst apply the law of distributivity to simplify the right-hand side

4� x = 3(x� 12) distribute 3

4� x = 3x� 36 add x to both sides

4 = 4x� 36 add 36 to both sides

40 = 4x divide both sides by 4

10 = x

We check. If x = 10, then

LHS = 4� x = 4� 10 = �6 and RHS = 3(10� 12) = 3 (�2) = �6

Thus our solution, x = 10 is correct.

7. 7(j � 5) + 9 = 2(�2j + 5) + 5j

Solution: 7(j � 5) + 9 = 2(�2j + 5) + 5j distribute on both sides

7j � 35 + 9 = �4j + 10 + 5j combine like terms

7j � 26 = j + 10 subtract j

6j � 26 = 10 add 26

6j = 36 divide by 6

j = 6

We check: if j = 6, then

LHS = 7(6� 5) + 9 = 7 � 1 + 9 = 7 + 9 = 16
RHS = 2(�2 � 6 + 5) + 5 � 6 = 2 (�12 + 5) + 30 = 2 (�7) + 30 = �14 + 30 = 16

Thus our solution, j = 6 is correct.
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8. 3 (x� 5)� 5 (x� 1) = �2x+ 1

Solution: 3 (x� 5)� 5 (x� 1) = �2x+ 1 multiply out parentheses

3x� 15� 5x+ 5 = �2x+ 1 combine like terms

�2x� 10 = �2x+ 1 add 2x

�10 = 1

Since x disappeared from the equation and we are left with an unconditionally false statement, there is no solution
for this equation. This type of an equation is called a contradiction.

9. Ann and Betty dine together. The total bill is $38. Ann paid $2 more than Betty. How much did Betty pay?

Solution: Let us denote by x the amount that Betty paid. Then Ann paid x + 2. The equation expresses the total
amount paid: x+ x+ 2 = 38 combine like terms

2x+ 2 = 38 subtract 2

2x = 36 divide by 2

x = 18

Thus Betty paid $18 and Ann paid $20 .

10. The sum of two consecutive even integers is �170. Find these numbers.

Solution: Let us denote the smaller number by x. Then the larger number is x+ 2: The equation expresses the sum
of the numbers.

x+ x+ 2 = �170 combine like terms

2x+ 2 = �170 subtract 2

2x = �172 divide by 2

x = �86

Then the larger number must be �86 + 2 = �84: Thus the numbers are are �86 and �84 .

11. One side of a rectangle is 7 cm shorter than �ve times the other side. Find the length of the sides if the perimeter of
the rectangle is 118 cm.

Solution: Let us denote the shorter side by x. Then the longer side is 5x�7. We obtain the equation for the perimeter:

2x+ 2 (5x� 7) = 118 distribute

2x+ 10x� 14 = 118 combine like terms

12x� 14 = 118 add 14

12x = 132 divide by 12

x = 11

Thus the shorter side is 11 cm, the longer side is 5 (11 cm)�7 cm = 48 cm. We check: the perimeter is 2 (11 cm)+
2 (48 cm) = 118 cm and 48 is indeed 7 shorter than �ve times 11: Thus the solution is: 11 cm by 48 cm .
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12. The school ordered fruit for the cafeteria. A pound of apples cost 3 dollars and a pound of oranges cost 4 dollars.
The weight of the apples is 3 pounds more than twice the weight of the oranges. The school paid 79 dollars for the
fruit. . How many pounds of apples did the school purchase? How many pounds of oranges?

Solution: Suppose the school purchased x pounds of oranges. Then the weight of the apples can be expressed as
2x+ 3. One pound of oranges cost 4 dollars, two pounds of oranges cost 8 dllars, and so on. x pounds of oranges
cost 4x. Similarly, one pound of apples cost 3 dollars, two pound of apples cost six dollars, and 2x + 3 pounds of
apples cost 3 (2x+ 3). The equation will express the amount paid for all the fruit.

3 (2x+ 3) + 4x = 79 distribute

6x+ 9 + 4x = 79 combine like terms

10x+ 9 = 79 subtract 9

10x = 70 divide by 10

x = 7

So, the school purchased 7 pounds of oranges, and so the weight of the apples is 2 (7) + 3 = 17 pounds. We check:
the weight of apples, 17 pounds is indeed 3 pounds more than twice the weight of oranges, 7 pounds. The total weight
cost is then 7 ($4)+17 ($3) = $28+$51 = $79. Thus the solution is: 17 pounds of apples and 7 pounds of oranges .

13. Two times a number is 5 less than the sum of 80 and the opposite of the number. Find this number.

Solution: let us denote the number by x. The two things we state that they are equal:

two times a number : 2x

5 less that the sum of 80 and the opposite of the number : 80 + (�x)� 5 = �x+ 75

The equation is then

2x = 75� x add x

3x = 75 divide by 3

x = 25

Thus the number is 25. We check: twice 25 is 50 and the sum of 80 and the opposite of 25 is 55. 55 is indeed 5 more
than 50: Thus the solution is: the number is 25 .

14. 55 people showed up on the party. There were 3 less women than men. How many men were there?

Solution: Let us denote the number of women by x: Then x+3men showed up. The equation expresses the number
of people:

x+ x+ 3 = 55 combine like terms

2x+ 3 = 55 subtract 3

2x = 52 divide by 2

x = 26

Thus there were 26 women and 29 men on the party .
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15. We have a jar of coins, all quarters and dimes. All together, they are worth $17: 60We have 13 more quarters than
dimes. How many quarters, how many dimes?

Solution: Let us denote the number of dimes by x. Then the number of quarters must be x + 13. We obtain the
equation by expressing the total value, in pennies:

10x+ 25 (x+ 13) = 1760 distribute

10x+ 25x+ 325 = 1760 combine like terms

35x+ 325 = 1760 subtract 325

35x = 1435 divide by 35

x = 41

Thus we have 41 dimes and 41+ 13 = 54 quarters. We check: 41 (0:1)+ 54 (0:25) = 4:1+ 13:5 = 17: 6. Thus the
solution is 41 dimes and 54 quarters .

16. The sum of three consecutive odd integers is 57: Find these numbers.

Solution: Let us denote the smallest number by x: Then the other two numbers must be x + 2 and x + 4. The
equation expresses the sum of the three numbers.

x+ x+ 2 + x+ 4 = 57 combine like terms

3x+ 6 = 57 subtract 6

x = 51 divide by 3

x = 17

Thus the three numbers are 17; and 17 + 2 = 19; and 17 + 4 = 21. We check: indeed, 17 + 19 + 21 = 57. Thus
the solution is 17, 19, and 21 .

17. One side of a rectangle is 3 cm shorter than four times the other side. Find the sides if the perimeter of the rectangle
is 204 cm.

Solution: Let us denote the shorter side by x. Then the longer side is 4x�3. We obtain the equation for the perimeter:

2x+ 2 (4x� 3) = 204 distribute

2x+ 8x� 6 = 204 combine like terms

10x� 6 = 204 add 6

10x = 210 divide by 10

x = 21

Thus the shorter side is 21 cm, the longer side is 4 (21)� 3 = 81 cm. We check: the perimeter is
2 (21) + 2 (81) = 42 + 162 = 204 cm and 81 is indeed 3 shorter than four times 21: Thus the solution is:
21 cm by 81 cm .
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18. The opposite of a number is 18 more than twice the number. Find this number.

Solution: Let us denote the number by x: The the two things that we are comparing are:

the opposite of the number is � x
twice the number is 2x

Now we make these two equal by adding the difference to the SMALLER number. Since twice the number is 18 less
than the opposite of the number, they will be equal once we add 18 to the smaller one.

�x = 2x+ 18 add x

0 = 3x+ 18 subtract 18

�18 = 3x divide by 3

�6 = x

Thus the number is �6. Indeed, twice �6 is �12 which is 18 less than 6; the opposite of �6:
Thus the number is �6 .

19. Red pens cost $1 each, blue ones cost $1:50 each. We bought some pens. The number of red pens is 7 less than �ve
times the number of blue pens. How many of each did we buy if we paid $58?

Solution: Let us denote the number of blue pens by x. Then the number of red pens is 5x � 7. The equation will
express the total cost of the pens:1 (5x� 7) + 1:50 (x) = 58 distribute

5x� 7 + 1:5x = 58 combine like terms

6:5x� 7 = 58 add 7

6:5x = 65 divide by 6:5

x = 10

Thus we bought 10 blue and 5 (10)� 7 = 43 red pens. We check:43 = 5 (10)� 7
1 (43) + 1:50 (10) = 43 + 15 = 58

Thus our solution is correct; we bought 10 blue and 43 red pens .

20. Lisa took 5 exams. The �rst four exams received scores of 72, 93, 86, and 82. How much did she score on the �fth
exam if her average score is 81 points?

Solution: Let us denote the missing exam score by x: The equation will express the average of all �ve exams.

72 + 93 + 86 + 82 + x

5
= 81

x+ 333

5
= 81 multiply by 5

x+ 333 = 405 subtract 333

x = 72

So the result of the �fth exam was 72 points . We check:
72 + 93 + 86 + 82 + 72

5
=
405

5
= 81, therefore, our

answer is correct.
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21. Today, Tim's father's age is 6 years more than three times Tim's age. But 14 years from now, the father's age will
be 2 years more than twice Tim's age. How old is the father today?

Solution: Let x denote the current age of Tim. Then his father's age is 3x + 6. To get their ages fourteen years
from today, we simply add 14 to both expressions. The equation will express the future relationship between their
ages.

Tim Tim's dad
x 3x+ 6 Now

x+ 14 3x+ 20 14 years from now

3x + 20| {z }
dad's future age

= 2

0@ x + 14| {z }
Tim's future age

1A+ 2
We solve this equation for x.

3x+ 20 = 2 (x+ 14) + 2

3x+ 20 = 2x+ 28 + 2

3x+ 20 = 2x+ 30 subtract 2x

x+ 20 = 30 subtract 20

x = 10

Going back to the table, Tim is now 10 years old and his father is 3 (10) + 6 = 36 years old. Then in 14 years, their
ages will be 10 + 14 = 24 and 36 + 14 = 50: And indeed, 50 is two more than twice 24. So, our answer is that
Tim's father is 36 years old now.

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail questions or
comments to mhidegkuti@ccc.edu.
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