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Sample Problems
1.) Find the coordinates of all points where the given parabola and line intersect each other.
_ .2 _ _ 9.2 _ _ .2 _
2) {y—x + 6z — 10 b) {y 222 — 8z + 1 0 {y > +3x -5

y+5=2z y=—4xr—1 y=x+1

2.) Find the coordinates of all points where the given circle and line intersect each other.

2 {(:1:—4)2+(y+1)2=20 9 {(x—3)2—|—(y—1)2:20
z+3y =11 r—y=-—5

(z+5)*+ (y — 6)* = 10 o L @y -2)? =25
y:—éx+1 ) { 4y =3z + 11

3.) Find the coordinates of all points where the given circles intersect each other.

Practice Problems

1.) Find the coordinates of all points where the given parabola and line intersect each other.

y=x%+4x — 18 y=—x?+3z+1 y:—1x2+3x+4
a) _ c) _ e) 2
y+3=2z y=Tx+9 y=>5x+6
_ .2 _ 2 2
b) y=2a°+4x —12 d) y=x"—5r—4 f) Y ¢ —6x+1
y=—2x—21 y=x—12 y=—2x+9

2.) Find the coordinates of all points where the given circle and line intersect each other.

22+ (y+4) =20 (z—4) + (y—3)° =25 (@ =1+ (y+7) =25
a) { s Q) { 3 1 dy — 24 8) { y= -t

(x—2)°+(y+5)7° =10 (x—2)°+(y+1)>=20 (r—2)°+(y—1)>=25
b) { 3y—xy:—7 ¢) { :B—Zggj:lQ b) { 3y:4gi~—30

(z—3)°+(y+1)°> =16 (z+1)*+ (y —3)* =50 o @)y -4 =17
© { Ytz =12 2 { T—Ty+72=0 Y { z+ 4y =15
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3.) Find the coordinates of all points where the given circles intersect each other.

){ 22+ (y+1)°=25 C){ (2 —3)2 + 12 = 50 e){ (@+1)2+y2 =4
YU @452+ (y—4)?% =65 (z—2)%+ (y+2)2 =45 (z

(z+1)2+ (y—2)* =20 (z+2)%+ (y—5)* =10
b) {(az+2)2—|—(y—1)2:34 d) {(az+5)2—|—(y—6)2:40

Sample Problems - Answers

1.) a) (=5,—15) and (1,-3) b) (1,-5) ¢) no intersection point

2.) a) (81)and (2,3) b) (—6,3) ¢) no intersection point d) (3,5) and (—5,-1)

3) (2,3) and (8,1)

Practice Problems - Answers

1) a) (3,3) and (—5,—13) b) (=3,—15)  ¢) no intersection point d) (2,-10) and (4, —8)
e) (=2,—4) f) o intersection point

2.) a) (4,—2)and (2,0) b) (1,—2) c) no intersection point  d) (0,6) and (8,0)

e) mo intersection point  f) (—2,10) g) (1,—2)and (5,—4)  h) (6,—2) i) (3,3) and (—5,5)

3) a) (3,3) and (—4,—4)  b) (L6) (3,4 ¢ (=41) (8,-5)  d) (L,4)

e) no intersection point
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Sample Problems - Solutions

1.) Find the coordinates of all points where the given parabola and line intersect each other.

2) y=2%+6x—10
y+5=2x

Solution: We will use substitution. We solve for y in the second equation: y = 2x — 5. We substitute this
into the first equation and solve for x.

26 —5 = 22+4+6x—10
0 = 22+42-5
0 = (z+5)(z—-1) = mz=-bandzy=1

The graphs intersect each other in two points. We can find the y—coordinates by using either of the equations,
so let us use the easier one, that of the line, y = 2z — 5.

y1 =2x1 —5=2(-5)—5=-15 and yp =229 —5=2(1) —5=-3

Thus the intersection points are (—5, —15) and (1, —3).

20

We check: the coordinates of an intersection point must be the solution of both equations. For the point (=5, —15),
we check

Yy = z? + 6z — 10
RHS = x2—|—6x—10:(—5)2—1—6(—5)—10:25—30—10:—15:LHS
y = 2x-5

RHS = 2(-5)—5=—15=LHS

Thus (=5, —15) is indeed an intersection point. We also check the point (1, —3)

y = 22 + 6z — 10
RHS = 22462—-10=(1)2+6-1—-10=1+46—10= —3 = LHS
y = 2z-5

RHS = 2(1)—5=-3=LHS

Thus (1, —3) is also an intersection point, and so our solution is correct.
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b) y=222 -8z +1
y=—4zr -1

Solution: We will use substitution. We substitute y = —4x — 1 into the first equation and solve for x.
—4dr—1 = 22 -8z +1
0 = 222 —4zx+2
0 = 2(a*—22+1)
0 = 2(z-1?* = =z=1
The graphs intersect each other in one point. When that happens, the line is called the tangent line drawn to
the parabola. We can find the y—coordinate by using either of the equations, so let us use the easier one, that

of the line, y = —4x — 1 = —4(1) — 1 = —5. Thus the intersection point (also called the point of tangency) is
(1,-5).

y |10

10

We check: the coordinates of an intersection point must be the solution of both equations.

y = 222 —8z+1

RHS = 2(1)*-8-141=2—-8+41=—5=LHS
y = —4dr—1

RHS = —4.-1-1=-5=LHS

Thus (1, —5) is indeed an intersection point.

o) {y:x2+3:ﬁ5
y=x+1

Solution: We will use substitution. We substitute y = x + 1 into the first equation and solve for x.

r+1 = —2*43z-5
0 = —a®°+2z-6
0 = —(2*—22+6)
0 = —[(x—1)2+5] =—>  no real solution for x

The fact that the equation has no solution for z indicates that the graphs do not intersect each other.
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2.) Find the coordinates of all points where the given circle and line intersect each other.

) { (r—4)°+(y+1)*=20
z+3y=11

Solution: We will use substitution. We solve for z in the second equation: z = —3y + 11. We substitute this
into the first equation and solve for y.

(z -4+ @y+1)? = 20 10y? — 40y +30 =0
(=3y+11 -4+ (y+1)* = 20 10 (y* — 4y +3) =0
(=3y+7)?+(w+1)* = 20 10(y—1)(y—3)=0

9y? — 42y +49+y* +2y+1 = 20 y1 =1and yp = 3

10y? — 40y +50 = 20
The graphs intersect each other in two points. We can find the x—coordinates by using the equation x = —3y+11.
x1=-3y1+11=-3(1)+11=8 and z9=-3y2+11=-3(3)+11=2

Thus the intersection points are (8,1) and (2, 3).

9o~ ®

5432

&bmﬂév(}!bd)imm/

We check: the coordinates of an intersection point must be the solution of both equations. For the point (8,1),
we check

(@—4°+@y+1)° = 20
LHS = (8—4)°+(1+1)>=42+2>=16+4 =20 = RHS
x+3y = 11
LHS = 8+3-1=11=RHS

Thus (8, 1) is indeed an intersection point. We also check the point (2, 3)

(z—42+@y+1)? = 20
LHS = (2-4)2+(3+1)%=(-2)%+4>=4+16 =20 = RHS
c+3y = 11

LHS = 2+43-3=11=RHS

Thus (2, 3) is also an intersection point, and so our solution is correct.

Please note that our choice to solve for = and substitute that was wise. If instead we solved for y, we would have
o —x+11 . .

to use the substitution y = ———— and thus solve the quadratic equation

—z+11 2
(x—4)* + (a:;— + 1) = 20 which is much more laborous than what we did.
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Ly
=——zx
y=73

Solution: We will use substitution. We solve for z in the second equation:

{ (z+5)+ (y—6)> =10

1
y = —gac—i-l 3y+x=3

We substitute x = —3y + 3 into the first equation and solve for y.

(4572 +(y—6)72 = 10 10y% — 60y + 90 = 0
(=3y+3+5)>2+(y—6)72 = 10 10 (y> — 6y +9) =0
(=3y +8)°+ (y—6)* = 10 10(y —3)*=0
9y? — 48y + 64+ 13> — 12y +36 = 10 y=3

1032 — 60y +100 = 10

The graphs intersect each other in one point. When that happens, the line is called the tangent line drawn to
the circle. We can find the z—coordinate by using the equation x = —3y + 3.

x=-3y+3=-3@3)+3=-9+3=—6

Thus the intersection point is (—6, 3).

09 8 7 6 5 4 3 2 4 |01 2 3 4

We check: the coordinates of an intersection point must be the solution of both equations. For the point (-6, 3),

we check

(z+5)7°+ @y —6)72 = 10
LHS = (=645)2+(3—-6)>=(-1)2+(-3)2=149=10=RHS

y = —sov+1

— | =

RHS = —-(—6)+1=2+1=3=LHS

w

Thus (—6,3) is indeed an intersection point, and so our solution is correct.

(© Hidegkuti, Powell, 2011 Last revised: February 16, 2016



Lecture Notes Intersections page 7

(x =32+ (y—1)*=20
©) { r—y=-—5

Solution: We will use substitution. We solve for y in the second equation: y = z + 5. We substitute this into
the first equation and solve for y.

(z-37+(@y—-1°> = 20 922 4 22 + 25 = 20
(z—3%+(@z+5-1)2% = 20 2%+ 2 +5=0
5
(z—3)2+(z+4)° = 20 2(m2+x+2>:0
1\%2 9
2? — 6z +9+2%+8zx+16 = 20 2<<x+2) +4>:0

There is no real solution of this equation. This indicates that the graphs do not intersect each other.

y 1

)
9
8
7
6

5 4 3 2\1]01 2 3 4 5 6 8 9 10
\ x

asw/m

Q) (z+1)°+(y—2)72=25
4y = 3z + 11

Solution: We will use substitution. This problem is different from the previous problems because we can not
solve for x or y without division, and so the algebra will be slightly more laborous. There are a few tricks to

simplify computation in such a situation. We solve for y in the second equation: y = 5z 1_ 11. We substitute
this into the first equation and solve for y.
(z+1)*+@wy—-27% = 25 (3:+1)2—|—1%(a:+1)2:25
(w+1)2+<3$111—2>2 = 25 %(m—l—l)Q:?S
(z+1)° (395111—?1)2 = 25 (z+1)? =16
(:p+1)2+(3‘r:3>2 = 25 (z+1)2—16=0
(m—l—l)Q—i—W = 25 (z+14+4)(z4+1-4)=0
(x+1)2+[3(x;gl)]2 = 25 (x+5)(x—3)=0
(;z:—|—1)2+9(xl—gl)2 = 25 1 =—b and xy =3
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The graphs intersect each other in two points. We can find the x—coordinates using the equation
3z +11

4

CBmll_3(=5) 411 Bmtll_3(3)+11
nETTy T T T BETTT T T T
Thus the intersection points are (—5,—1) and (3,5).

5

5 B
<

4.5 6 7

A W\b molom n P ® ©
~

9 8 7 H6\F 4 3 2 1

3.) Find the coordinates of all points where the given circles intersect each other.

{ (z—4)°+(y+1)* =20
(z =7+ (y —8)* =50

Solution: We will first expand the four complete squares and combine like terms and then subtract the two
equations. This will achieve a complete cancellation of the quadratic terms, 2 and y?. The first equation
becomes:

(e—4*+@w+1* = 20
22 —8r+16+y’+2y+1 = 20 subtract (16 +1) =17
22 —8x+y P +2y = 3
The second equation:
(@-77+(@y-8)°% = 50
2% — 14z +494+y% — 16y +64 = 50 subtract (64 +49) = 113
2 — 14z +9y? — 16y = —63
So our system now looks like this:

22 —8r+y*+2y=3
2?2 — 142 + y? — 16y = —63

Next, we will subtract the second equation from the first one by adding the opposite. So we multiply the second

equation by —1. Then add.
2?2 —8r+y?+2y=3
—2? + 14z — y? + 16y = 63

6x+ 18y = 66 divide by 6
r+3y = 11

We can now use this nice linear connection between x and y to solve for one in terms of the other. If we wanted
to avoid having to deal with fractions, then solving for x is a much better option than solving for y.

r=-3y+11
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We substitute this information into one of the original equations.

smaller numbers.

(z—4°+@y+1)° =
(=3y+11 -4’ + (y+1)* =
(<3y+7)°+(y+1)? =

9y — 42y +49 + %2 + 2y + 1
10y? — 40y +50 =

20
20
20
20
20

We select the first one because it involves

10y% — 40y +30 =0
10 (y* —4y+3) =0
10(y—1)(y—3)=0
y1=1and yo =3

The graphs intersect each other in two points. We can find the x—coordinates by using the equation x = —3y+11.

21 =-3y14+11=-3(1)+11=8 and 2y = -3y +11=-3(3) +11 =2

Thus the intersection points are (8,1) and (2,3).

i
—t
4r01 234567

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture

Notes. E-mail questions or comments to mhidegkuti@ccc.edu.
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