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1. Compute each of the following limits.

a) lim
x→∞

x

1

3
− 1

3 +
1

x


b) lim

x→∞

(
ln
(
x2
)
− lnx

)
=∞

c) lim
x→∞

(√
x+ 1−

√
x
)

d) lim
x→∞

(√
x2 − 1

x

)

e) lim
x→−∞

sinx

x

f) lim
x→−∞

12− x2

3x2 − 7x+ 2

g) lim
x→∞

log2

(
40x2 − x+ 1

5x2 + 20x− 3

)

h) lim
x→∞

(
ln
(
3x2
)
− ln

(
x2 + x

))
i) lim

x→∞

−x3 + 2x+ 1

5x− 3x3

j) lim
x→∞

log0.2 x

k) lim
x→∞

(
log2

(
−x3 + 5x2

))
l) lim

x→∞

2−
√
x

3 + 7
√
x− 1

m) lim
x→∞

5 · 23x−1

32x−1

n) lim
x→∞

1

4− x
− 1

4 + x
1

x

o) lim
x→∞

3−
√

9 +
1

x
1

x

p) lim
x→∞

(
log2

(
1

x2 + 1

))

q) lim
x→∞

√
x

√
x+ 1−

√
2x

r) lim
x→∞

2x + 2−x

2x − 2−x

s) lim
x→−∞

2x + 2−x

2x − 2−x

t) lim
x→∞

(
ln
(
2x2 + 3x+ 1

)
− ln

(
3x2 − 5x+ 2

))
2. Compute each of the following limits.

a) lim
x→0

tanx

3x

b) lim
x→4−

|2x− 8|
x− 4

c) lim
x→4+

|2x− 8|
x− 4

d) lim
x→0−

cosx− 1

x2

e) lim
x→(π/2)+

tanx

f) lim
x→0

1

2− x
− 1

2 + x
x

g) lim
x→4

3−
√

5 + x

x− 4

h) lim
x→4+

√
x− 4

x− 4

i) lim
x→4−

√
x− 4

x− 4

j) lim
x→0

sin 2x

sin 3x

k) lim
x→1/

√
3
tan−1 x

l) lim
a→0

√
1 + 5a− 1

a

m) lim
y→1−

1− 1

y2∣∣∣∣1− 1

y

∣∣∣∣
n) lim

x→0−

sinx√
1− cosx

o) lim
x→5

x2 − 4x− 5

x2 − 25

p) lim
x→10

√
x2 − 100

x− 10

q) lim
x→0

(2− x)3 − 8

x

r) lim
x→0−

sin 3x

x

s) lim
x→6

x2 − 6x

x2 − 36

t) lim
x→5

x2 − 25

2−
√
x− 1

u) lim
x→π/4

tanx− 1

x− π

4

v) lim
x→0

1− cos2 (3x)

x2

3. a) Prove that lim
x→0+

sinx

x
= 1. b) Prove that if f (x) = cosx, then f ′ (x) = − sinx.

4. Differentiate each of the following, using the definition of the derivative.

a) f (x) =
√

2x− 1 b) f (x) =
1

x2 − 1
c) f (x) =

√
1− x2

5. Differentiate each of the following functions.

a) f (θ) = sin θ cos θ

b) f (x) =
sinx√
x

c) f (x) = cos2 x+ sin2 x

d) f (x) =
x4 − 3x2 + x− 2

x3

e) f (y) =
1

y2
+

1

y
+

1
√
y

+
√
y

f) f (x) = 3x5− 2
7
√
x3 + 8

3
√
x7−π5
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For Problems 6.-7. Suppose that a small object is moving along a vertical line. Distances are measured in meters, time in
seconds. The motion of the object can be described one of the following.

A) The object is moving upward and its speed is increasing.
B) The object is moving upward and its speed is decreasing.
C) The object is moving downward and its speed is increasing.
D) The object is moving downward and its speed is decreasing.
E) At first the object has been moving upward but later it is moving downward.
F) At first the object has been moving downward but later it is moving upward.

6. Match each of the following graphs to one of the descriptions given above, assuming that the graphs are depicting the
velocity function, v (t) of the object as a function of time.

7. Match each of the following graphs to one of the descriptions given above, assuming that the graphs are depicting the
position function, s (t) of the object as a function of time.

8. Find an equation for the tangent line drawn to the graph of f (x) = x2 − 2

x
at x = −2.

9. We know the following things about a function f . f ′(x) = 20x3 − 3 and f(−1) = 16. Find a possible equation for f .

10. Find the value of c for which the following is true: the x−intercept of the tangent line drawn to the graph of y =
1

x
at

x = c is (6, 0).
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11. Suppose that f (x) = 12x3 + bx2 + cx+ 7. Find the exact values of b and c if we know that f has a relative maximum
at x = −2 and a relative minimum at x = 3.

12. Prove that the function given is one-to-one: f (x) = 3x5 − 50x3 + 390x− 1200.

13. Find the value of a so that the line y = 2x is a tangent line to the parabola y = ax2 + 5.

14. Find a third degree polynomial P (x) such that P (0) = −5, P ′ (0) = 3, P ′′ (0) = −6 and P ′′′ (0) = 60.

15. Suppose that a small object is moving along a vertical line. (Distances are measured in meters, time in seconds.) The
position function of the object is given by s (t) = −t3 + 18t2 − 60t.

a) Compute the velocity function, v (t) and sketch
its graph.

b) Describe the object’s motion at t = 0.

c) At what time is the object moving upward?

d) At what time is the object moving fastest upward?

16. Find all values of p for which the given function

is continuous on R.

f (x) =

{
2x− 1 if x < −3

2x2 + px+ 5 if x ≥ 3

17. Find all values of p and q for which the given

function is differentiable on R.

f (x) =

{
−3x+ 13 if x < 2

x2 + px+ q if x ≥ 2

18. Find the x−coordinate of all relative maximums and minimums of each of the functions given below.

a) f (x) = x3 (5x− 2) b) f (x) = 2x+
18

x
c) f (x) = x3 + 3x2 − 24x+ 24

19. Find all relative and absolute maximums and minimums for the f (x) = 6x5 − 15x4 + 5x6 + 60 on [−3, 3]. Sketch
the graph of both f and f ′ on this domain.

20. Prove that the function f (x) = sinx− x does not have any
relative minimums or maximums.

21. The graph shows a function f and its first derivative, f ′.
Which is which?

22. The graph shows f ′, the first derivative of a function f .
a) Find all values of x for which the function f has a local
maximum at x.
b) Find all values of x for which the function f has a local
minimum at x.

23. The picture shows the velocity function, v (t) of an object. (Time
is measured in seconds, distance in meters, velocity in

m

s
. Positive

direction is upward.).
a) Suppose that the object starts at a height of 5m. Where is the
object at t = 10?
b) Suppose that the object starts at a height of 9m. Where is the
object at t = 10?
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24. A box manufacturer plans to create an open box with a surface area of 72cm2. What is the maximum size volume that
can be formed by bending this material into a box? The box is to have a square base and rectangular sides.

25. Find two non-negative numbers x and y for which 2x+ y = 6, such that x4y2 is maximized.

26. What point on the graph of y = x2 is closest to the point (0, 3)?

27. We want to build a flowerbed in shape of a circular sector. If the perimeter is to be 20 feet, what radius and central
angle would guarantee the maximal area for this flowerbed?

28. Consider the limit lim
x→π/2

1− tan2 x

1 + tan2 x
.

a) Explain why we can not evaluate the limit in its current form.

b) Prove that
1− tan2 x

1 + tan2 x
= cos 2x and use this to evaluate the limit.

Answers

1. a)
1

9
b) ∞ c) 0 d) 1 e) 0 f) −1

3
g) 3

h) ln 3 i)
1

3
j) −∞ k) undefined l) −1

7
m) 0

n) −2 o) −1

6
p) −∞ q)

1

1−
√

2
r) 1

s) −1 t) ln

(
2

3

)
2. a)

1

3
b) −2 c) 2 d) −1

2
e) −∞ f)

1

2
g) −1

6

h) ∞ i) undefined j)
2

3
k)

π

6
l)

5

2
m) −2

n) −
√

2 o)
3

5
p) undefined q) −12 r) 3

s)
1

2
t) −40 u) 2 v) 9 3., 4. see handout

5. a) cos2 θ− sin2 θ = cos 2θ b) −
√
x cosx

x
−
√
x sinx

2x2

c) 0 d) 1+
3

x2
− 2

x3
+

6

x4
e) − 2

y3
− 1

y2
− 1

2y
√
y

+
1

2
√
y

f) 15x4 − 6

7x
7
√
x3 +

56

3x
3
√
x7

6. 1B 2D 3F 4E 5A 6C 7. 1F 2D 3C 4A 5B 6E

8. y = −7

2
x− 2 9. f(x) = 5x4 − 3x+ 8

10. 3 11. b = −18, c = −216

12. f ′ (x) = 15
((
x2 − 5

)2
+ 1
)

f ′ is always positive, hence f is always strictly
increasing. Thus one-to-one.

13.
1

5
14. P (x) = 10x3 − 3x2 + 3x− 5

15. a) v (t) = −3t2 + 36t− 60 = −3 (t− 2) (t− 10)
3

.. .. .. = −3 (t− 6)
2

+ 48

b) moving downward with a speed of 60
m

s
c) between t = 2s and t = 10s

d) at t = 6s, the greatest upward speed is 48
m

s

16. p = 10 17. p = −7, q = 17

18. a) no relative max, relative min at x =
3

10
b) relative max at x = −3 relative min at x = 3

c) relative max at x = −4, relative min at x = 2
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19. f ′ (x) = 30x5 + 30x4 − 60x3

= 30 (x+ 2)x3 (x− 1)

rel min: (−2,−52) and (1, 56)

abs min: (−2,−52)

rel max: (0, 60)

abs max: (−3, 332)

20. f ′ (x) = cosx− 1 is always negative or zero.
Thus f ′ never changes sign, so f has no relative max or min.

21. the black graph is f, the red graph is f ′

22. a) x = 0 b) x = −2 and x = 3

23. a) −6 b) −2 24. 24
√

6cm3

25. x = y = 2 26.

(
−
√

10

2
,

5

2

)
and

(√
10

2
,

5

2

)
27. r = 5ft θ = 2 rad

28. a) tan
π

2
is undefined and the tangent function approaches infinity (and negative ininity) as x approaches

π

2
In short, lim

x→π/2−
tanx =

∞ and lim
x→π/2+

tanx = −∞. So the limit as stated is a
−∞
∞

type of an indeterminate.

b)
1− tan2 x

1 + tan2 x
=

1− sin2 x

cos2 x

1 +
sin2 x

cos2 x

we multiply numerator and denominator by cos2 x.

1− sin2 x

cos2 x

1 +
sin2 x

cos2 x

=
1− sin2 x

cos2 x

1 +
sin2 x

cos2 x

· cos2 x

cos2 x
=

cos2 x− sin2 x

cos2 x+ sin2 x
=

cos 2x

1
= cos 2x

Thus the limit is lim
x→π/2

1− tan2 x

1 + tan2 x
= lim
x→π/2

cos 2x = cosπ = −1
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