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From 2005, the Hungarian school-leaving exam (érettségi) in mathematics can be taken at two levels: standard level and
advanced level. The advanced-level exam also serves as the university entrance exam in mathematics.

The written part of the advanced-level exam takes 240 minutes. Part I consists of 4 problems worth 51 points in all. Part II
consists of 5 problems worth 16 points each, of which students choose and solve 4, for 64 points. So there is a total of 115
points possible.

This problem set is similar to such an exam. We advise the reader to work through the problem set while measuring the time.
There are 240 minutes to solve and present the problems.

Part1

1. Find the real solutions of the following equations.
a) (z +500)% = 252012 — 1011z
b) lg?z 42011 -lgz — 2012 = 0
¢) z+2011y/z —7—2019 =0
(11 points)

Solution: a) Expanding the square and rearranging, we get 22 + 20112 — 2012 = 0. By the relationship between the
roots and the coefficients (r; + xo2 = —2011, z122 = —2012), or by the quadratic formula, z; = 1 and x5 = —2012.

b) The equation is quadratic in lg x, and its domain is x > 0. By parta), lgx = 1 or lgx = —2012, so z; = 10 and
x9 = 1072912, Both are solutions, since both are in the domain.

¢) The domain is z > 7. The equation can be written as (x — 7) 4+ 2011y/z — 7 — 2012 = 0, a quadratic equation in
v —T7. Sovx—7=1o0r+x—T7= —2012. The first case gives x = §8; the second has no solution. So the only
solution is = 8.

2. The first term of a geometric sequence is 2. If we decrease the second term of the sequence by 20, and write the third
term in front of the first two, we get three consecutive terms of an arithmetic sequence. Find the original three numbers.

(12 points)

Solution: Let the common ratio of the geometric sequence be ¢; then its first three terms are 2, 2¢, 2¢>. By the
conditions, 2¢%, 2, 2¢ — 20 are three consecutive terms of an arithmetic sequence, so 2 — 2¢> = (2¢ — 20) — 2.
Rearranging, ¢> + ¢ — 12 = 0,50 ¢; = 3 and ¢ = —4.

There are two solutions: 2, 6, 18 and 2, —8, 32.
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3. In the isosceles triangle ABC, AB = 6 and CF = 9, where F' is the midpoint of the base AB. Starting from the vertex
A and going around the triangle in the direction A, B, C, the points dividing the sides into three equal parts are Ay, Ao,
By, B, C1, Co. Find the area of the quadrilateral formed by the lines C By, CoBo, C1 As, and A Bs.

(14 points)

Solution: Place the triangle in a coordinate system: A (—3,0), B (3,0), C (0,9). Then the points dividing the sides
into three equal parts are A; (—1,0), A2 (1,0), By (2,3), B2 (1,6), Cy (—1,6), C2 (-2, 3).

The equations of the lines through two given points:
a=C1By: y=—x+5, b=0CsBy: y=xz+5, c¢=C1As: y=-3x+3, d=A1Bs: y=3x+3

The intersection points are: a and b: K (0,5); candd: M (0,3); aandd: L(3,3); and by symmetry, c and b:
N (—%,9). By symmetry, KLMN is a kite, with diagonals KM = 2and NL = 1. Soits areais 2 = 1.

4. The lower side AB of a rectangle ABC'D inclined at 20° is horizontal and 20 meters long. We want to get from the
vertex A along a straight line to some point of the side C'D. The parallel sides AB and C'D are 12 meters apart. Where
can we arrive, if the angle between the path and the horizontal may not exceed 12°?

(14 points)

Solution: Let P be the point of C'D where we arrive, let E be the foot of the perpendicular from D to the horizontal
plane through AB, and let m = DFE be the height of the side C'D above that plane.
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In the right triangle AFE D, sin 20° = 12, som = 12sin20° ~ 4.104. If T is the foot of the perpendicular from P,

then PT = m, and the angle of the path AP with the horlzontal is ZPAT. If this angle is exactly 12°, then in the right
triangle AT P, sin12° = =, where x = AP, so x = ~ 19.740. Finally, in the right triangle ADP,

sin 120

y=DP =22 — 122 ~ \/19.7402 — 144 ~ 15.67

The farther P is from D, the longer the path and the smaller its angle with the horizontal. So the angle is at most 12°
exactly when DP > 15.67 m, that is, when P is on C'D at most about 4.33 m from C.

Note: KoMalL rounds m to 4.1 before dividing and gets DP > 15.65 m; without the early rounding, the bound is 15.67
m.
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Part 11

5. Consider the circle k with center K (5,2) and radius » = 3. The tangent lines e; and e can be drawn from the origin
to the circle k.

a) Write the equations of e; and es.

b) What is the angle between e; and e ?

c) Find the area of the plane region from whose points the circle k is seen at an angle of at least 60° and at most 90°.
(16 points)

Solution: a) The equation of the circle k is (z — 5)* + (y — 2)> = 9, and the lines through the origin (other than the
y-axis, which is not tangent) are y = mx. Such a line is tangent to the circle if it has exactly one common point with
the circle, that is, if the equation

(=572 +(mx—2°=9, e  (M*+1)2”—(Um+10)z+20=0

has exactly one solution. So its discriminant is zero:

20720 5435

(4m +10)° =80 (m* +1) =0, 16m* —20m —5=0, mip="—"0 S

So the tangent lines are e;: y = 5+:§*/gx and eo: y =

75_2\/533.

b) Let F be the point of tangency on e;. The angle between the two tangent lines is twice the acute angle ¢ at O of
the right triangle OK F;. Here OK = /52422 = /29 and F1 K = 3, sosinp = \/%79. So ¢ ~ 33.85°, and the
angle between the tangent lines is 2¢ ~ 67.7°.

c) If the circle is seen from a point P at an angle of 60°, let R; be the point of tangency of one of the tangent lines
from P. In the right triangle K PR, /K PR; = 30° and K R; = 3,s0 K P = 6. So these points form the circle with
center K and radius 6.

Similarly, if the circle is seen from @ at an angle of 90°, with point of tangency 71, then in the right triangle K QT1,
ZKQT, =45°,s0 KQ = 3v/2. These points form the circle with center K and radius 3v/2.

The closer a point is to K, the larger the angle, so the region is the ring between these two circles (shaded below). Its
area is (36 — 18) m = 187 ~ 56.5.

€1

€2
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6. The waiting room of the Tiszai railway station in Miskolc was paved partly with the tiles shown in the figure. On these
tiles a 5 x 5 square grid was colored with three colors (dark green, light green, and white). This pattern can be continued
to the right and upward, and the coloring can be made for any odd number greater than five. The figure also shows the
7 x 7 grid made this way.

a) What fraction of the square with side 51 units is light green?
b) What fraction of the square with side 101 units is dark green?

c) Prove that if the side length of the square increases without bound, then the area of both the light green and the dark
green parts approaches half of the area of the square.

(16 points)

Solution: a) The square with side 51 has area 512 = 2601. The areas of the light green rectangles are 1, 3, 5, .. ., 49,
and there are two of each, so their total area is 2 (1 +3 + 5+ -+ +49) = 2 252 = 1250. (The sum of the first 25
1250

positive odd numbers is 252.) So 5601 ~ 0.4806 of the square is light green.

b) The square with side 101 has area 1012 = 10201. The areas of the dark green rectangles are 2, 4, 6, .. ., 100, and
there are two of each, so their total area is

90 - 51

22+4+6+---+100) =4(1+2+3+---+50) =4- = 5100

So 1%1720001 ~ 0.49995 of the square is dark green.

¢) The square with side 2n + 1 (where n > 1 is an integer) has area (2n + 1)2. The light green rectangles have areas
1,3, ...,2n — 1, two of each, with total area 2 (1 +3 + --- + (2n — 1)) = 2n?; the dark green rectangles have areas
2,4, ...,2n, two of each, with total area 4 (1 +2+--- 4+ n) =2n(n+1). So

, 2n? , 2 1 . 2n(n+1) 24 2
L P T e S 2 Tl ard+ L 2
n+1)? noood4 2t L n=oo (2n 4 1)2  nocod + 44 L

_l’_

which proves the statement in both cases.

7. The graph of the function f (z) = T—Z + 1 defined on [0, 4] is rotated about the z-axis. The surface obtained is the lateral

surface of a vessel in the shape of a solid of revolution, whose bottom is the smaller circle. The unit of the coordinate
system is 1 dm.

a) How many liters does the vessel hold, if the thickness of its wall is negligible?

b) A straight rod of negligible thickness stands at the center of the bottom of the vessel. We tilt the rod so that its lower
end does not move. At what height does the rod touch the wall of the vessel?

(16 points)

Solution: a) The volume of the solid of revolution is

4 2 2 4 4 2

X X X
vV o= T 1) de= 2 T 1 1)a
TF/O (16+> - 7r/0 <256—|—8+>x

28 4 4 8 1127
W[1280+24+x]0 7r<5+3+> 5
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So the vessel holds about 23.5 liters.
1127

Note: KoMaL writes 32, a misprint; its value 23.5 is correct for =2

15’
b) The figure shows the cross-section through the axis of rotation, with the tilted rod. The height in question is x.

Y

The rod lies on a line y = ma through the origin (with m > 0). It touches the wall where this line is tangent to the
2

curve y = Tz + 1, that is, where the equation mz = J5 + 1, i.e. x? — 16ma 4+ 16 = 0, has exactly one solution:

256m? — 64 = 0,s0m = % The tangent line y = § touches the curve at the point (4, 2).

So zg = 4: the rod touches the vessel at a height of 4 dm, at its upper rim.

8. Solve the equation —z? + 122 — 33 =z — 3+ V& — 7.
(16 points)

Solution: The domain of the equation is z > 7. We rewrite the quadratic expression on the left side:

—a? 4120 —33 = — (2% — 120+ 33) = — (2 — 6)° + 3

y VE=3 4z =T

46 \i
—x2 + 122 — 33

In this form it is easy to see that this expression has its maximum at = 6 and is strictly decreasing on [6, c0), so also
on the domain of the equation.

Since v/x — 3 and v/x — 7 are strictly increasing, so is their sum. For the smallest element of the domain, x = 7, the
left side is —49 + 84 — 33 = 2, and the right side is V4 + /0 =2. Soz = T7is a solution of the equation, and by the
monotonicity there are no other solutions.
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9. We know the lengths of all three sides and the measures of all three angles of a triangle. Show that substituting these
values into the formula ) ) )
b
(5)"+ () +(5)

cot a + cot 8 + coty

gives the area of the triangle.
(16 points)

Solution: Let ¢ be the area of the triangle. We rewrite the formula:

2 2 2
B+ B+ 6) e
cot o + cot cot 5 B
Footfteoty 4 (wme .y by cmy)
By the law of cosines, cos o = Yic’—a and since t = b“% we have 2bcsin o = 4t. So

2bc

cosa b2+ —a? b4+ c2—a?

sina 2besina 4¢

2 2 2 2 2 2 . .
In the same way, gf’sg = @€ =" and ey = +l=c Adding these three, the numerator is (b% + c? — a?) +

(a2—|—02—b2)—|—(a2—|—b2—62):a2+b2—|—02,so

a’ + b+
Ca?4b24c2
4 4t

So the formula indeed gives the area of the triangle.
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