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For high school students preparing for universities and colleges, one of the greatest challenges is the entrance examination.
KoMalL wants to help them prepare by publishing problem sets that are similar in difficulty to the written entrance examination.
This problem set is similar to such an exam. We advise the reader to work through the problem set while measuring the time.
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1. Solve the equation z*° — x = a° — T where « is a real parameter.

Solution: We complete the square on the left-hand side.
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So the solutions are z1 = 3 +aand o = 3~ a. If a = 0, these are the same, and the only solution is z = R

2. The legs a and b and the hypotenuse ¢ of a right triangle satisfy (a — b)2 = ¢? — b?. Find the altitude belonging to the
hypotenuse.

Solution: By the Pythagorean theorem, ¢ = a2 + b2, and so ¢2 — b2 = a2. The condition becomes (a — b)* = a2, and
soa —b=aora—>b= —a. The first one gives b = 0, which is impossible. So b = 2a, and then

c=+va2+b =+a2+4a2 =5a

We compute the area of the triangle in two different ways: using the two legs, and using the hypotenuse and its altitude
m.
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Since ¢ = /5 a, we can also write this as m = 50‘ So the altitude belonging to the hypotenuse is two fifths of the

hypotenuse.
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3. The line 3z + 4y = 12 intersects the coordinate axes at points A and B. The perpendicular bisector of segment AB
splits triangle AOB into two parts. Find the areas of these parts. (O is the origin.)

Solution: Ify =0thenz =4, andif x = Otheny = 3. So A (4,0) and B (0,3). Triangle AOB is a right triangle
with legs 4 and 3, so its area is 6 and its hypotenuse is AB = 5.

3 5 3
Let F' denote the midpoint of AB, so F (2, 2) and AF = 5 The slope of line AB is 7 %° the slope of the

perpendicular bisector is 3" and its equation is
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With y = 0 we get z = 3’ and with z = 0 we get y = 5 So the perpendicular bisector intersects side O A at

7
P (8’ O) , and it does not intersect side OB. The line cuts triangle AO B into triangle AP F' and quadrilateral OPF' B.

Triangle APF has a right angle at F' and shares the angle at A with triangle AO B, which has a right angle at O. So
the two triangles are similar, and the ratio of similarity is

AF
AO
The ratio of the areas of similar triangles is the square of the ratio of similarity. So the area of triangle APF' is

6. (2) _¢.B_D
8) 7 64 32
75 117

75 117
and the area of quadrilateral OPF B is 6 — 33 = 33 So the two parts have areas 32 and E5) (their ratio is 25 : 39).
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4. Solve the given equation.

l0ggn 5 (1 — cos®x) = 2 A-a?

Solution: Consider the domain of this equation first. The base of a logarithm must be positive and not 1, s0 0 < sinz <
1. The expression under the square root must be non-negative, so 4 — 22 >0,andso -2 < z < 2.

2 ¢ = sin? z, the left-hand side is

Since 1 — cos
loggiy, » (1 — cos? :c) = logg, » (Sin2 gg) =2
for every x in the domain. So the equation becomes

ovVid—a® — 9 —9l the exponential function is one-to-one

Vi—a22 =1 square both sides
4—2? =1
2 = 3

r = +V3

Both numbers are in the interval [—2,2]. Since \/§ ~ 1.73 is between 0 and 7, sin \/§ > 0; and since \/§ #* g,

sinv3 # 1. Sox = +/3 is a solution. But sin (— 3) = —sinv/3 < 0, so —/3 is not in the domain. The only
solution is z = /3.
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5. For what values of the parameter o does the equation sin® 2 + cos® # = sin? o have a solution?

Solution: We rewrite the left-hand side.

: . 2 . 1. 1 .
sin z + cos?z = (51n2x + cos? ac) —2sin®zcos’z =1 — 3 (2 smwcosx)2 =1- 3 sin? 2z

1
Since 0 < sin® 2z < 1, the left-hand side takes on every value between 3 and 1, and no other value. So the equation

has a solution exactly when

V2

<sina<1 or |sinal> >

N | —

This happens when
o [¢] [e] o . . ™ 371—
45° + k- 180° < v < 135° + k- 180 or, in radians, Z—l—lmgagz—l—kw

where k is any integer.

6. One of the acute angles of a right triangle is 30° and its hypotenuse is 4 units long. Find the area of the triangle whose
vertices are the points where the inscribed circle is tangent to the sides.

Solution: The side opposite the 30° angle is half of the hypotenuse, so the legs are 2 and v/42 — 22 = 21/3. In aright
triangle, the radius of the inscribed circle is

a+b—c 2+42V/3-4
2 2 V3

(The tangent segments from each vertex are equal, and the two tangent segments from the right angle vertex are both r.)

T =

Let I denote the center of the inscribed circle. The radii drawn to the points of tangency are perpendicular to the sides.
So at a vertex with angle -, the radii drawn to the two points of tangency on the sides of that angle form an angle
180° — « at I. The angles of our triangle are 90°, 60°, and 30°, so the angles at I are 90°, 120°, and 150°. The triangle
formed by the three points of tangency is split by the three radii into three isosceles triangles, each with two sides . So
its area is

1 1 1
T = 57"2 (sin90° 4 sin 120° + sin 150°) = 57“2 <1 + \gg + 2) _3 +4\/§r2
B 3+\/§(\/§ 1)2_(3+\/§)(4—2\/§)_12—6\/§+4\/§—6_6—2\/§_3—\/§
- 4 ) 4 - 4 T4 2

So the area is

~ 0.634 square units.

7. Find all integers p and ¢ that satisfy the equation p3 + 6p? + 5p = 3¢> + 3¢ + 1.

Solution: We factor the left-hand side.
P +6p°+5p=p(p>+6p+5) =p(p+1)(p+5)

Since p + 5 = (p + 2) + 3, the factor p + 5 gives the same remainder when divided by 3 as p + 2. Among the three
consecutive integers p, p + 1, and p + 2, one is divisible by 3. So one of the factors p, p + 1, and p + 5 is divisible by
3, and so the left-hand side is divisible by 3 for every integer p.

The right-hand side is 3¢> +3¢+1 =3 (q2 + q) + 1, which gives a remainder of 1 when divided by 3, for every integer
q. So the two sides can never be equal: there are no integers p and ¢ that satisfy the equation.
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8. Find all pairs of numbers (z, y) that satisfy the given equation.

\/:L‘+y—\/x—|—y—1+\/m2—x—|- :?

Solution: For the first square root, z +y — 1 > 0. Lett = /zx +y — 1,s0t > 0and x + y = t*> + 1. We complete
the square under both square roots.

1\?> 3_3
x+y—\/x+y—1 = t2—t+1:<t—2> +ZZZ
1\> 3_3
2
_ 1 = _ = e
-+ (I 2) +4_4

3 3
So each square root on the left-hand side is at least \/; = \g, and their sum is at least v/3. But the right-hand side is

3
only \2[ < /3. So the two sides can never be equal, and there is no pair (z,y) that satisfies the equation.
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