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In 1983, a new system of entrance examination was adopted. In order to be accepted to a university, the 3rd and 4th years of
high school grades in mathematics, Hungarian language and literature, history, foreign language, physics, (biology, chemistry,
geography, another foreign language - students choose from these) are counted toward university entrance performance.

The *brought’ points (i.e. the points comprised of final grades in high school in the subjects listed above) add up to a total of
60 points. In addition, student assessed by written and oral examinations for a total of 60 points. So, there is a total of 120
points possible.

In Mathematics, the same exam serves as the GED and the entrance exam. These problem sets consist of 8 problems, presented
in order of difficulty (from easiest to most difficult).

This problem set is similar to such an exam. We advise the reader to work through the problem set while measuring the time.
There are 180 minutes to solve and present all problems.

1. Find all positive solutions of the equation /z 4+ 2 = —z.

Solution: Notice the domain of the left-hand side, x > —2 and the range of the right-hand side. Since the left-hand side
is a square root, it must be non-negative. So —z > 0 implies z < 0. So, any solution must be in the interval [—2, 0].
Square both sides:

Vi+2 = -z square both sides
r+2 = z?
0 = 22—z—2
0 = (z—2)(x+1)
r1 = 2 andxy = —1

We check and find that 2 does not work (it’s also not in our domain). —1 works and is the only solution.

2. Two angles in a triangle have sines 0.7431 and 0.6691. Compute the cosine of the third angle.
Solution 2: We introduce notation: sin a = 0.7431 and sin 8 = 0.6691.

cosae = +£V1—sin?a==41/1—(0.7431)% = £1/1 — (0.7431)% = +1/0.447802 39

~ =£0.66918

cos B =41/1—sin? 8 = +1/1 — (0.6691)% = +£1/0.552 305 19 ~ £0.743 172

Considering the order between sin « and sin 3, we conclude that o > [ and so only « could be the greatest angle in the
triangle. Thus, S must be an acute angle and so its cosine must be positive. Thus, there are two cases.

Case 1. «isobtuse: sina = 0.7431, cosa = —0.6692, sin 8 = 0.6691, cos 5 = 0.743 1
Case 2. «is acute: sina = 0.7431, cosa = 0.6692, sin 5 = 0.6691, cos 8 = 0.743 1
In both cases, the computation will be as follows:
cosy = cos(180° — (a+ B)) = —cos (a + 8) = — (cos acos B — sinasin 3) = — cosacos B + sin asin 3
Case 1:
cosy = —cosacos B+ sinasin f = — (—0.6692) (0.7431) + (0.7431) (0.6691) ~ 0.9945
Case 2:
cosy = —cosacos § +sinasin f = — (0.6692) (0.7431) + (0.7431) (0.6691) ~ 0

This second result is not such a surprise. Ignoring the very slight inconsistencies, basically cos « = sin 5. That means
that o and 3 are complementary, and so v = 90°.


http://db.komal.hu/KomalHU/cikk.phtml?id=198541
http://db.komal.hu/KomalHU/showpdf.phtml?tabla=Cikk&id=198541

Problem Set II - 1985 page 2

3. The diagonals of a complex quadrilateral split it into four triangles. The areas of three such triangles are 1 cm?, 2 cm?,
and 3 cm?. Find the area of the fourth triangle.

1
Solution: Recall that the area of a triangle is A = —absin y where 7 is the angle between sides a and b. Let a, b, ¢, d

be the line segments into which the diagonals cut each other.

Also notice that 5 = 180° — « and so sin 8 = sin a.

—cdsina = 1
—adsina = 2
1
iabsina = 3
1
ibcsina = 7
2
cd = —
sin o
4
ad = —
sin «v
6
ab = —
sin «v
6 2 6 2
1bcsima—lsimoz(bc)—lsinaLb)(Cd)—}sinoz sina sina/ 1 _\sima) _16:2_3
2 2 N ad 2 4 2 4 2 42
sin av sin o

4. Solve the given equation.

Vsinzcosz - (1 — log (16 — x2)) =0
Solution: Consider the domain of this equation first.
sinxcosz >0 — sinz,cosx > 0 or sinx,cosx <0

x must be the in the first or third quadrant,i.e k7 < x <7+ km where k € Z
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Also,
16—2%2 > 0
—(z+4)(z—-4) > 0 = —-2<zx<2

The domain of the equation is the intersection of these two sets. Let’s leave this for now and see if there are any
solutions to measure against this domain.

Applying the zero product rule, we have that either
Vsinzcosz =0 or 1—log (16 — :1;2) =0
We solve each equation.

vVsinxcosx = 0

sinz = 0 orcosz=0
r =km or g—l—kzwwherekez
The other equation:

1—log (16 —2?) = 0
1

= log (16 — 2?)
10 = 16— a2
2 = 6

Now we need to see which of the solutions falls into the domain. First for +1/6 : They both are clearly between —2
and 2.

Since /6 is between 2 and 3, it is also between 0 and 7 and so it is in the domain.

Since —/6 is between —3 and —2, it is between —7 and 0 and so it is not in the domain. So, it is not a solution.

k
Now for the other group, z = % where k£ € Z. The only solutions are the ones between —2 and 2.

k -3 -2 -1 0 1 2
%T —4.7124 | —3.141 | —1.5708 | O 1.5708 | 3.141
nope nope yes yes | yes nope

So, there are four solutions: —g, 0, g, and /6.

. In a triangle, the sides around angle o have lengths sin o and cos &. The side opposite angle « has length 1 — sin a.
Compute the sides and angles in the triangle.
Solution: We state the Law of Cosines for this triangle:

2

(1—sina)® = sin?a+ cos? a — 2 (sina) (cos ) cos a

1 —2sina +sina 1 — 2sina cos? a

—2sin o cos® a

—92sina + sin® a

0 = —2sinacos’a+ 2sina — sin®a
0 = sina (—2 cos® o + 2 — sin a)

0 = sina(—2 (1 — sin? a) +2—sina)
0 = sina(—2+281n2a+2—sina)
0 = sina (2 sin® & — sin a)

0 = sin?a(2sina—1)



Problem Set II - 1985 page 4

1
sina = 0 or sina:§
s 5
o =km or a:€+2k7r or a:F—i—le where k € Z

1 3
Since « is an angle in a triangle, the only possible solution is & = 30° and thus sin a = 3 and cosa = \2[ The three

11
sides are: 35 and \gg The angles are 30°, 30°, and 120°.

6. Find the value of the parameter p for which the vector that translates the graph of y = 2> — 4px + 2 into the parabola
y = 2% + 2px — 4 has the shortest possible length.

Solution: Let’s see where the vertices are.
y=a—dpr+2=(z—2p)° —4p*+2 Vi (2p, —4p* +2)

y=2'+2px—4=(x+p)’-p*—4  Vi(-p,—p*—4)

So the vector v points from V; to V5. Its length is

d(Vi,Va) = \/(2p — (=p)? + (—4p? + 2 — (—p* —4)) = \/(319)2 +(—4p? + 2+ p> +4)°

= \/(319)2 +(—3p% +6)° = 3\/272 +(-p2+2° =3P +p —dp? +4=

2 2
= 3\/p4—3p2+4:3\/<p2—3> —9+4:3\/<p2—3) +Z

2 4 2 4

3 3
This expression has a minimum value when p? = 3 and also p = i\/; .

7. Find all (z,y) that satisfy the given equation:

2 2
tan<y> + cot <y> +V4z — 22+ V22 — 102+ 16+ 11z — 22 — 18 = 3
x x

Solution: Let us first discuss the domain of the equation. First, focusing on the radicals,

2

dr —z= > 0
x(d—z) > 0 = 0<z<A4
2?2 — 10z +16 >
(r—=8)(zr—2) > 0 = xz<2o0rx>8
11z — 22 —18 >
—2? 4+ 11z — 18 >
—(x—=2)(z—-9) > 0 = 2<zx<9

If we take the intersection of these three sets, we are left with only © = 2. Let’s solve for y
2y 2y
tan | =2 ) +cot [ =2 ) + V4z — 22 + V22 — 102+ 16+ 1lz —22 — 18 = 3z
x x

P p
tan(2y>+cot<2y>+\/4~2—22+\/22—10~2+16+\/11~2—22—18

Il
w
B
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tany + coty + V4 + V0 + V0 6
tany +coty+2 = 6
tany +coty = 4
tany + L = 4
tany
tan?y+1 = 4tany
tan?y —4tany +1 = 0
(tany —2)* -3 = 0

(tany—2—|—\/§) (tany—Z—\/g) =0
tany1:2—\/§ tany2:2+\/§

5
Y1 12+k: y2:£+k7r where k € Z

5
So the solutions are {(2,y) Ty = % +kmor y= 1—; + km where k € Z}

8. Solve the given equation for = over the real numbers.

\/Ioga vazx + log, vax + \/Ioga Q/E + log,, {*/E =a
a x
Solution: Consider the domain first: a,z > 0 a,x # 1
\/loga Vvax +log, vax + \/loga \/7 + log, \/7 = a
1 Ry
1 log, (ax) + logx (azx) + loga < ) logx (1‘) = a

1
5\/Iogaa+logax—i—logxa—&—logmx—i— 5\/logaac —log,a+log,a—log,x = a

1 1
5\/1+10gax+log$a+1+§\/Iogax—l—i—logma—1 = a

Vg, = +1log,a+ 24 \/log,z +log,a —2 = 2a

Recall that logp () and log, P are reciprocals of each other.
1 1
log, 2+ —— +2+ 4/log, x + —2=2a
log, = log, =

1
Proof: Let m be any positive number. Then m + — > 2 because
m

Claim: log,z > 0

(m—1)2 > 0 equality true only when m = 1
m?—2m+1 >
m? +1 > 2m m >0
m+— > 2
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1
And if m is a negative number, then m + — < —2 and thus
m

1
m+——2<-4
m
and thus
1
If we want \/ log, x + 1 — 2 to be defined, m = log, = can not be a negative number. So, log, x > 0.
0g, T

Notice that R+l : R2+i+2and R—l : R2+i—2
R) R? R) R?

2 2
1 1 1
Thus log, @+ —— =log x+ — +2and lo =log o+ — — 2. Thus
(5 ) e e (e ) e

1 1
\/Iogax—i— —|—2+\/Iogax+ -2 = 2a
log, = log, =

2 2
1 1
log, 2 + ——| + Vg, r — ——— = 2a
< . logax> ( s \/logax>
— 1 1
‘ logal'—l- \/ﬁ + logax m == 20/
a a

The first expression, y/log, = is clearly non-negative so we can drop the absolute value sign.

1
* \/1og, x

1

log, x + ) + [v/log, = — =2a
08, 08,
Case 1. If y/log, =
Y loga
1 1

log, t + ——= + |\/log, 2 — ——| = 2a

\/1og, x v/1og, x
= 2a

1 1
log, © + ——— + /log, * — ————
Ba v/log, x Ba v/log, x
2¢/log,x = 2a
Vieg,z = a

log,z = a
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