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In 1983, a new system of entrance examination was adopted. In order to be accepted to a university, the 3rd and 4th years of
high school grades in mathematics, Hungarian language and literature, history, foreign language, physics, (biology, chemistry,
geography, another foreign language - students choose from these) are counted toward university entrance performance.

The "brought’ points (i.e. the points comprised of final grades in high school in the subjects listed above) add up to a total of
60 points. In addition, students are assessed by written and oral examinations for a total of 60 points. So, there is a total of
120 points possible.

In Mathematics, the same exam serves as the GED and the university entrance exam. These problem sets consist of 8
problems, presented in order of difficulty (from easiest to most difficult).

This problem set is similar to such an exam. We advise the reader to work through the problem set while measuring the time.
There are 180 minutes to solve and present all problems.

1. Prove that if the angle opposite the side BC' = a of a triangle is 150°, then
V4 =012 —4tV3
where b and c are the other two sides of the triangle, r is the radius of the circumscribed circle, and ¢ is the area of the

triangle.

Solution: By the Law of Cosines,
a? = b? + ¢ — 2bccos 150° = b2 + 2 + V/3be

1 b
The areais t = gbc sin 150° = ZC’ so bc = 4t. By the Law of Sines, a = 2rsin 150° = r. So

b2+ =a% — V3be=1r* —4tV/3

2. Consider the function f (z) = (z —1)* + (z — 2)* + - - + ( — n)?, where 7 is a positive integer. Where does the

function take its smallest value, and what is this smallest value?
n—+1 nn+1)2n+1
771( )and12—|—22—|—---+n2: (n ) 2n ):

Solution: Expanding, and using 1 +2+---+n = 5

n(n+1)(2n+1)
6

f(x)=nz®>—n(n+1)z+

Completing the square:

n+1\> nm+1)2n+1) n(n+1)2_ n+1\> n(n?-1)
) * - <$‘ 2 > LTI
n(n2—1)

1
So the function takes its smallest value at x = % (the average of 1, 2, ..., n), and the smallest value is B


http://db.komal.hu/KomalHU/cikk.phtml?id=198924
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3. Prove thatif ¢ > 0 and b > 0, then ) .
§(a+b)2+1(a+b) > aVb +bv/a
When are the two sides equal?

Solution: The inequality can be written as

a;b(a—l—b—i—;) > Vab (Va+ V)

+b

By the inequality between the arithmetic and geometric means, a > +Vab> 0. Also

a+b+%—(\/5+\/l;): (f—1>2+<\/5—;>220

2

1
soa—+0b+ 3 > a+ v/b > 0. Multiplying the two inequalities (all sides are nonnegative) gives the statement.

b
Equality: if a = b = 0, both sides are 0. Otherwise ot > 0, and equality needs equality in both inequalities: a = b
1 1
and v/a = Vb = 5 So the two sides are equal exactly fora = b = 0and fora =b = 1

4. The sides of triangle ABC are AB = 13, BC' = 20, CA = 21 units. Find the length of the median to the side BC.

Solution: Let A; be the midpoint of BC, s = AAy, and ¢ = LZAA1B; then ZAA;C = 180° — . By the Law of
Cosines in the triangles AA; B and AA;C,

132 = 52 + 10% — 20s cos v, 212 = 5% +10% + 20s Cos
Adding these: 252 4 200 = 169 + 441, so s = 205 and

s =v205 ~ 14.32

5. Find the equation of the line whose segment between the lines e (with equation z — y = 2) and f (with equation
x + 2y = 14) is divided by the point P (2, 1) in the ratio 1 : 2, counting from the line e.

Solution: Let the endpoints of the segment be E (t,t — 2) on e and F on f. Since PF' = 2PFE and P is between them,
ﬁ = —2]@, SO

F=P—-2(E—-—P)=3P—-2E=(6—2t, 7—2t)
Fison f: (6 —2t)+2(7—2t)=14,s0t=1. So E(1,—1) and F' (4,5), and the line through E and P has slope 2.

Its equation is
20 —y =3



Problem Set II - 1989 page 3

6. The base edge of a regular square prism is a, and its height is m (its volume is V7). The base edge of a regular triangular
pyramid is b, and its height is m (its volume is V53).

b
a) Find the ratio — if Vi = v/3 - V5.
a

b) Find the ratio LLT: Vi = /3 - V4 and the lateral surface area of the prism is equal to the lateral surface area of the

a
pyramid (the sum of the areas of its lateral faces).

. \Zgbz -m, so Vi = v/3V, means

2 2
aZmZbTm, <b> =4, 922

2

W =

Solution: a) V13 =a*m and V3 =

V3

1 b
b) The apex of the pyramid is above the center of the base triangle, which is 3 Tb = 2—\/3 away from each base

edge. So the height m; of a lateral face (to the side b) satisfies

b? a?
my m+12 m+3

using b = 2a from part a). The lateral surface areas are equal:

2a - 2
dam =324 2m1, dm = 3\/77127%—2, 16m? = 9m? + 3a>

So 7m? = 3a2, and

1 1
7. Solve the inequality logs — + 3 - log,, 9 > —8.
x

1 1 2
Solution: We need z > 0 and x # 1. Let z = logg x # 0; thenlogg — = —2z and log, 9= —2log,3=—-. So
x z

(:-1)(z-3)

z

—2z — <0

[SE N

3

> =8, z+—-—4<0,
z

A sign chart gives z < Oor 1 < z < 3. Since logj is increasing, the solution is

O<xz<l or 3<x<27
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2z 1
8. For which « does the equation 2 + + < — + 2\/§> = 0 have exactly one real root?
V/cos sin «
Solution: The equation is defined if cos & > 0 and sin a # 0. It has exactly one real root if its discriminant is zero:
4 4( +2\f> sir?a—cosa:%/i sina—cosa:Sin2a
CoS sin «v sin v cos « V2

The left-hand side is sin (a — %), SO sin (a — %) = sin 2«, and
T
2a:a—z+2n7r or 2= — (a—f> + 2nm

4
. us om  2nmw . . .
thatis, o« = —— + 2nmor a = D) + 3 Now check the condition cos « > 0 (and sin o # 0, which holds for all
om 3

of these). a = —% + 2n7 is good. In the second family, — 12 + 2km is good, —— + 2k is not (cosa < 0), and
21

T; + 2km = _Z + 2 (k + 1) 7 is in the first family. So the equation has exactly one real root for

s T . .
a=-7 +2kr or a= B + 2km,  kis an integer

1
\/cosa)'

(and then the rootis x = —
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