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In 1983, a new system of entrance examination was adopted. In order to be accepted to a university, the 3rd and 4th years of
high school grades in mathematics, Hungarian language and literature, history, foreign language, physics, (biology, chemistry,
geography, another foreign language - students choose from these) are counted toward university entrance performance.

The *brought’ points (i.e. the points comprised of final grades in high school in the subjects listed above) add up to a total of
60 points. In addition, students are assessed by written and oral examinations for a total of 60 points. So, there is a total of
120 points possible.

In Mathematics, the same exam serves as the GED and the university entrance exam. These problem sets consist of 8
problems, presented in order of difficulty (from easiest to most difficult).

This problem set is similar to such an exam. We advise the reader to work through the problem set while measuring the time.
There are 180 minutes to solve and present all problems.

1. Intriangle ABC, AB = 10, BC' = 9 units, and ZC AB = 60°. Find the length of the side AC.
Solution: Let AC' = z. By the Law of Cosines,

81 =224+100—2-10-2cos60°, 22—-10x+19=0, z=5+6

Both roots are positive, and both triangles exist (the given angle is opposite the shorter given side). So AC' = 5+ /6 ~
7.45 or AC =5 — /6 ~ 2.55.

2. The equations 22 4 3px + ¢ = 0 and 2 + pr — ¢ = 0, where p and ¢ are real parameters, have a common real root.
Prove that the other two roots either add up to zero, or one of them is three times the other.

Solution: Let x; be the common root, and 2, x3 the other roots of the two equations. By Viete’s formulas
T1+w2=—-3p, T1T2=¢q, T1+T3=—p, T1T3=—¢q
Adding the two products: z; (z2 + x3) = 0. So either 22 + x3 = 0, or z; = 0; in the second case zo = —3p and

T3 = —p, SO To = 3T3.

3. Solve the following equation over the real numbers.

/1 —sin?2
cos 2x + #:0

. . . .. 1 —sin2x
Solution: The square root is nonnegative, so we need cos 2x < 0. Then the equation is 4/ —5 = —¢os 2z, and

squaring (an equivalent step under this condition):

1
1—sin2z =2 (1—sin’2z), 2sin®2z—sin2z—1=0, sin2z=1 or sin2z = -5
1
If sin2x = 1, then cos2x = 0, and these are solutions: = = % + km. Ifsin2z = —3 and cos2x < 0, then
7 7
2r = % +2nm: x = % + nm. The solutions are
T T .
r=—+kr or x=-—+nm, k, n are integers

4 ~ 12
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4. The base of the isosceles triangle ABC' is BC' = 27 units, and the radius of its inscribed circle is ¢ = 9 units. Find the

radius of the circle that is tangent to the inscribed circle and to the legs.

Solution: Let O be the center of the inscribed circle, A; the midpoint of BC, and m = AA; the height. BO bisects
A BA 135 3

the angle ABA;, so by the angle bisector theorem — = L= 2% =2 Let BA =3z and OA = 2z. Inthe

OA 041 9 2
right triangle ABA;:

(3z)? =13.5%2 + (22 +9)*, 522 —362—26325=0, ax=11.7

Som = 2x +9 = 32.4. The tangent to the inscribed circle parallel to BC' (at the top of the circle) cuts off a triangle
similar to ABC, with height m; = m — 2p = 14.4; the circle we are looking for is the inscribed circle of this small

triangle. By the similarity,
mq 14.4

Y i

5. Consider the circles (z — 2)? + (y +1)> = 16 and (z — 5)* + (y — 5)* = 1.
a) Find the coordinates of the intersection point of the external common tangents of the circles.
b) Find the equations of the common tangents.

Solution: The centers are K (2, —1) and K> (5,5), and the radii are 4 and 1; KKy = /45 > b, so the circles are
outside each other and have four common tangents.

a) The external tangents meet at the external center of similarity H of the circles, on the line K; K5 beyond K5, with
HK; 4 1

=—. SoKoH = K Ky = (1,2),and H = :
oK, ~ 1 S0k g KK (1,2), an (6,7)
b) The external tangents are the lines through H that are 1 unit away from Ks. A line through H is A (x —6) +
B (y — 7) = 0, and the condition is

-4 - 28] )
————=1, 4AB+3B*=0
VA% + B?

so B =0or4A = —3B. The external tangents are

r=6 and 3z—4y+10=0

22 19
(Both are 4 units away from K too.) The internal tangents go through the internal center of similarity <5, 5) , and

a similar computation gives

5vV5—-9  35-11/5 5V5+9  35+11V5
Y= T+ and y=— x+
8 4 8 4
(The solution sketch in KoMaL gives only the two external tangents.)

6. Which arithmetic sequences have the property that the quotient of the sum of the first 6n terms and the sum of the first
2n terms is the same for every positive integer n?

S
Solution: Let the first term be a and the difference d, and suppose S—Gn = K for every n:
2n
6n

?(2a+(6n—1)d):K-27n(2a+(2n—1)d), ond (K — 9) = (2a — d) (3 — K)

The right-hand side does not depend on n, so d (K —9) = 0, and then (2a — d) (3 — K) = 0.
e Ifd =0 (and a # 0): K = 3, the constant sequences a, a, @, . ...
o Ifd #0: K =9andd = 2a # 0, the sequences a, 3a, 5a, ... (then S, = ak?, so the quotient is 9).
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7. Solve the equation
log% (9" +a) +log;(2-3%) =0
over the real numbers, where a is a real parameter.
Solution: Since logs (2 - 3%) = —log1 (2 - 3%), the equation means 9” +a = 2-3% (and then 9 +a > 0 automatically).
With u = 3% > 0: u2—2u+a:0,zouzlim.
e ¢ > 1: no solution.
e g =1: u =1, the only solution is x = 0.
e 0 < a < 1: both roots are positive: x = logz (1 + /1 —a) and z = logz (1 — V1 — a).
e 0 <0: onlyu=1++/1—aispositive: z =logz (1++1—a).

8. Solve the following equation over the integers.

sin(% (xf\/x2f3x712)) =0

Solution: The equation means g (az —Va? -3z — 12) = km, thatis, x — 3k = vx2 — 3z — 12 for some integer k.
So we need x — 3k > 0, and squaring:

9k2 +12  3k2+4 1 19
2 2 2
— 6kx + 9k% = 22 — 3z — 12 = = =—(6k+3+

For x to be an integer, 2k — 1 must divide 19: 2k — 1 = £1 or £19.

2k—1=1: k=1,z=7andx — 3k = 4 = /49 — 21 — 12: a solution.

2k —1=—1: k=0, = —4,but /16 + 12 — 12 = 4 # —4: not a solution.
2k—1=19: kK =10,z = 16, but z — 3k < 0: not a solution.

2k —1=-19: k=—-9,2 =—13,and x — 3k = 14 = /169 + 39 — 12: a solution.

The integer solutions are x = 7 and z = —13.
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