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In 1983, a new system of entrance examination was adopted. In order to be accepted to a university, the 3rd and 4th years of
high school grades in mathematics, Hungarian language and literature, history, foreign language, physics, (biology, chemistry,
geography, another foreign language - students choose from these) are counted toward university entrance performance.

The *brought’ points (i.e. the points comprised of final grades in high school in the subjects listed above) add up to a total of
60 points. In addition, students are assessed by written and oral examinations for a total of 60 points. So, there is a total of
120 points possible.

In Mathematics, the same exam serves as the GED and the university entrance exam. These problem sets consist of 8
problems, presented in order of difficulty (from easiest to most difficult).

This problem set is similar to such an exam. We advise the reader to work through the problem set while measuring the time.
There are 180 minutes to solve and present all problems.

1. Solve the following equations over the real numbers.

1 2 6 . :
a) 2% 4+/20+2 . 57 = 3.5% b) $2—3x+3+x2—3x+4:x2—3w+5 ) 2sin2zx+2sinx = 2cosx+1

x
T T 2\ 2
Solution: a) V2*+25% = 2. 23205926. Dividing by 5* and writing u = <5> > 0: u?+2u—3=0,s0u = 1 (the root

—3 is negative), and x = 0.

3\* 77 1 2 6

b) Lety =22 —-3z+4=(z— =) + - > —. The equation is + = = ———, which gives 3y> — Ty +2 =0,
2 44 y—1 vy y+1

soy:20ry:§; only y = 2 is possible. Then 22 — 3z + 2 = 0, and the solutions are z = 1 and z = 2.

¢) 4sinzcosz + 2sinx — 2cosx — 1 = 2sinz (2cosz + 1) — (2cosxz + 1) = (2cosx + 1) (2sinz — 1) = 0. So

cosx = ——orsinx = —:
2 2

2 5
x = ig 4+ 2km, x= % +2kmw, x= % + 2k, k is an integer

2. Solve the following inequalities over the real numbers.

1 1
a) (x+1)(|x\—1)§—§ b) tanx+m2—2 c) logy (4% — 527 +8) > 2

1 1 1 1
Solution: a) Ifz >0: 22 —1< —=,500< a2 < —. Ifx <0: —(x+1)> < —=, thatis, |x + 1| > —. The
) = =9 — *ﬂ ( ) - 2 |7\/§
solution is
2 2 2
xﬁ—l—\g or —1+\2f§a:§\2f

(t+1)2

1
b) Witht = tanx # 0: t+z+2: >0,s0t>0ort=—1: k7r<x<g+k7r,or:r:—%+k:7r.

c) 4% —5.27 + 8 > 4, thatis, (2 — 1) (2" —4) > 0,502 <lor2* >4: z <0orz > 2.
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3. Consider the line e with equation 4z — 3y + 20 = 0 and its point £ with first coordinate xg = —2. The circle k has
radius 10 and is tangent to the line e at the point E.

— —
a) Find the coordinates of the vectors K and O K, where K is the center of the circle k& and O is the origin.
b) Write down the equation of the circle k.

—
Solution: E = (—2,4). The vector EK is perpendicular to e and has length 10; the normal vector (4, —3) has length
5. So there are two circles:
— — —— —
a) EKl = (8, —6), OKl = (6, —2); or EK2 = (—8, 6), OK2 = (—10, 10).

b) (2 —6)% + (y +2)* = 100 or (z + 10)* + (y — 10)* = 100

4. Prove that the ratio of the two roots of the equation ax? + bz + ¢ = 0 (a # 0, b> — 4ac > 0) is 3 : 2 if and only if

6b% = 25ac.
2

b
Solution: If the roots are 3t and 2¢, then by Viete’s formulas 5¢ = —— and 612 = E, SO6 - ——= = E, that is,
a a 25a2 a
6b% = 25ac.
24 b\ > b+l 2b 3b
Conversely, if 6b% = 25ac, then b? — 4ac = b®> — =—b% = [ = ] , and the roots are 5 that is, —— and ——,
25 5 a 5a 5a

whose ratio is 3 : 2 (note b # 0, since the discriminant is positive).

5. In the rectangle ABCD, 2- AB = 3 - BC. The distances of the vertices C' and D from a point P of the line AB are
8v/2 and 4+/5 units. Find the sides of the rectangle. Where is the point P?
Solution: Let AB = 3a, BC' = 2a, and A (0,0), B (3a,0), C (3a,2a), D (0,2a), P (p,0). Since PC < PD, Pis
closer to B:
(3a — p)® +4a®> =80, p?® +4a® =128

3a® + 16 16
Subtracting: 9a% — 6ap = —48, so p = %; substituting, 25a* — 416a> 4 256 = 0, so a®> = 16 or a? = 35
a
If a = 4: the sides are AB = 12 and BC = 8, and p = 8: P is on the side AB, 8 units from A and 4 units from B.

4 12 8 56 44
Ifa = g: the sides are AB = = and BC' = 5 and p = E: P is on the extension of AB beyond B, with BP = T

6. Prove that a triangle is a right triangle if and only if sin v = cos « + cos 3, where 7 is an acute angle of the triangle.

Solution: If the triangle has a right angle, it is at A or B (since <y is acute); say a = 90°. Then cosa = 0 and
B =90° — ~, so cos B = sin vy, and the equation holds. The case S = 90° is the same.

Conversely, by the sum-to-product formula, and since ath =90° — %
cosa—i—cos,B:Qcosa;Bcosa;ﬁ = 2sin%cosagﬁ
and siny = 2sin % cos % Dividing by 2 sin% > 0: cos% = cos & ; ﬁ. Both angles are between —90° and 90°, so

y=x(a—p). fy=a—p,thena =+ v = 180° — «, so « = 90°; similarly, if v = 8 — «, then 8 = 90°.

7. Solve the inequality 2!71°8«* > @2z, where a > 0, a # 1 is a real parameter.
Solution: We need = > 0. Let L = log, z; then log, (z'*1) = (14 L) L and log, (a*z) = 2+ L.

If a > 1: log, is increasing, so (1 + L) L > 2 + L, thatis, L? > 2: x > aV2or0 <z <a V2

If0 < a < 1: log, is decreasing, so L? < 2: a2 <z <a V2
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8. Find the smallest value of the expression
4 4 1
fzy) =2"+4y" + 2

For which pairs (x,y) does f (z,y) take its smallest value?

Solution: We need xy # 0. By the inequality between the arithmetic and geometric means (twice),
1 1
x4+4y4+x2—y222 4x4y4+x27y2:4a:2y2+7222\/21=

1 1 1
Equality holds if z* = 4y* and 42%y* = ——, thatis, 2 = 2y and 2%y* = 3 = 1,y? = 3 The smallest value
-y

2
is 4, at the four pairs <:|:1, :t\2f> .
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