Problem Sets from 1988 page 1

Written Final and Entrance Exam - 1988

translated from: KoMaL, September 1988, pages 251-252
Pdf file: KoMal, September 1988, pages 251-252

These problems were given at the joint written final (érettségi) and entrance examination in mathematics in Hungary in 1988.
Problems 1-5 were the same for all students; for problems 6-8, there was one version (A) recommended for students from
academic high schools and another one (B) for students from vocational secondary schools. The points for each problem are
shown in parentheses.

For all students

1. Solve the given system of equations over the real numbers.

Z 42 =93

4 5 5
T Yy x

(9 points)

1 1

Solution: Letw = — and v = —. Then 4u + 5v = 23 and bu — 4v = —2. Multiplying the first equation by 4 and the
z Y

second one by 5 and adding them, we get 41u = 82, so v = 2 and then 5v = 23 — 8 = 15,v = 3. So

2. Solve the given equation over the real numbers.
3 log x N 4 logz B 25
4 3 12

log log
Solution: Weneed x > 0. Lett = (4) > (0. Then <3> = —, S0

(11 points)

1
b+ =15 1262 - 25t +12=0, (4—3)(3t—4)=0

3 4 1 1
Ift = T thenlogz = 1and x = 10. Ift = 3" thenlogz = —1land x = 1o The solutions are x = 10 and x = 10"

3. A rhombus with a 30° angle is drawn around a circle of area t. Express the area of the rhombus in terms of £. (12 points)

2

Solution: Let r be the radius of the circle, so ¢t = r“mw. The height of the rhombus is the diameter of the circle, 2r. If

the side of the rhombus is a, then its height is a sin 30° = %, so a = 4r. The area of the rhombus is

8t
a-2r=8rt=—
us
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4. For which real numbers x are the following expressions defined?
a) \/3—+Vax—2 b) \/Vx —+Vx —2 ¢) V1—tan’z
(13 points)

Solution: a) Weneed z > 2 and v — 2 < 3, thatis, x — 2 < 9. The expression is defined for 2 < x < 11.
b) Weneed x > 2 and v/ — 2 < x. For x > 2 both sides are nonnegative, so this is equivalent to x — 2 < 22, that is,

1\ 7
x? — 2+ 2 > 0. This is true for every z, because 22 — z + 2 = <w — 2) + 1 > 0. The expression is defined for
x> 2.

¢) We need tan z to be defined and tan? z < 1, thatis, —1 < tanz < 1. The expression is defined for

—g+kw§x§ %4—]{:%, k is an integer

5. In triangle ABC, the angle at vertex A is twice the angle at vertex B, twice the side BC' is equal to three times the
side AC, and the area of the triangle is 27 times the sine of the angle at vertex C. Find the angles and the sides of the

triangle. (13 points)
Solution: Leta = BC, b= AC, ¢ = AB, and let 3 be the angle at B, so the angle at A is 25. By the Law of Sines,

a sin2p

_ = = 2 S

b sin 8 cos 5

a 3
and — = —,socos 8 =

oo

1 3
The area is iab siny = 27sin~, so ab = 54. Witha = §b this gives b?> = 36, b = 6, and
a =9. The angle at C'is v = 180° — 33, so again by the Law of Sines,
c sin3p . 9 T 5
- = = — 4 = — 4 - —_— = —
b smpg o AswA=3-deqe =g
(using sin 38 = 3sin 8 — 4sin® 8), so ¢ = 7.5. The sides are

BC=9, AC=6, AB=175

3
and the angles are 3 = cos™! 1 ~ 41.41° at B, 23 ~ 82.82° at A, and 180° — 353 =~ 55.77° at C.

A. Recommended for students from academic high schools
6. Find the equation of the circle whose center is on the x-axis, and which is tangent from the inside to the circle k;:
2?2 +y? + 42 + 6y — 87 = 0, and tangent from the outside to the circle ko: 22 +y? — 202 — 12y + 111 = 0. (13 points)

Solution: Completing the squares,
ki: (x4+22%4 (y+3)2=100, ky: (x—10)>+(y—6)>=25

so ki has center O; (—2, —3) and radius 10, and k5 has center Oz (10, 6) and radius 5. Let the center of the circle be

K and its radius r. The circle is inside k£ and touches it, so O1 K = 10 — r, and it touches ko from the outside, so
OsK =5+ 1. Then

O1K + KOy =15 =+/122 492 = 0,0,
so K is on the segment O102. (So k1 and ko touch each other, and the circle we are looking for fits between them.)
The points of the segment are (—2 + 12s, —3 4+ 9s) with 0 < s < 1, and K is on the z-axis, so s = % and K = (2,0).
Thenr =10 — O1K =10—5=5,and O3 K = 10 = 5 + r checks. The circle is

(x—2)*+4* =25
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7. The base of a pyramid is a square, and its lateral faces are congruent isosceles triangles. The height of the pyramid
makes a 30° angle with the lateral faces. A cube is placed inside the pyramid so that four vertices of the cube are on the
base of the pyramid, and the other four vertices are on the lateral faces, on the altitudes of the lateral faces drawn from
the apex of the pyramid. Find the ratio of the volumes of the pyramid and the cube. (14 points)

Solution: Let the side of the base be 2 and let the base be centered at the origin with sides parallel to the axes. The
altitudes of the lateral faces from the apex go from the apex to the midpoints (£1,0), (0, £1) of the base edges. The
height m of the pyramid makes 30° with the lateral faces, so the lateral faces make 60° with the base, and m =
1-tan60° = /3.

The four upper vertices of the cube are on these four altitudes, so the cube is turned 45° compared to the base: seen
from above, its vertices are on the lines = 0 and y = 0 (which join the midpoints of opposite base edges), at distance
_ from the center, where x is the edge of the cube. The upper vertices are at height z, where the cross-section of

V2

the pyramid is a square of half-side 1 — % (the pyramid shrinks linearly to the apex), and the upper vertices are the
midpoints of the sides of this square. So
x T 1 V6
Lo = = — V6 (V3-v2) =3v2 - 23~ 0.779
V2 V3 Tl VEev2
V2 V3
3
1 4v/3 1 3+ V2 9v3 + 112
The volume of the pyramid is - -4-1/3 = —f, and — = (\f \[) = V3t \[ So the ratio of the volumes
: 3 3 x 616 616
is
Voyrami 4v/3 9vV3+11v2  2(9v3+11v2 22
prmia _ 43 OVBH1IVE_ 2(0V3+1IV2) e 22 0,
Veube 3 616 9v2 9

8. Let p and g be positive integers with ¢ > p. Prove that

ity 1 1 1
p—= p ptl +2 q
2

(15 points)

1
Solution: The right-hand side has ¢ — p + 1 terms, and each of them is at most —, so the right-hand side is at most

1
_ 1 q9+3
&. The left-hand side is greater than 2

p p

1 1
, because 0 < p — B < p. Finally, ¢ + B > q — p+ 1, because

1
p>1>—. So
2 1
ity 4T3 g—p+1_1 1
SAL JEVIE S D EO
_ = p p p p+l q
p
2
1
q+ B
Remark: The inequality is true in a much stronger form too: the sum on the right is less than In T This follows
p— =

2
1 1 1 1
from the fact that each term Z is less than the area under the graph of y = — between k — 3 and k + X because the
T
graph is convex.
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B. Recommended for students from vocational secondary schools

6. From the points P; and P, of the parabola z — 2 = (y — 1)?, the segment with endpoints A (2,1) and B (6,1) is seen
at a right angle. Find the area of the quadrilateral AP B Ps. (13 points)

Solution: The points from which AB is seen at a right angle are on the circle with diameter AB (Thales’ theorem),
whose center is (4, 1) and radius is 2: (z —4)? + (y — 1)> = 4. Letu = y — 1; on the parabola z = 2 + u2, s0

(-2 +u2=4, u'—=3u2=0

u = 0 gives the point A itself (the vertex of the parabola), and u = +v/3 gives P; (5,1 + v/3) and P, (5,1 — v/3).
The diagonals of the quadrilateral AP, BP; are AB = 4 and P, P, = 2+/3, and they are perpendicular, so its area is

4.2
\/5:4\/3%6.93

2

7. A right circular cylinder has height 2 and radius 7. A square is inscribed in the cylinder so that its plane intersects the
axis of the cylinder, and its vertices are on the circles of the base and of the top. Find the side of the square and the
angle between the axis of the cylinder and the plane of the square. (14 points)

Solution: Two vertices of the square are on the base circle and two on the top circle, so two opposite sides of the square
are horizontal chords of these circles. By symmetry, these chords are at the same distance d from the axis, on opposite
sides of it. If the side of the square is s, then a chord gives % = 4 (49 - d2). A side going from the base to the top
rises 2 units, while its projection to the base is perpendicular to the chords and has length 2d, so s?> = 4d? + 4. Then

4(49—d®) =4d® +4, d*=24, s*=100, s=10

The angle ( between the axis and the plane of the square is the angle between the axis and a side going from the base to
the top (this side is the steepest line in the plane). So

2 1
csSp=—=7, PR 78.46°
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8. Solve the given inequality over the real numbers.
2|1 =2z >1+x

(15 points)

Solution: If x < —1, then the right-hand side is negative and the inequality is true. If x > —1, both sides are
nonnegative, and we can square: 4|1 — 2z| > (1 + z)*.

1

If-1<z< 5 4 —8x > x? 4 2x + 1, thatis, #2 + 10z — 3 < 0,50 —5 — 2¢/7 < 2 < —5 + 2¢/7. Together with the
1

condition: —1 < 2 < 2¢/7 — 5 (note that 2v/7 — 5 ~ 0.29 < 5).

1
Ifac>§: 8r—4> 22+ 2x+ 1, thatis, 22 —6x+5<0,s01 <z < 5.

The solution is
r<2/7T-5~029 or 1<z<5
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Technical Universities Entrance Exam - 1988

translated from: KoMalL, September 1988, pages 252-253
Pdf file: KoMal, September 1988, pages 252-253

These problems were given at the written mathematics entrance examination of the technical universities and colleges in
Hungary in 1988. Problems 1-5 were the same for all applicants; for problems 6-8, there was one version recommended for
students from academic high schools and another one for students from vocational secondary schools. The points for each
problem are shown in parentheses.

For all applicants

1. Find the exact values of the given expressions without using approximate values.

1
A=10'"182 4 gloge36 B — 19573 . /1000 - log, = V2, C= \/log tan 36° 4 log tan 54°
6

(9 points)
10 10 logs 36 2logs 6
Solution: 10!~log2 — T = 5 = 5, and 3198936 — 30836 — ¢ (because logg 36 = ;)ogg339 = O2g3 ). So
A=11.
1
1 1 1 1 1\ 2 1 1
12573 = -, ¥/1000 = 10, and sin ~ = —, log; v/2 = —~ (because | ~ =v2). SoB=--10-(—= ) = —1.
5 6 2 °3 2 2 5 2
1
log tan 36° + log tan 54° = log (tan 36° tan 54°) = log 1 = 0, because tan 54° = tan (90° — 36°) = 360" So
an

C =0.

2. Let AB be a diameter of a circle of radius 1, and let C' be the point on the tangent line to the circle at A for which the
segment AC' has length 2v/3. Find the area of the common part of the triangle ABC' and the disk. (11 points)

Solution: The triangle ABC' has a right angle at A, with AB = 2 and AC = 2¢/3, so tan ZABC = /3 and
ZABC = 60°. Let D be the second intersection point of BC with the circle. Since AB is a diameter, ZADB = 90°,
so BD = ABcos60° = 1and AD = ABsin60° = v/3.

C
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The common part consists of the triangle ABD and the circular segment cut off by the chord AD. The area of the

1 3
triangle ABD is 5 1-v3= \Zf The central angle over the chord AD is ZAOD = 2/ABD = 120°, so the area of

the segment is

1
L2 rage) =T V3
2\ 3 3 4
The area of the common part is
3 3 3
V3. m V3w V3 e
2 3 4 3 4

. We build a large cube out of small cubes with unit edges. If we build the largest possible cube from the small cubes
we have, then 107 small cubes are left over. If we want one more small cube along each edge, then we would need 62
more small cubes. How many small cubes do we have? (12 points)

Solution: If the largest cube has n small cubes along each edge, then the number of small cubes is
n+107=mn+1)°-62, 3n°+3n+1=169, n>+n—-56=0

so(n+8)(n—7)=0andn = 7. We have 73 + 107 = 450 small cubes. (Check: 8% — 62 = 512 — 62 = 450.)

. For which pairs of real numbers is the following system of equations true?

y—x = 44
6x T + 5
[ -
r+y 6x 2
(13 points)
Solution: Lett:1/6i>0. Then
r+y
1 5 1
t+-=— 2% —5t4+2 = t=2ort=—-
+t 5’ 5t + 0, or 5

6
Ift=2: %:4,s06x:4$+4y,x:2y. Theny — 2y = 44,s0y = —44 and x = —88.
TTY

1 6 1
Ift=—: * = —,5024x =z +y,y = 23z. Then 222z = 44, so x = 2 and y = 46.
2 z+y 4
) . 6x —528 .
Both pairs work (in the first one, = = 4). The solutions are (x,y) = (—88, —44) and (2, 46).

r+y —132
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5. The line x 4+ y = 30 intersects the x-axis at A and the y-axis at B, and let O be the origin. Find the equation of the line
e that is parallel to the line x — 3y = 6, intersects the segment OB at C' and the segment AB at D, and for which the
area of the quadrilateral O ADC' is 234 units. (13 points)

Solution: A = (30,0) and B = (0, 30). The line e is parallel to = — 3y = 6, so its equation is x — 3y = —3k for some
90 — 3k 30+ 3k

number k; then C' = (0, k), with 0 < k < 30. Solvingz +y =30andz —3y = —3k: D = ( 1 1— )

The quadrilateral OADC' is made of the triangles OAD and ODC:"

1 30+3k 1 90— 3k
DR R R

=234

Multiplying by 8:
900 + 90k 4 90k — 3k? = 1872, k% — 60k + 324 = 0, (k—6)(k—54)=0
Since k < 30, k = 6. Then C = (0,6), D = (18, 12), and the equation of ¢ is

r—3y=-—18

Recommended for students from academic high schools

6. For given real numbers p and ¢, find the first term and the difference of every arithmetic sequence in which the sum of
the first four terms is p, and the quotient of the fourth term and the first term is q. (13 points)

Solution: Let the first term be a # 0 and the difference d. Then

a+3d

4a + 6d = p, q

The second equation gives 3d = (¢ — 1) a, and then the first one becomes
da+2(¢g—1a=p, 2(qg+1)a=p
If ¢ # —1 and p # 0: there is exactly one such sequence,

p (g—1)p

2(g+1) 6(qg+1)
If g # —1 and p = 0: then a = 0, which is not allowed (the quotient is not defined), so there is no such sequence.

If g = —1 and p # 0: the equation 0 - a = p has no solution, so there is no such sequence.

2
Ifg=—1andp = 0: every a # 0 works, with d = —ga. (For example 3, 1, —1, —3.)

7. Solve the given equation, if p is a prime number and n is a positive integer.
L+p+p*+---+p"=2801

(14 points)
Solution: Subtracting 1:
p(l+p+--+p" 1) =2800=2" 5.7

sopis 2,5, or7. If p= 2, then the left-hand side of the original equation is 27+l _ 1, which is never 2801, because
2802 isnotapowerof 2. If p=5: 1+5+425+ 125+ 625 = 781 and 781 + 3125 = 3906, so the sum skips 2801. If
p="T 14+T7+49+ 343 + 2401 = 2801. The only solutionis p = 7, n = 4.
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8. Consider four vertices of a unit cube such that no two of them are on the same edge of the cube. The tetrahedron
determined by these four points is cut by planes parallel to two opposite edges of the tetrahedron. Considering all such
planes, what are the largest possible perimeter and the largest possible area of the cross-section? (15 points)

Solution: The four vertices are pairwise endpoints of face diagonals of the cube, so they form a regular tetrahedron with
edge /2. Let the plane be parallel to the opposite edges AB and C'D. It cuts the edges AC, AD, BD, BC at K, L,

AK
M,N. If Vrols A with 0 < X\ < 1, then (by the intercept theorem) KL || CD with KL = A\/2, and KN || AB

with KN = (1 — \) /2, and similarly for the other two sides. So the cross-section is a parallelogram with sides \y/2
and (1 — \) v/2. Opposite edges of a regular tetrahedron are perpendicular (in the cube, AB and C'D are diagonals of
opposite faces in perpendicular directions), so the cross-section is a rectangle.

Its perimeter is 2 ()\\/ﬁ +(1=X) \/5) = 24/2, the same for every such plane, so its largest value is 2v/2.

Its area is 2\ (1 — \), and by the inequality between the arithmetic and geometric means,

)\+(;—)\)>2

/\(1—/\)§< i

1 1
with equality for A = 3 So the largest area is 3 for the plane through the midpoints of the edges: the cross-section is

2
then a square with side -

Recommended for students from vocational secondary schools

6. The difference of the volumes of two right circular cylinders is 487, and the difference of their lateral surface areas is

4
24m. The radius of the cylinder with the larger volume is 1 more than the radius of the other one, and its height is 3
times the height of the other one. Find the heights and the radii of the cylinders. (13 points)

4
Solution: Let the smaller cylinder have radius r and height h; then the larger one has radius r 4 1 and height §h' So
2 4 2 4
m(r+1) -gh—ﬂr h = 48, 27r(r+1)-§h—27rrh:247r

3 3
Multiplying by — and by —:
T 27
h(r’+8r+4) =144, h(r+4)=36
Dividing the first equation by the second one:

r?48r4+4

2 — = — =
) 4, P 44r—12=0, (r4+6)(r—2)=0

36
sor = 2and h = — = 6. The smaller cylinder has radius 2 and height 6, the larger one has radius 3 and height 8.
(Check: 727 — 247 = 487 and 487 — 247w = 247.)
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7. Solve the given equation over the pairs of real numbers.

5 72 + 3y

2 cos =3"4+ 377

(14 points)

Solution: The left-hand side is at most 2. By the inequality between the arithmetic and geometric means, the right-hand
side is at least 2v/3% - 37% = 2, with equality only if 3¥ = 377, that is, x = 0. So both sides must be 2: = = 0 and

cos? % = 1, that is, % = kx. The solutions are

xz =0, y = 2km, k is an integer

8. In a geometric sequence of positive numbers, the sum of the first n terms is S, and the sum of the reciprocals of the first
n terms is R. Express the product of the first n terms in terms of .S, R, and n. (15 points)

Solution: Let the terms be a, agq, ..., aq”_1 with a > 0, ¢ > 0. Then

1 1 1 n=ly n=24...41 S
R:f+7++ 71:q q 1 = 5 =
a aq aq™ aq™ a2qm

S S .
because ¢" ' +---+1=". Soa?q" ! = 7 The product of the terms is
a

n(n—1)
— anq 2

angi 21

|
—
s}
no
=)
3
L
N—
N3
I
VN
|
N———
N3
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Economics Entrance Exam - 1988

translated from: KoMaL, October 1988, pages 301-302
Pdf file: KoMaL, October 1988, pages 301-302

These problems were given at the written mathematics entrance examination of the universities and colleges of economics in
Hungary in 1988. Problems 1-5 were the same for all applicants; for problems 6-8, there was one version recommended for
students from academic high schools and another one for students from vocational secondary schools. The points for each
problem are shown in parentheses.

For all applicants

1. Solve the given equation over the real numbers.

Vi+ava?—24=z-1

Solution: We need x > 1 (the right-hand side is nonnegative) and x> > 24, so x > v/24. Squaring,

l+ava2—24=2-2c+1, avVa?-24=x(x—2), Va2 —24=x2—2

(we divided by > 0). Squaring again, 22 — 24 = 22 —4x +4,s0x = 7. Check: \/1+7V25=v36=6="7—1.
The solution is z = 7.

(9 points)

2. The sum of the first three terms of an arithmetic sequence is 105. If we leave the first two numbers unchanged and
add 180 to the third number, then we get the first three terms of a geometric sequence. Find the first three terms of the
arithmetic sequence. (11 points)

Solution: Let the terms be 35 — d, 35, 35 + d (their sum is 105). Then 35 — d, 35, 215 4 d is a geometric sequence, SO
the square of the middle term is the product of the other two:

(35— d) (215 + d) = 1225,  d*>+180d — 6300 =0,  (d — 30) (d +210) =0

If d = 30, the arithmetic sequence is 5, 35, 65 (and 5, 35, 245 is geometric with ratio 7). If d = —210, the arithmetic
1
sequence is 245, 35, —175 (and 245, 35, 5 is geometric with ratio ?).

Note: In KoMaL, this problem says to add 108 to the third number. That is most likely a misprint for 180: with 108,
the equation becomes d? + 108d — 3780 = 0, whose solutions d = —54 4 61/186 are not nice numbers.

3. Which real numbers satisfy the given equation?

log (472 49) —log (22 +1) +log2—1=0

(12 points)

Solution: Both arguments of the logarithm are positive for every . Since 1 = log 10, the equation says
log (2(4°7249)) =1log (10 (2" 2 +1)), 24" *+9)=10(2"2+1)
Let u = 2772 > 0; then 42 = 42, and
2u? +18=10u+10, w>—-5u+4=0, (u—1)(u—4)=0

u=1gvesz —2=0, x =2; u=4givesx —2 =2, x = 4. The solutions are t = 2 and z = 4.
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4. One angle of a triangle is equal to the sum of the other two angles. The radius of the circle circumscribed around the
triangle is 6 units, and the area of the square drawn on the shortest side is equal to the area of the triangle. Find the area
of the triangle. (12 points)

Solution: If v = a + 3, then 2y = 180°, so the triangle has a right angle. The hypotenuse is a diameter of the
circumscribed circle, so it is 12 units long. Let the legs be a < b; the shortest side is a. Then

144
and by the Pythagorean theorem a? + 4a® = 144, so a? = = The area of the triangle is

144
a’ = - = 28.8 square units

5. Intriangle ABC, AB = BC. Let F be the midpoint of BC, and let 7" be the foot of the altitude to the side BC. Find
the coordinates of the vertices B and C, if A (—2,1), T (16, 1), and the second coordinate of F is 13. (14 points)

Solution: The altitude AT is horizontal, so the line BC' is vertical: « = 16. Let B = (16,b); since F' = (16,13) is
the midpoint of BC, C' = (16,26 — b). Then BC' = |2b — 26|, and AB = BC gives

1824 (b—1)* = (26— 26)*,  3b>—1026+351 =0, B> —34b+117=0

sob =17+ /172 = 17 + 24/43. There are two triangles:
B (16,17 +2v/43)
B (16, 17 — 2\/46)

Q

(16,30.11), C (16, 9— 2\/5) ~ (16, —4.11)

Q

(16,3.89), C (16, 9+ 2%43) ~ (16,22.11)

In the first one, 7" is on the side BC'; in the second one, the angle at B is obtuse and 7" is on the extension of BC. (In
both, AB = BC = 4/43 £8.)

Recommended for students from academic high schools

6. Let z, y, z be real numbers such that xyz = 1 and 1 + z + zx # 0. Prove that the expression

1 1 1
+ +
Il+o+2y 1+y+yz 1+z+z2x

is defined, and its value does not depend on the choice of x, y, z. (12 points)

Solution: Since xyz = 1, none of z, y, 2 is zero. Using zyz = 1,

z(1+x+ay)=z+zx+zyz =14 2z + 2z, ze(l4+y+yz)=zex+zyz+aoyz-z2=1+z2+ 22

1 1
Sol+z+zy= y #0and 1 +y+yz = Jrzixm = 0, and the expression is defined. Its value is

z 2x 1 1+2z+4z2x
+ + = =
1+2z+z2x 1+ 2z+4z2x 1+2z+zx 1+ 2z+4zx
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7. The tangents of the angles of a triangle are in the ratio 1 : 2 : 3. What is the ratio of the sides of the triangle? (15 points)
Solution: Let tan o = ¢, tan 8 = 2¢, tany = 3t. Since vy = 180° — (a + ),

tan o + tan 3 3t
tanvz_tan(a—i_ﬁ):_l—tanatanﬁ’ ?)t:_l—2t2

t#0,s01—2t2=—1, t> = 1. Ift = —1, all three tangents would be negative, that is, all three angles would be
obtuse, which is impossible. So tan« = 1, tan 5 = 2, tan~y = 3, all three angles are acute, and

. 1 in 3 2 . 3
sina = —, sinff = —, siny = —
NG V5 VT
. . tan . . . . .
(using sinp = 17” for acute angles). By the Law of Sines, the sides are in the ratio of the sines of the
+ tan“ ¢

opposite angles; multiplying by +/10:

1 2 3
a:bic=—:—:-"_ =+/5:2v/2:3
V2 V5 V10

8. Let P be an arbitrary point in the plane of the quadrilateral ABC'D. The reflection of P through A is (), and the
reflection of P through B is R. Prove that the quadrilateral ABC D is a parallelogram if and only if the reflection of )
through D is the same point as the reflection of R through C. (15 points)

Solution: Use position vectors (vectors from a fixed origin), denoted by the lowercase letters. The reflection of a point
X through a point M is 2m — x (because M is the midpoint). So
q=2a—p, r=2b—p

The reflection of ) through D is 2d — q = 2d — 2a + p, and the reflection of R through C'is 2¢c — r = 2¢ — 2b + p.
These two points are the same if and only if

d—a=c—b, thatis,zﬁ:B?

and the quadrilateral ABC'D is a parallelogram if and only if ﬁ = ﬁ (the sides AD and BC are parallel, equal in
length, and point in the same direction). (So the statement is true for every choice of P.)

Recommended for students from vocational secondary schools

6. In rectangle ABCD, AB = 2a and BC = a. Circles are drawn on the sides AB and AD as diameters; their
intersection point inside the rectangle is M. Show that M is on the diagonal BD. How long are the segments M A,
MB, and M D? (13 points)
Solution: By Thales’ theorem, ZAM B = 90° (since M is on the circle with diameter AB) and ZAM D = 90° (since
M is on the circle with diameter AD). So both M B and M D are perpendicular to M A at M, so B, M, D are on one
line: M is on the diagonal B D, and it is the foot of the perpendicular from A to BD.
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BD = V/4a? + a® = /5a. In the right triangle ABD, the altitude is AM, so (computing the area in two ways, and
using the similar triangles)

AB-AD 2a*> 25 AB%*  4/5 AD? 5
MA = _ 2 2V g AR VS _ V5,
BD V5a 5 BD 5 BD 5
7. Solve the given equation over the real numbers.
2? +2zsinzy +1=0
(14 points)
Solution: Since 1 = sin? zy + cos? xy, the equation can be written as
(z + sinzy)? + cos>zy = 0
A sum of two squares is zero only if both are zero: coszy = 0 and x = —sinzy. Thensinzy = £1,s0x = 1.
Ifz=1: siny=—1. If 2 = —1: sin(—y) = 1, thatis, siny = —1 again. The solutions are
rz=1or z=-1, y:—g+2k7r, k is an integer
8. Prove that if the sum of the real numbers a and b is 1, then
1
4 | 14
+b* > =
“©TY =g
(15 points)
. (u+ 1))2 .. . 2 . .
Solution: For any real numbers v and v, u? + v? > 5 because this is equivalent to (u — v)” > 0. Using this

twice,

2 2 2
a4+b4>m>l (at+b)”) _1 1_1
- 2 -2 2 2 4 8

1
Equality holds fora = b = 5
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