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With the numbers we have so far, subtraction is the same as "take away". 8 � 3 = 5 means that if we start with 8
tally-marks and take away 3, we will be left with 5 tally marks. And that works, until we have something like 4 � 7:
We cannot take away 7 from only four. But we needed some sort of a number, even if it is a conceptual one, because
this situation came up too often.

Suppose we are playing in the sand. We can think of a
pile of sand as a positive thing, 1. So three piles would
rperesent the number 3. But we can also have holes of the
same size, representing negative numbers. A hole would
represent -1.

If we have a pile and a hole, we can use up the pile to �ll up the hole and are left with nothing. What would then
�7 + 4 be? We have 4 piles and 7 holes. As long as we have both, we can use one pile to �ll up one hole. If we use
1 pile to �ll up one whole, we are left with one less of each: 3 piles and 6 holes. We can again �ll up the hole: then we
would have 2 piles and 5 holes left. We can then use the remaining 2 piles to �ll up two holes. Now we are left with
3 holes, representing -3 (negative three). And we can think of �3 as the number, to which we need to add 3 so that the
sum is zero.

There is a less physical, more conceptual way to think of signed numbers, that unfortunately we all know too well. This
would be the concept of debt and money. We can think if positive numbers as money and negative numbers as debt.
What would �4 + 10 be? Imagine we have 10 dollars but we also have an outstanding debt of 4 dollars. So we take
four dollars from the ten and use it to pay off our debt. We now have no debt and 6 dollars. Therefore, �4 + 10 = 6:

.
De�nition: The opposite of 3 is a negative number, written as �3. For any number, the sum of the

number and its opposite is zero.

The opposite of 3 is �3. The opposite of �3 is 3. The opposite of zero is zero itself.

The negative sign already has a meaning, that of subtraction. We now are facing an ambiguity that is often the source
of confusion. Does a negative sign denote the opposite of a number, or does it denote subtraction? This is a question
that we often need to ask ourselves. While the answer always clearly exists, it very much depends on the context. For
example, the negative sign in �3 clearly denotes that we are talking about the opposite of 3 or negative 3. However,
if we place a number in front of it, like in 8 � 3, the same sign here denotes subtraction. And what about 8 (�3)?
Now the parentheses tells us that the negative sign does not denote subtraction, rather it describes the number after it as
negative.

�3 8� 3 8 (�3)
the opposite of 3 subtraction the opposite of 3
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.
De�nition: The counting numbers, their opposites, and zero all integers.

We often depict integers on a number line.

.
De�nition: (Ordering with Integers) Between two integers, the one on the right is greater.

This is easy to see as well. Being in a debt of 100 dollars makes use more poor than being in a debt of just 2 dollars.
Any amount of debt is worse than any amount of money. To determine which number is greater, we just have to ask
ourselves:: who is richer? 2 < 10 was obvious, and also that �5 < 3, but now we see that between �100 and �2, �2
is greater. After all, the person who has no money and only 2 dollars of debt is better off than another person who has
no money and a 100 dollars of debt. And so �100 < �2.

We can swap inequalites, as long as the smaller part of the inequality sign points to the smaller number.

�100 < �2 read: �100 is less than �2 �100 � �2 read: �100 is less than or equal to �2
�2 > �100 read: �2 is greater than �100 �2 � �100 read: �2 is greater than or equal to �100

Wether we plot them on a number line or think money and debt, we will agree that �1000 000 (negative one million)
is less than 5. But what if we wanted to compare the size of numbers, ignoring their signs? Suppose we want to say
that a million dollar debt is a lot of debt. In this case, we use the concept of the absolute value of a number.

Example 1. Compare the given numbers by inserting < or > between them.

a) 3 � 5 b) �12 � 6 c) 1 14 d) 7 � 10

Solution: a) Who is richer? The person with no debt and 3 dollars, or the person with no money and a debt of 5
dollars? In this case, the person with the money is clearly richer. So we insert the inequality sign in a
way so that the wide part is near the greater number. 3 > �5. Also, if we draw a number line and plotted
3 and �5; we �nd that between the two numbers, 3 is on the right, therefore it is the greater number.

b) Who is reacher? The person with no money and a debt of 12 dollars, or the person with no money and a
debt of 6 dollars? In this case, the person with 'lesser debt' is clearly richer, so �6 is greater than �12.
So we insert the inequality sign in a way so that the wide part is near the greater number. �12 < �6.
Also, if we draw a number line and plotted �12 and �6; we �nd that between the two numbers, �6 is on
the right, therefore it is the greater number.

c) This one was already clear: 14 is greater than 1; so 1 < 14.
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d) Who is richer? The person with no debt and 7 dollars, or the person with no money and a debt of 10
dollars? In this case, the person with the money is clearly richer. So we insert the inequality sign in a
way so that the wide part is near the greater number. 7 > �10. Also, if we draw a number line and
plotted 7 and �10; we �nd that between the two numbers, 7 is on the right, therefore it is the greater
number.

.
De�nition: The absolute value of a number is its distance from zero on the number line. We denote

the absolute value of a number x by jx j.

Distances can never be negative. �5 is 5 units away from zero on the number line. So is 5, only it is in the other
direction. So, the absolute value of both 5 and �5 is 5. In other words, now that we have established that 5 is greater
than �5, we would want to say: OK, but they are the same size.

This is typical to mathematics, and in general, progress. We run into a problem, i.e. what is 4 take away 7; and when
we solve the problem, we create new ones. Now that we declared the ordering between negative and positive numbers,
we will have to do extra work to compare just the size of them. In a sense, the absolute value is the answer to the
question: I don't care positive or negative (money or debt), I just want to know how much.

Example 2. Compute each of the following.

a) j�2j b) j 2 j c) j 0 j d) � j�5j

Solution: a) The number �2 is 2 units away from zero on the number line. Thus j�2j = 2.

b) The number 2 is 2 units away from zero on the number line. Thus j 2 j = 2.

c) The distance between zero and zero on the number line is zero. Thus j 0 j = 0.

d) This is an example for two negatives not making a positive. The way we can read this as: the opposite
of the absolute value of negative �ve. The absolute value of �5 is 5: The opposite of that is �5. Using
notation, � j�5j = �5.

Addition of Integers: Again, think money and debt. Positive numbers represent money, negative numbers represent
debt. Adding zero to anything will leave the other number unchanged.

Example 3. Compute each of the following sums.

a) �8 + 15 b) �3 + (�8) c) 3 + (�14) d) �7 + 2 e) �2 + 0
Solution: a) We think of �8 + 15 as follows. We start with a person who has no money and is in debt by 8 dollars.

To this, we add 15 dollars. So the person pays off all that 8 dollar debt and is still left with 7 dollars. So
�8 + 15 = 7.

b) We think of �3 + (�8) as follows. We start with a person who has no money and is in debt by 3
dollars. To this, we add another debt of 8 dollars. So this person is still in debt, now by 11 dollars. So
�3 + (�8) = �11.

c) We think of 3+ (�14) as follows. We start with a person who has 3 dollars. To this, we add a debt of 14
dollars. So the person pays off all the debt he can - that is 3 dollars and is still in debt by 11 dollars. So
3 + (�14) = �11.
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d) We think of �7 + 2 as follows. We start with a person who has no money and is in debt by 7 dollars.
Then this person gets 2 dollars. So the person pays off all the debt she can. After she pays off 2 dollars
of debt, she has no money and is still left with 5 dollars of debt. So �7 + 2 = �5.

e) Adding zero to any number leaves the other number unchanged. Therefore, �2 + 0 = �2.

We already know how to add two positive numbers, and we know that the sum is positive. Adding two negative numbers
is similar, we are summing debts. So we know that the sum of two negative numbers is also negative. If we add a
negative and a positive number, the result may be positive or negative, depending on which number's size (or absolute
value) is greater.

Adding zero to any number leaves that number unchanged. In other words, for any integer x, x+0 = x and 0+x = x.

.
De�nition: When added to any integer, zero has no effect. Same is true when subtracting zero.

Discussion:
Can you �nd a number that behaves with multiplication like zero behaves with addition?

Now that we can add integers, we need to return to absolute values. The absolute value sign is also a grouping symbol
that overwrites order of operations. So if there is a sum (or any other expression) within the absolute value sign, we
need to perform those until we are left with just a number within the absolute value sign. Then we take the absolute
value of that number.

Example 4. Compute each of the following.

a) j�9 + 4j b) j�9j+ j 4 j c) j 8 j+ j�7j d) j 8 + (�7)j

Solution: a) The absolute value sign is also a pair of parentheses. We perform the addition �9 + 4 inside, and get
�5. Then we take the absolute value of �5.
j�9 + 4j = j�5j = 5

b) In this example we take the absolute values and then add.
j�9j+ j 4 j = 9 + 4 = 13

c) We take the absolute values and then add.
j 8 j+ j�7j = 8 + 7 = 15

d) We �rst perform the addition inside and then take the absolute value.
j 8 + (�7)j = j 1 j = 1

Changes in Notation

With the introduction of negative numbers, our notation will have to be modi�ed. It is a widely accepted convention
that if there are several signs (operations or negative) between two numbers, a pair of parentheses must separate them.
For this reason, until a few decades ago, we used to put a pair of parentheses around every negative number.
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�2 +�6 ! (�2) + (�6) ! �2 + (�6)
+� is not allowed old style more modern style

The development of mathematical notation is an ongoing process. The most important goal in notation is clarity. As
long as clarity is not jeopardized, mathematicians are in the habit of omitting things. A few decades ago we stopped
putting the parentheses around the �rst negative number in the line or inside a parentheses, because there was no risk
that we would read the sign incorrectly as subtraction. Also, there is rarely an operation sign in front of the �rst
number. (Subtract from what?) The most common modern style is minimalistic, ommitting as much as possible, as
long as confusion is avoided. This can lead to apparent irregularities in notation. For example, our notation will be
2 + (�3), but when we swap the two, it will be �3 + 2.

Practice Problems

1. Place an inequality sign between the given numbers to make the statement true.

a) 5 � 7 b) �12 � 4 c) 0 � 8 d) �1 � 4 e) �7 � 7

2. Simplify each of the following.

a) j�5j b) j 5 j c) � j 5 j d) � j�5j e) j 0 j f) j�12 + 9j g) j�12j+ j 9 j

3. Perform the indicated operations.

a) �2 + 5 b) 2 + (�5) c) 3 + 0 d) �3 + 3 e) 7 + (�4) + (�1)

4. Perform the indicated operations.

a) �7 + 4

b) j�7j+ j4j

c) j�7 + 4j

d) 12 + (�2) + 8
e) 5 + (�13)
f) �8 + 3

g) �3 + (�10)
h) 9 + j�1j
i) j9 + (�1)j

5. * �100 + (�99) + (�98) + ::::+ 99 + 100 + 101 + 102
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Answers

Practice Problems

1. a) 5 > �7 b) �12 < �4 c) 0 > �8 d) �1 > �4 e) �7 � �7 or �7 � �7

2. a) 5 b) 5 c) � 5 d) �5 e) 0 f) 3 g) 21

3. a) 3 b) 2 + (�5) c) 3 + 0 d) �3 + 3 e) 7 + (�4) + (�1)

4. a) �3 b) 11 c) 3 d) 18 e) 5 + (�13) f) �5 g) �13 h) 10 i) 8

5. 203 (hint: pair the numbers cleverly)

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail questions
or comments to mhidegkuti@ccc.edu.
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