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Recall the de�nitin of a divisor. Given integersN andm,m is a divisor ofN if there exists an integer k such thatN = mk.
For example, 3 is a divisor of 24 because there is an integer, namely 8, such that 3 � 8 = 24. By this de�nition, 8 is also a
divisor of 24: So, once we established thatm is a divisor of N becausemk = N , we also showed that k is also a divisor.
So, divisors always come in pairs.

For example, the pairs of divisors of 40 are 1 with 40, 2 with 20, 4 with 10, and 5 with 8.

Recall that a prime number is an integer N � 2; such that N has exactly two divisors, 1 and the number itself. Given a
number N , the divisors 1 and N are what we call the trivial divisors. A prime number has only the trivial divisors. If an
integer greater than 1 is not a prime number, we call it a composite number.

Suppose we are given a number N and asked to determine if the number is a prime number or not. In theory, this is an
easy question to answer. We just take the numbers, 1; 2; 3; . . .N and check each whether they are a divisor of N or
not. If we checked all these numbers and �nd that the only divisors are the trivial divisors 1 and N , the number is a prime
number. If we �nd a non-trivial divisor, the number is not a prime.

One interesting thing we can notice is that the level of dif�culty depends on the answer. For example, we can use the
divisibility rule for 3 to �nd that the number 10 300 800 050 703 is divisible by 3 (A number is divisible by 3 if and oly
if the sum of its digits is divisible by 3). So 3 is a non-trivial divisor and so 10 300 800 050 703 is not a prime number.
Consider now the number 10 300 800 050 719. If this is a prime number, that means that as we check all numbers from 2
to 10 300 800 050 711, none of them would be a divisor. So we would have to keep going and check millions and millions
of numbers. So whether 10 300 800 050 703 is a prime or not is an easy question, while the same question for
10 300 800 050 719 (assuming it is a prime) is a very dif�cult question.

While in theory we just need to check all numbers between 1 and the given number, this can be very dif�cult in practice.
Even in the age of computers, if a number is great enough, in practice it is nearly impossible to answer this question.
Cryptography is a branch of mathematics that studies secret codes. To this day, the safest, most dif�cult to brake codes are
based on very large prime numbers.

If we are given a number N and we need to determine whether it is a prime number or not, there are two important ways
we can reduce our work.

.
Theorem: Given an integer N � 2: If N is not a prime number, then the smallest non-trivial divisor is

a prime number.

This means that if we check the numbers, 2; 3; 4;...; N in this order, then we can skip all composite numbers and check only
the prime numbers.

Suppose we are given a number N and we need to see if it is a prime number. Let us also suppose that we are looking for
divisors starting at 2; then 3, and so on, in an increasing order.

Suppose that our number N is divisible by 77. Then there exists an integer k, such that N = 77k. We can express 77 as
7 � 11. Then

N = 77k = 7 � 11 � k = 7 (11k)

Therefore, if N is divisible by 77, then it is also divisible by 7.

We are not asked to list all divisors, we only want to know if our number is a prime number. Therefore, we can stop
searching the moment we �nd just one non-trivial divisor. If we are checking for divisors in an increasing order, reaching
77 means that all previous numbers, including 7 and 11 failed to be divisors. So, if we didn't �nd a divisor until 77, we
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can skip 77 because divisibility by 77 means that N is also divisible by 7 - but then we would have stopped right there.

So, when checking for divisors of N among 2; 3; ::::; N , in an increasing order, we can skip all composite numbers
and check for prime divisors only:

.
Theorem: Given an integer N � 2: Suppose further than x is an integer such that x2 > N . Then if we

did not �nd a divisor between 2 and x; the number is a prime number.

Recall that divisors come in pairs. Let us consider the number 36. The pair of divisors are 1 � 36, 2 � 18; 3 � 12; 4 � 9 and
6 � 6. In every pair of divisors, (except 6 with itself), the smaller one is less than 6, the greater one is greater than 6.

Suppose a and b are integers, both greater than 6. Then ab is greater than 36. So if we have a pair of divisors and one is
greater than 6, then the other one must be less than 6.

Suppose we would like to determine if 307 is a prime number or not. If we enter
p
307 into the calculator, we get a decimalp

307 = 17: 521 41:::::. This means that 307 is between 172 and 182. Indeed, 172 = 289 and 182 = 324. Let us round
the number 17: 521 41::: up, we get 18. Since 182 = 324, (greater than 301), in any pair of divisors, one of them is must
be 18 or less. This is because if a,b > 18, then ab > 324.

Suppose we would like to decide whether 307 is a prime number. If we don't �nd a non-trivial divisor until 18, then our
number, 307, is a rime number.

Example 1. Determine whether 307 is a prime number or not.

Solution: Given the two facts established above, 307 is a prime number if none of the prime numbers between 2 and 18 is
a divisor of 307: These primes are: 2; 3; 5; 7; 11; 13; and 17. We can use the claculator or long division. For
example, twhen we check 7, and enter 307� 7, the result is 43: 857 1::: This is not an integer, therefore 7 is not
a divisor of 307: .When we check all of 2; 3; 5; 7; 11; 13; and 17, none of them is a divisor of 307. Therefore,
307 is a prime number .

Example 2. Determine whether 401 is a prime number or not.

Solution: We enter
p
401 into the calculator. The result is

p
401 = 20: 024 98:::. This means that 21 is the smallest

number such that its square is grreater than 400. Therefore, 401 is a prime number if none of 2, 3; 5, 7; 11; 13,
17, and 19 is a divisor of 401: We check all these numbers and �nd that none of them is a divisor. Therefore,
401 is a prime number .

Example 3. Determine whether 1037 is a prime number or not.

Solution: We enter
p
1037 into the calculator. The result is

p
1037 = 32: 202 484 :::. This means that 33 is the smallest

number such that its square is grreater than 1037. Therefore, 1037 is a prime number if none of 2, 3; 5, 7;
11; 13, 17, 19; 23; 29, and 31 is a divisor of 1037: We check all these numbers and �nd 1037 � 17 = 61.
Therefore, 1037 is not a prime number since it is divisible by 17, so it has more than two divisors.
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Practice Problems

1. Given the numbers, determine about each of them whether it is a prime number or not.

a) 2017

b) 2019

c) 2021

d) 2023

e) 2027

f) 4001

g) 4003

h) 4009

2. What is the smallest prime number greater than 100?

3. What is the smallest prime number greater than 1000?

Answers

1. a) yes b) no, 2019 = 3 � 673 c) no, 2021 = 43 � 47 d) no, 2023 = 7 � 289 e) yes f) yes g) yes h) no, 4009 = 19 � 211

2. 101

3. 1009

Because 1001 = 7 � 143; 1003 = 17 � 59 and 1007 = 19 � 53 (1002; 1004; 1006; and 1008 are divisible by 2 and 1005 by 5)

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture Notes. E-mail questions
or comments to mhidegkuti@ccc.edu.
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