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Part 1 — Factoring out the GCF

Definition: To factor something means to re-write it as a product.

Factoring will be a very important step in solving many types of problems. Most importantly, factoring is key in solving
equations of degree 2 (also called quadratic), degree 3 (also called cubic), degree 4, and so on. This is because of the zero
product rule. Let us recall this rule first.

Theorem: Suppose that we multiply some numbers and the result is zero.
Then:
1.) One of the factors must be zero, and
2.) the values of all other factors are irrelevant.

This property is only true for zero. Suppose that the product of two numbers is 100. The value of the two factors depend
on each other. Let’s say we start with 1 - 100. If we increase the first factor, the second factor must decrease, as in 2 - 50 or
5-20. Itis abalancing act. Only zero has the very special property that allows us to focus on only one factor while ignoring
all other factors.

For example, the zero product rule can be used to solve the equation (x + 3) (z — 1) = 0. If two factors multiply to zero,
one of the factors must be zero. So, there are only two possibilities: either x + 3 = 0 (and we don’t need to worry about the
second factor), or x — 1 = 0 (and we don’t need to worry about the value of the first factor.) The zero product rule allowed us
to trade in one quadratic (of degree 2) equation for two linear equations: x4+ 3 = 0and x — 1 = 0. We solve these equations
and obtain —3 and 1 as solution.

Equations with degree 2, 3, 4, 5, and beyond can be solved by the zero product rule. So, if an equation is of a degree higher
than 1, we will reduce one side to zero, factor the other side and apply the zero product rule. For this reason, factoring
algebraic expressions is a very important task.

There are many factoring techniques, and we will learn many of them. Different techniques work on different expressions.
The process of factoring starts with inspecting the expression to decide which techiques would work. There is one exception
to this: in all cases, our first step must be factoring out the greatest common factor. We will see later examples in which
the additional techniques can not even be applied unless we factor out the greatest common factor or GCF first.

Recall the distributive law:

Axiom (The Distributive Law): For all real numbers a, b, and c,

a(b+c)=ab+ac

Consider the expression 2 (5z — 9). We can apply the distributive law to expand this expression:
2(bx—9) =10z — 18

Factoring out the greatest common factor is the reversal of this process.
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Example 1. Factor out the greatest common factor in 12z — 18.
Solution: The first step is to identify the greatest common factor or GCF. Both 122 and —18 are divisible by 6.
We write 6 ( ) and the rest is a few division problems.

We ask: 6 times what will give us 12x? The answer is 2x because 6 - 2z = 12x. Similarly, 6 times what will give
us —18? The answer is —3. We can now write:

120 — 18 =| 6 (22 — 3)

After we wrote down what we think the answer is, we need to ask two questions. Does the multiplication backward
work? Did we get all common divisors out? We distribute 6 in 6 (22 — 3) and see that we get the correct product.
If we inspect 2z — 3, we see that the two terms do not share any divisors, and so we did factor out the greatest
common factor.

Example 2. Factor out the greatest common factor in 10a3b? — 5ab + 30ab3.

Solution: We first identify the greatest common factor between the three terms in 10a3b?> — 5ab + 30ab3. The numbers
multiplying the variables, also called coefficients are 10, —5, and 30. Their greatest common factor is 5. Then we
look for a—powers. The first term is divisible by a?, the second term by a, and the third term by a. The greatest
common factor between them is a. Similarly, the greatest common factor of b2, b, and b3 is b. Therefore, the

greatest common factor is 5ab. So we write 5ab ( ) and the rest is three division problems.
10a3b? — 5ab + 30ab® = 5ab ( )
We will need to write three terms into the parentheses. In case of all factoring, we usually ask: does the multipli-

cation backward work? 5ab must be multplied by what, so that the product is 10a®b?. The answer is 2a%b. So

now we have:
10a’b? — 5ab + 30ab® = Hab (2a%b )

Once we wrote down the first term, we can check whether the multiplication backwards work. For the second
term, —bHab, nearly everything was factored out. If this happens, we are left with 1. In this case, we are left with
—1.

10a3b? — 5ab + 30ab3 = 5ab (2a2b -1 )
For the third term, we ask: 5ab times what is 30ab3? The answer is 652, and so we have
10a®b? — 5ab + 30ab® =|5ab (2a®b — 1 + 6b%)

We ask the two questions. Does the multiplication backward work? and Did we get all the common factors out?

Applying the distributive law, we see that the multiplication backward does work. Inspecting the three terms inside
the parentheses, we see that they do not share any divisors. This is especially easy, given that the second term is
—1. Thus our solution is correct.

Sometimes we will need to factor out —1 from an expression. This step is usually needed when the coefficient of the highest
degree term is —1.

Example 3. Factor out —1 from 82° — 2% + 3z — 2.

Solution: It is always a good idea to rearrange the terms by degree. Then we write —1 ( ). Inside the parentheses, we
write the opposite of our expression, i.e. change all signs.

82° — 20 + 32 — 2 = —20 4+ 82° 4+ 3z — 2 =| -1 (2% — 82° — 3z 4 2)

We often omit the 1 and write only — (376 — 825 — 3z + 2).
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Sometimes the greatest common factor is more complicated.
Example 4. Factor out the GCF from 124> (a — 2) — 6a? (a — 2) + 24 (a — 2).
Solution: In this case, a — 2 is part of the GCF. We factor it out:
12a® (a — 2) — 6a® (a — 2) 4+ 24 (a — 2) = (a — 2) (12a® — 6a® + 24)

If we look at the expression in the second pair of parentheses, we see that there is a common factor of 6. Thus the
final answer is

(a—2)6(2a® —a? +4) =|6(a — 2) (2a® — a® + 4)

Factoring out the GCF must always be the first step in factoring. In case of the next example, this is all we need.

Example 5. Solve the equation 2% = 6x

Solution: We realize that this is a quadratic equation. Therefore, we need to reduce one side to zero, factor, and apply the zero
product rule. The number multiplying the variables in the highest degree term is called the leading coefficient.
When reducing one side to zero, we should try to avoid creating negative leading coefficients. In this case, we
should subtract 62 from both sides.

2

¢ = 6x subtract 6
22 —6x = 0 factor out the GCF
z(r—6) = 0

We apply the zero product rule to the two factors:
r=0 or z—-6=0
x=06
Therefore, there are two solutions, | 0 and 6]. We check: if 2 = 0, then both sides are zero. If 2z = 6, then both

sides are 36. Thus our solution is correct.

Example 6. Find all numbers with the following property. The number raised to the third power is five times the number we
get if we double the number and then square the result.

Solution: We label this number by z. Then the number raised to the third power is 3. If we double the number, we get 2.
We write the equation comparing the square of 2z and .

5((21:)2) = 23

) (4$2) = 73
2022 = 2° subtract 20
0 = 2% —202° factor out the GCF
0 = 22 (z—20) apply the zero product rule

=0 or x =20

So there are two such numbers: | 0 and 20 || We check: 0 clearly works. If the number is 20, it raised to the third
power is 20% = 8000. If we double 20, we get 40. The square of 40 is 402 = 1600, and indeed 8000 is five times
1600, thus our solution is correct.
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Part 2 — The Difference of Squares Theorem

Consider a sum or a difference such as z — 5 or 2a + 1. If we change both signs in such an expression, we obtain its opposite.
When we change only one of the two signs, we obtain its conjugate.

Definition: Two algebraic expressions are conjugates if they both have two terms and are identical
except for the sign of one of the terms. For example, x — 5 and = + 5 are conjugates of each
other. So are 2a — 1 and 2a + 1.

Conjugates are very useful in algebra for all kinds of reasons. Perhaps their most important advantage is their behavior when
multiplied. Consider a few examples.

(x—5)(x+5) = z*—br+5zr—25=a?—25
(20 +1)(2a—1) = 4a*>—2a+2a+1=4a*>-1

Because of the identical terms and alternating signs, O and I from FOIL completely cancel out each other, and we are left with
only two terms. In general, when we multiply conjugates A + B and A — B, where A could be any number or expression,
(A+B)(A— B) = A% - AB + AB — B? = A? — B2 and therefore

(A+ B)(A—-B)=A? - B?

This statement is very clear, easy to understand, and completely mechanical. But it becomes much less clear, almost mysterious
when we apply the equality backwards.

Theorem: (The Difference of Squares Theorem) If A and B are any number or expression, the difference
of their squares can always be factored into a pair of conjugates:

A2 - B2 = (A+B)(A- B)

Example 7. Completely factor each of the following.
a) 22 —25  b) 18a%z —8b%x  ¢) (bm+3n—1)* — (—2m — n+5)?

Solution: a) We realize that we are looking at a difference between two squares. By the difference of squares theorem, such
an expression can always be factored into a pair of conjugates.

22 —-25 = z%2-5°

= (x+5)(x—5)

So our answer is’ (x+5)(z—5) ‘

b) The terms in 18a2x — 8b%x are not all squares. This is because there is a GCF that needs to be factored out
before we could apply the difference of squares theorem.

18z — 8% = 2 (9a2 — 4b2) realize the setup for the difference of squares theorem
= 2z ((3(1)2 — (2b)2) factor via the theorem
= 2z (3a+ 2b) (3a — 2b)

To completely factor an expression, we often use several techniques. The GCF must always be the first one
because, as this example shows, sometimes the GCF is an obstacle to applying other factoring techniques.
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c) This example is here to remind students how mechanical this theorem really is. In the statement
A% — B?2 = (A+ B) (A — B), A and B could be any algebraic expressions, not just a number.
For example, A = 5m + 3n — 1 and B = —2m — n + 5. If we state the difference of squares theorem with
these expression, then A2 — B? = (A + B) (A — B) becomes

(5m+3n—1)> = (=2m —n+5)* =
=[6bm+3n—-1)+(-2m—n+5)][(bm+3n—1) — (—2m — n + 5)]
=0bBm+3n—1-2m—-n+5)(bm+3n—1+2m+n—5) combine like terms
= (Bm+2n+4) (Tm + 4m — 6)

This problem would be quite difficult to solve using other methods.

Example 8. Completely factor each of the following.
a) 2+ 9 b) z'8y — 25225 c) 80z* -5

Solution: a) The expression 22 + 9 is not the difference of two squares, rather, it is their sum. The sum of two squares can

not be factored. Therefore, the final alswer is .

b) We factor out the GCF first. The GCF in x'8y — 252295 is 22y.
IlSy _ 25332?/5 — ny (3316 _ 25y2)
We might be tempted to think that the square root of x'6 is 2*. This is not true, however. Recall that

2 . . .
(a™)™ = a™™ and so (ag) = a'%. The square root of 216 is 2%, We realize the diiference of squares and then
factor it into a pair of conjugates.

2y (xw — 25y2) = 22y ((338)2 — (5y)2) =22y (acg + 5y) (xg — 5y)
c) We factor out the GCF first. Then, if we see that difference of squares theorem, we apply it.
8021~ 5 =5 (162 — 1) = 5 ((402)* = 12) =5 (422 + 1) (422 - 1)

We are not done yet. The expression 422 + 1 is a sum of two squares, therefore it can not be factored further.
But 422 — 1 is a difference of two squares, and can be therefore factored into a pair of conjugates.

5 (422 4+ 1) (422 — 1) = 5 (422 + 1) ((2x)2 . 12> =522 +1) (20 +1) 2z — 1)

This happens when we have the difference of two quantities raised to the fourth power. The difference of
squares theorem can be applied twice.

Example 9. Solve the equation 323 = 12u.

Solution: If the equation is of a degree higher than one, we need to apply the zero product rule. We reduce one side to zero,
and factor the other side.

308 = 12z
373 — 122 0 factor out the GCF
3z(z®—4) = 0 realize the difference of squares
3z (2? — 2?) 0 apply it
3z(x+2)(x—2) = 0

We apply the zero product rule. We can treat 3x as two different factors or just one factor.
3r=0 or z+2=0 or z—2=0

xr=0 or r=-—-2 o x=2
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We check our solutions.
Ifz=0,then LHS=3-0®>=0and RHS=12-0=0 V.
Ifz = —2,then LHS = 3 (—2)® = 3(—8) = —24 and RHS = 12 (—2) = —24 /.
Ifz =2 then LHS=3-22=3.8=24andRHS=12-2=24 /.

Thus, our solution, | 0, —2, and 2 |is correct.
Example 10. If we raise a number to the third power, we get nine times the number. Find all numbers with this property.

Solution: We label the unknown number by z. The equation is then x> = 9. We solve this equation.

3 =9z subtract 9z to reduce one side to zero
23 -9z =0 factor out the GCF
T (m2 — 9) =0 realize the difference of two squares
z (m2 — 32) =0 and then apply it
z(z+3)(x—3)=0 apply the zero product rule
z=0 orz+3=0o0rx—-3=0
z=0 o xz=-3 or x=3

We check against the conditions stated in the problem. Clearly, 0 is nine times 0. Similarly, 32 = 27 is nine

times 3, and (—3)3 = —27is nine times —3. Therefore, our solution, | 0, 3, and —3 | is correct.

The difference of squares theorem also has some practical applications to arithmetic. If we have to compute the difference of
two large squares that have an easily computable sum or difference, we can apply the theorem to cut down on computation.

Example 11. Compute each of the following without using a calculator.
a) 522 — 482  b) 100 — 992

Solution: a) Notice that the sum of 52 and 48 is 100. (Before the addition, take away 2 from 52 and add it to 48) and their
difference is 4. Let us apply the difference of squares theorem.

522 — 482 = (52 + 48) (52 — 48) = 100 - 4 =400 .

b) The difference between 100 and 99 is 1, therefore 1002 — 992 will be the same as the sum of 100 and 99.
1002 — 992 = (100 + 99) (100 — 99) = 199 - 1 =199

Discussion:
While 22 — 9 can be factored via the difference of squares theorem, 2 + 9 can not be factored.
How are these two facts related to the equations 22 = 9 and 22 = —9?
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Sample Problems

1. Completely factor each of the following.

a) 3z — 12 c) 3a% —12 e) 22 -1 g) —49 + 26 i) 2p* — 162
b) 22 — 2512 d) 3a% — 12a f) 2241 h) 3a3 — 27ab? j) 20z + 53

2. Solve each of the following equations. Make sure to check your solution.

a) (z—2)(x+3)(2x+1)=0 c) z2=9 e) 8z3 = 5022
b) m(m+7)=0 d) 22 =9z ) 8p3 = 50p

3. Word Problems
a) Find all numbers that satisfy the following condition: if we square the number, we get back the same number.

b) Find all numbers that satisfy the following condition: if we raise the number to the third power, the result is four
times the original number.

ﬂ Practice Problems

1. Factor out the greatest common factor from each of the following.

a) 10a2b? — 15ab> + 25a%b>c  ¢) a® —a® + a* e) x® — 2z* + 423

b) 623 — 322 — 152% d) 6a%b+ 12a3b — 30a3b? f) 3zy (a —3) + 8t (a — 3) — 20025 (a — 3)
2. Factor out —1 from each of the following.

a) 23 —a® +2 b) —22+3zx—1 ¢) —22+4+3x—5
3. Factor each of the following via the difference of squares theorem.

a) x2 —49 b) 9a% — 25 c) 22 -1 d) % — 100

4. Completely factor each of the following.

a) 5a2 — 45 e) 23—z ) a2 —(z—1)> m) —2z* + 162
b) 2m?* — 2n? ) 53yt — 803 j) —16 + a* n) 5a3b? — 15ab
c) 2z% — 822 g a’(x—1)—-9(x—1) k) 600ab? — 6ab®

d) 3a — 12ab? h) 18a2z? — 5022 1) 3622y3 + 4aty3

5. Solve each of the following equations. Make sure to check your solutions.

a) (w+5)(w—-1)=0 )2(x—2)(z+3)=0 e 22+6x=0 g) 3% = 75z
b) z(x—2)(z+3)=0 d) 22 =4 f) 323 = 7522 h) 45a* = 20a?
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6. Find all numbers satisfying the given conditions.
a) The cube of the number is three times as large as the square of twice the number.
b) The cube of the number is five times as large as the opposite of the square of the number.

¢) The cube of a number is the same as the four times the number.

7. Use the difference of squares theorem to compute the following without a calculator.

a) 512 —492  b) 20012 —2000% c¢) 1202 —20% d) 282 — 222
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17
-
L

Answers

Discussion:

The equation 22 = 9 has two solutions, = 3 and —3. We can solve this equation by factoring:

2 =9 z2=-9
22 -9=0 2?4+9=0
(x+3)(z—-3)=0 (7)) 7?7 )=0
z1=-3 and 290 =3
If 22 + 9 could be factored, then both linear factors would yield for a solution. But the equation 22 = —9 has no solution

because the square of no real number is negative. Therefore, 2 4+ 9 cannot be factored.
Sample Problems

l.a)3(x—4) b) (z+5y)(z—5y) ¢ 3@+2)(a—2) d)3a(a—4) e (z+1)(z—1) H22+1
g) (@®+7)(2*=7) h) 3a(a+3b)(a—3b) 1) 2(p*+9)(p+3)(p—3) j) Sz (z?+4)

5 5
2 0, and —

1 2
2. a) 2,3, and—i b) 0and -7 ¢) —3and 3 d) 0Oand9 ) 0 andz5 ) — 5

3.2) 0,1 b)0,2,-2

Practice Problems

1. a) 5ab? (2a — 3b+5abc)  b) 32% (22 —5z* —1) c¢) a®(a* —a+1) d) 6a®b(2a —5ab+ 1)
e) #3 (22 —2z+4) D (a—3) (3zy + 8t — 2002°)

2. a) — (—a®+2°-2) b) —(z* =3z +1) ¢ — (2 —3x+5)

3.a) (x+7)(x—7) b) (3a+5)(3a—05) ©) (z+1)(z—1) d) (y*+10) (y*—10)

4. a)5(a+3)(a=3) b)) —2(n—m)(m+n)(m*+n?) c)22*(x+2)(z—2) d) —3a(2b+1)(2b—1)
) z(z+1)(z—1) D523y —2)(y+2)(¥2+4) g (@a—3)(a+3)(x—1) h) 2223a—5)(3a+5)
) (a+z—1)(a—z+1) j) (a—2)(a+2)(a®*+4) k) —6ab®(b—10)(b+10) 1) 4a?y® (22 +9)
m) —2(224+9)(z+3)(z—3) n) Sab(a’b — 3)

2 2
520 =51 ) 0.2-3 ©2-3 d2-2 ©0-6 D025 g 505 h 303
6.a) 0,12 b) 0,—5 «¢) —2,0,2 7. a) 200 b) 4001 c) 14000 d) 300
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Sample Probl " Soluti
ample Problems A/ olutions

1. Completely factor each of the following.
a) 3z — 12
Solution: We start with the greatest common factor (or GCF). In this case, the GCF is 3.

3xr—12=|3(z —4)

What is in the parentheses, z — 4 can not be further factored. We can easily check our work by multiplication.
b) x? — 2592

Solution: We start with the greatest common factor (or GCF). In this case, the GCF is 1, so we can not factor out any
common factor. However, 22 — 25y can be factored via the difference of squares theorem.

v® —25y° = 2% — (5y)” = (x + 5y) (x — 5y)
The expressions in neither parentheses can be further factored and so we sre done. We check our work by multiplication:

(x4 5y) (z — by) = 22 — bay + bay — 25 = 22 — 25y°

and so our answer,

(x + 5y) (x — By) ‘is correct.

¢) 3a% —12
Solution: We start with the greatest common factor (or GCF). In this case, the GCF is 3.

3a> — 12 =3 (a® — 4)
What is in the parentheses, a? — 4 can be further factored via the difference of squares theorem.
3(a>*—4)=3(a*—-2%) =3(a+2)(a—2)
The expressions in neither parentheses can be further factored and so we sre done. We check our work by multiplication:

3(a+2)(a—2)=3(a®>—2a+2a—4) =3 (a® —4) = 3a® — 12

and so our answer, ’ 3(a+2)(a—2) ‘is correct.

d) 3a%® —12a

Solution: This problem, together with the previous one, illustrates that two problems might look very similar, those
small differences are quite significant when it comes to the solution and to the techniques we need to use to solve them.
We start with the greatest common factor (or GCF). In this case, the GCF is 3a.

3a% — 12a = 3a (a — 4)

What is in the parentheses, a — 4 can not be further factored and so we are done. We can easily check our work by
multiplication:

and so our answer, | 3a (a — 4) |is correct.
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e) 22— 1

Solution: We start with the greatest common factor (or GCF). In this case, the GCF is 1, so we can not factor out any
common factor. However, 22 — 1 can be factored via the difference of squares theorem.

2 —1=a22-12=(z+1)(z—-1)

The expressions in neither parentheses can not be further factored and so we sre done. We check our work by multipli-
cation:
(z4+D)(z—1)=2’-z+z—-1=2>-1

and so our answer, ’ (x+1)(x—1) ‘ is correct. This is probably the most commonly occurring difference of two

squares.
f) 2241

Solution: We start with the greatest common factor (or GCF). In this case, the GCF is 1, so we can not factor out
any common factor. In addition, 22 + 1 can NOT be factored via the difference of squares theorem. The sum of two

squares can never be factored. So, there is nothing that can be done here, and the final answer is .
g) —49 + 28

Solution: We start with the greatest common factor (or GCF). In this case, the GCF is 1, so we can not factor out any
common factor. Before we proceed any further, we rearrange the terms so that the difference of squares becomes easier
to observe.

—49 +2°% = 2% — 49

This factors via the difference of sqaures theorem. It is 23 that we need to square to obtain 2°.

28 —49 = (:):3)2 -7 = ($3+7) (:133 —7)

What is in both parentheses, 23 + 7 and 2% — 7 can not be further factored and so we are done. We can easily check
our work by multiplication:

(:U3+7) (x3—7):x6—7x3+7x3—49:$6—49

and so our answer, | (z3 + 7) (23 — 7) |is correct.

h) 3a® — 27ab?

Solution: We start with the greatest common factor (or GCF).

3a® — 27ab* = factor out GCF
3a (a2 - 9b2) = re-write 9° as (3b)*
3a (a2 - (3())2> = factor via the difference of squares theorem

= 3a(a+ 3b) (a— 3b)
We check by multiplication:

3a (a+ 3b) (a — 3b) = 3a (a® — 3ab+ 3ab — 9b*) = 3a (a® — 9b?) = 3a® — 27ab?

Thus our solution,

3a (a + 3b) (a — 3b) ‘ is correct.
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i) 2p* — 162

Solution: We start with the greatest common factor (or GCF).

ot —162 = factor out GCF
2 (p4 —-81) = re-write both quantities as squares
( 92> = factor via the difference of squares theorem
(p + 9) ( 9) = second factor will factor again
(p + 9) (p — 32) = factor via the difference of squares theorem

= 2(°+9)(p+3)(p—3)

We check by multiplication:

2(p

2+9) (p+3)(p-3) =
————

FOIL

Thus our solution,

2(p*+9) (p+3)(p—3)

j) 20z + 523

2(p*+9) (p* —3p+3p—9) =2(»*+9) (p* - 9)
FOIL
2 (p* — 9p* + 9p* — 81) =2 (p* — 81) = 2p* — 162

is correct.

Solution: We rearrange the terms by degree first and then factor out the GCF.

20z + 52° = ba® + 20z = 5z (2 + 4)

Since the sum of squares does not factor, the final answer is | 5z (1‘2 + 4) . We can easily check the result by mulitpli-

cation.

2. Solve each of the following equations. Make sure to check your solution.

a) (z—2)(z+3)(2x+1)=0
Solution: Since this equation is of a higher degree than 1, our only method is to reduce one side to zero, factor, and then

apply the zero product rule. Most of these were already done for us as the right-hand side is zero and the left-hand side

is completely factored. All we need to do is apply the zero product rule. A product can only be zero if one of its
factors is zero. (z —2)(r+3)(2x 4+ 1) =0 means that eitherz —2 =0o0rz+3 =0or2z +1 = 0. We solve
these linear equations separately:

r—2=0

r=2

or r+3=0

T =-3

or 20 +1=0
20 = —1

1

r=—=

2

We check all three solutions. If z = 2,then LHS = (2 —-2)(2+3)(2(2)+1)=0-5-5=0=RHS vV
Ifz = —3,then LHS = (=3 — 2) (=3 +3)(2(=3) +1) = =5 -0 (=5) = 0 = RHS v/

(4 C) )3 do

and so all three numbers, | 2, —3, and —— | are correct.

1
and if x = —5 then
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b) m(m+7)=0

Solution: We will apply the zero product rule. A product can only be zero if one of its factors is zero. m (m +7) =0
means that either m = 0. We solve these linear equations separately and obtain m = 0 and m = —7. We check: If
m = 0, then

00+7)=0-7=0

and if m = —7, then

—7(=7+7)=-7-0
and so both numbers, are correct.
c) 22 =9

Solution: Since this equation is of a higher degree than 1, our only method is to reduce one side to zero, factor, and then
apply the zero product rule.

z© = 9  subtract9
22 -9 0 factor via the difference of squares theorem
z? — 32 0
(x+3)(x—3) = 0

A product can only be zero if one of its factors is zero. (r + 3)(z —3) = 0 means that either x — 3 = 0 or
x 4+ 3 = 0. We solve these linear equations separately and obtain . We check: 32 =9and (—3)* =9.

Note: one could ask why the four steps if we could just conclude from 22 = 9 that then = = 43. This shortcut (called
the square root property) is perfectly fine, as long as we remember that there are two numbers whose square is 9: 3 and
—3. Itis a common and serious error to go from 22 = 9 to z = 3. One advantage of the difference of squares theorem
that it will not allow for this mistake.

d) 22 =92

Solution: Since this equation is of a higher degree than 1, our only method is to reduce one side to zero, factor, and then
apply the zero product rule.

2

¢ = 9z subtract 9x
22—-92x = 0 factor out the GCF
z(x—9) =

A product can only be zero if one of its factors is zero. z (r —9) = 0 means that eitherx = 0orz —9 =0. We
solve these linear equations separately and obtain . We check: 02 =9-0and 9% =9 -9 and so our solution is
correct.
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e) 8x3 = 50z

Solution: since this equation is of a higher degree than 1, our only method is to reduce one side to zero, factor, and then

apply the zero product rule.

Sa® =
8z3 — 5022 =
222 (4 — 25) =

5022 subtract 5022
0 the GCF is 222
0

We now apply the zero product rule. If this product is zero, then either 222 = 0 or 4x — 25 = 0. We solve these

equations for x.

We check both solutions. If z = 0, then

LHS=8-03=8-0=0

or 4o —25=0
or 4 = 25
or 25
r=—

4

and RHS=50-02=50-0=0v

v

25
If £ = —, th
x 1 en
25\% 8 15625 15625
5=8 < 4 > 1 64
. 25
Thus both solutions, | 0 and T are correct.

f) 8p® = 50p

25\%2 50 625 15625
RHS = 29 29U DE0 19DE9
and S 5()(4) 1 16 3

Solution: since this equation is of a higher degree than 1, our only method is to reduce one side to zero, factor, and then

apply the zero product rule.

8p> = 50p

83 —50p = 0

2p (4p* —25) = 0

2 (20 - 52) = 0
2p(2p+5)(2p—5) = 0

subtract 50p
the GCF is 2p

factor via difference of squares theorem

We now apply the special zero property. If this product is zero, then either 2p =0 or 2p+5=0 or 2p—5=0. We

solve these equations for p.

2p+5 = 0 or 2p—-5=0 or 2p=0
2p = =5 or 2p =25 or p=0
_ s
P= 73 L
. 5
We check all three solutions. If p = 5 then
5\° 8 —125 5\ 50 —5 —250
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1

3
12
Andifng,thenLHS:8<5> :%. 5

) 50 5 250
5 8—125andRHS—5O<) 5=

- —=125v
2 2
Andifp=0,then LHS=8-0*=8-0=0 and RHS=50-0=0V

0
27

Thus all three solutions,

0, and 3 are correct.

3. Word Problems
a) Find all numbers that satisfy the following condition: if we square the number, we get back the same number.

Solution: Let us denote the number by x. The equation is

2

¢ = reduce one side to zero
22—z = 0 factor
z(x—1) = 0 apply the zero property
r = 0 or r—1=0
r = 0 or r=1

Thus there are two numbers, 0 and 1, satisfying the property. We check: 02 = 0 and 12 = 1.

Thus our answeris: | Oand 1|

b) Find all numbers that satisfy the following condition: if we raise the number to the third power, the result is four
times the original number.

Solution: Let us denote the number by x. The equation is

3 = 4z reduce one side to zero
-4z = 0 factor out the GCF
z(z®—4) = 0 factor via the difference of squares theorem
z(z+2)(x—2) = 0 apply the zero property
z = 0 or z+2=0 or z—2=0
z = 0 or x=-2 or xT=2

Thus there are three numbers, 0, 2 and —2, satisfying the property. We check: 03 = 4.0, 23 = 4-2, and —23 = 4 (—2).

Thus our answer is: |0, 2, and —2.

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail
questions or comments to mhidegkuti@ccc.edu.
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