0.1
Pre-Algebra - Integers

Objective: Add, Subtract, Multiply and Divide Positive and Negative
Numbers.

The ability to work comfortably with negative numbers is essential to success in
algebra. For this reason we will do a quick review of adding, subtracting, multi-
plying and dividing of integers. Integers are all the positive whole numbers, zero,
and their opposites (negatives). As this is intended to be a review of integers, the
descriptions and examples will not be as detailed as a normal lesson.

World View Note: The first set of rules for working with negative numbers was
written out by the Indian mathematician Brahmagupa.

When adding integers we have two cases to consider. The first is if the signs
match, both positive or both negative. If the signs match we will add the num-
bers together and keep the sign. This is illustrated in the following examples

Example 1.

—5+(—3) Samesign,add 5+ 3, keep the negative
—8  Our Solution

Example 2.

—7+(—5) Samesign,add7+ 5, keep the negative
—12  Our Solution

If the signs don’t match, one positive and one negative number, we will subtract
the numbers (as if they were all positive) and then use the sign from the larger
number. This means if the larger number is positive, the answer is positive. If the
larger number is negative, the answer is negative. This is shown in the following
examples.

Example 3.

— 742 Different signs, subtract 7 — 2, use sign from bigger number, negative
—5  OurSolution

Example 4.

—446 Different signs, subtract 6 — 4, use sign from bigger number, positive
2 Our Solution



Example 5.

4+ (—3) Different signs, subtract 4 — 3, use sign from bigger number, positive
1 Our Solution

Example 6.

7+ (—10) Different signs, subtract 10 — 7, use sign from bigger number, negative
—3  Our Solution

For subtraction of negatives we will change the problem to an addition problem
which we can then solve using the above methods. The way we change a subtrac-
tion to an addition is to add the opposite of the number after the subtraction
sign. Often this method is refered to as “add the opposite.” This is illustrated in
the following examples.

Example 7.

8 —3 Addtheoppositeof 3
8+ (—3) Different signs, subtract 8 — 3, use sign from bigger number, positive
5  Our Solution

Example 8.
—4—6 Addtheopposite of 6
—4+(—6) Samesign,add 4+ 6, keep the negative
—10  Our Solution
Example 9.
9—(—4) Addtheopposite of —4
944 Samesign, add 9 + 4, keep the positive
13 Our Solution

Example 10.

—6—(—2) Addtheoppositeof — 2
—6+2 Different sign, subtract 6 — 2, use sign from bigger number, negative
—4  Our Solution



Multiplication and division of integers both work in a very similar pattern. The
short description of the process is we multiply and divide like normal, if the signs
match (both positive or both negative) the answer is positive. If the signs don’t
match (one positive and one negative) then the answer is negative. This is shown
in the following examples

Example 11.
(4)(—6) Signsdonot match, answer is negative
—24  Our Solution
Example 12.
— 36 . . e
—9 Signs match, answer is positive
4 Our Solution
Example 13.
—2(—6) Signsmatch, answer is positive
12 Our Solution
Example 14.

1—53 Signs do not match, answer is negative
—5  Our Solution

A few things to be careful of when working with integers. First be sure not to
confuse a problem like —3 — 8 with — 3( — 8). The second problem is a multipli-
cation problem because there is nothing between the 3 and the parenthesis. If
there is no operation written in between the parts, then we assume that means we
are multiplying. The — 3 — 8 problem, is subtraction because the subtraction sep-
arates the 3 from what comes after it. Another item to watch out for is to be
careful not to mix up the pattern for adding and subtracting integers with the
pattern for multiplying and dividing integers. They can look very similar, for
example if the signs match on addition, the we keep the negative, — 3+ (—7) = —
10, but if the signs match on multiplication, the answer is positive, (—3)( —7) =
21.



0.1 Practice - Integers

Evaluate each expression.
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45) (4)(-6)

Find each quotient.

30
-10

46)

48) ‘_7142

50) 2
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0.2

Pre-Algebra - Fractions

Objective: Reduce, add, subtract, multiply, and divide with fractions.

Working with fractions is a very important foundation to algebra. Here we will
briefly review reducing, multiplying, dividing, adding, and subtracting fractions.
As this is a review, concepts will not be explained in detail as other lessons are.

World View Note: The earliest known use of fraction comes from the Middle
Kingdom of Egypt around 2000 BC!

We always like our final answers when working with fractions to be reduced.

Reducing fractions is simply done by dividing both the numerator and denomi-
nator by the same number. This is shown in the following example

Example 15.
36 : o
<l Both numerator and denominator are divisible by 4
36+4 9 : g
SI=1-31 Both numerator and denominator are still divisible by 3
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93

T3 =7 Our Soultion

The previous example could have been done in one step by dividing both numer-
ator and denominator by 12. We also could have divided by 2 twice and then
divided by 3 once (in any order). It is not important which method we use as
long as we continue reducing our fraction until it cannot be reduced any further.

The easiest operation with fractions is multiplication. We can multiply fractions
by multiplying straight across, multiplying numerators together and denominators
together.

Example 16.
6 3 . .
- Multiply numerators across and denominators across
% Our Solution

When multiplying we can reduce our fractions before we multiply. We can either
reduce vertically with a single fraction, or diagonally with several fractions, as
long as we use one number from the numerator and one number from the denomi-
nator.

Example 17.
25 32 o o
51 55 Reduce 25 and 55 by dividing by 5. Reduce 32 and 24 by dividing by 8
5 . :
3T Multiply numerators across and denominators across
% Our Solution

Dividing fractions is very similar to multiplying with one extra step. Dividing
fractions requires us to first take the reciprocal of the second fraction and mul-
tiply. Once we do this, the multiplication problem solves just as the previous
problem.
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Example 18.

21 = 28 Multiply by the reciprocal
16 6
21 6 o N
16 23 Reduce 21 and 28 by dividing by 7. Reduce 6 and 16 by dividing by 2
3 3 . .
31 Multiply numerators across and denominators across
9 Our Soultion
32

To add and subtract fractions we will first have to find the least common denomi-
nator (LCD). There are several ways to find an LCD. One way is to find the
smallest multiple of the largest denominator that you can also divide the small
denomiator by.

Example 19.

Findthe LCDof8and 12  Test multiples of 12

127 %2 Can't divide 12 by 8

247 % =3  Yes! We can divide 24 by 8!

24 Our Soultion

Adding and subtracting fractions is identical in process. If both fractions already
have a common denominator we just add or subtract the numerators and keep the
denominator.

Example 20.
7 3 .
3 + 3 Same denominator, add numerators 7 + 3
10 g
< Reduce answer, dividing by 2
5 .
1 Our Solution

While % can be written as the mixed number 1%, in algebra we will almost never
use mixed numbers. For this reason we will always use the improper fraction, not

the mixed number.
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Example 21.

[N

If the denominators do

Same denominator, subtract numerators 13 — 9

Reduce answer, dividing by 2

Our Solution

not match we will first have to identify the LCD and build

up each fraction by multiplying the numerators and denominators by the same
number so the denominator is built up to the LCD.

LCDis 18.

Multiply first fraction by 3 and the second by 2

Same denominator, add numerators, 15 + 8

Our Solution

Multiply first fraction by 2, the second already has a denominator of 6

Same denominator, subtract numerators, 4 — 1

Reduce answer, dividing by 3

Example 22.
5 4
]
3-5+4 2
3:6 9-2
5,8
18 18
23
18
Example 23.
2_1 LCDis6
3
22 1
2-3 6
4 1
6 6
3
6
1 .
5 Our Solution
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0.2 Practice - Fractions

Simplify each. Leave your answer as an improper fraction.

1) 2 2) 2
3) o2 4) =
5) = 6) o
7 8) 2
9) 2 10)
11) & 12) &
13) 2 14) o
15) % 16) 2
17) & 18) oo
19) o2 20) 20

Find each product.

21) (9)(5) 22) (-2)(—3)
23) (2)(—3) 24) (-2)(3)
25) (- 2)(3) 26) (3)(3)

27) (=)~ %) 28) (=)~ %)
29) (8)(3) 30) (—2)(—3)
31) (3)(3) 32) (—g)(—3)
33 (2)(2) 34) (1)(—3)
35) (3)(— %) 36) (3)(3)
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Find each quotient.

37) 2+ 38) =2+ 2
39) S+ o 40) —2+ 32
a1y P2 42) 2+ 1

43) —1+2 44) 5 +—6
)3+ 1) 1452

a7) P+ 1 48) =2+ =2
19) 2+ 32 50) 4+ 22
51) =+ 5 52) 5+ 2
Evaluate each expression.

53) 3+ (—3) 54) 7+ (= %)
55) 2 — 1 56) 5+

57) ¢+ ¢ 58) (—2)+(—2)
59) 4+ 60) (—1) =3
61) 2432 62) = —2

63) 2+ (—2) 64) (—2)+3
65) 1+(—3) 66) 3 — 5

67) (—5)+3 68) & 1

69) 42 0) 53

) (-3)-2 ) (=5)+ (=)
73) 65 74) (—6)+(—2)
75) 21 76) (—1) = (—3)
(- +5 ) 5+ 3

79) (—1)— (-1 80) (—5)—(—3)
81) 2 —(—3) 82) z—(—2)
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0.3
Pre-Algebra - Order of Operations

Objective: Evaluate expressions using the order of operations, including
the use of absolute value.

When simplifying expressions it is important that we simplify them in the correct
order. Consider the following problem done two different ways:

Example 24.
2+5-3 Add First 245-3 Multiply
7-3  Multiply 2+15 Add
21 Solution 17 Solution

The previous example illustrates that if the same problem is done two different
ways we will arrive at two different solutions. However, only one method can be
correct. It turns out the second method, 17, is the correct method. The order of
operations ends with the most basic of operations, addition (or subtraction).
Before addition is completed we must do repeated addition or multiplication (or
division). Before multiplication is completed we must do repeated multiplication
or exponents. When we want to do something out of order and make it come first
we will put it in parenthesis (or grouping symbols). This list then is our order of
operations we will use to simplify expressions.

Order of Operations:

Parenthesis (Grouping)
Exponents
Multiply and Divide (Left to Right)
Add and Subtract (Left to Right)

Multiply and Divide are on the same level because they are the same operation
(division is just multiplying by the reciprocal). This means they must be done left
to right, so some problems we will divide first, others we will multiply first. The
same is true for adding and subtracting (subtracting is just adding the opposite).

Often students use the word PEMDAS to remember the order of operations, as

the first letter of each operation creates the word PEMDAS. However, it is the
P

E
MD
AS
so we don’t forget that multiplication and division are done left to right (same
with addition and subtraction). Another way students remember the order of

operations is to think of a phrase such as “Please Excuse My Dear Aunt Sally”
where each word starts with the same letters as the order of operations start with.

author’s suggestion to think about PEMDAS as a vertical word written as:

World View Note: The first use of grouping symbols are found in 1646 in the
Dutch mathematician, Franciscus van Schooten’s text, Vieta. He used a bar over
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the expression that is to be evaluated first. So problems like 2(3 + 5) were written
as 2-3+5.

Example 25.

2+3(9—4)* Parenthesis first
2+3(5)? Exponents

2+43(25) Multiply

2475 Add
77  Our Solution

It is very important to remember to multiply and divide from from left to right!
Example 26.

30+3-2 Dividefirst (left toright!)
10-2  Multiply
20 Our Solution

In the previous example, if we had multiplied first, five would have been the
answer which is incorrect.

If there are several parenthesis in a problem we will start with the inner most
parenthesis and work our way out. Inside each parenthesis we simplify using the
order of operations as well. To make it easier to know which parenthesis goes with
which parenthesis, different types of parenthesis will be used such as { } and | |
and ( ), these parenthesis all mean the same thing, they are parenthesis and must
be evaluated first.

Example 27.
2{82—7[32—4(32+1

)]
287 732~ 4(9+ 1)
2{82 — 7[32— 4(10)]
2{8? — 7[32— 40]
2{82—7[-§]
2{64— 7] §]
2{64+456(—1)} Finish multiplying
2{@} Subtract inside parenthesis
2{8}  Multiply
" 16 OurSolution

}  Inner most parenthesis, exponents first

Add inside those parenthesis

Multiply inside inner most parenthesis

Exponents next

(—
(=1}
(-1}
(—1)}  Subtract inside those parenthesis
[—8](-1)}
[-8)(-1)}

Multiply left to right, sign with the number

As the above example illustrates, it can take several steps to complete a problem.
The key to successfully solve order of operations problems is to take the time to
show your work and do one step at a time. This will reduce the chance of making
a mistake along the way.
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There are several types of grouping symbols that can be used besides parenthesis.
One type is a fraction bar. If we have a fraction, the entire numerator and the
entire denominator must be evaluated before we reduce the fraction. In these
cases we can simplify in both the numerator and denominator at the same time.

Example 28.
21— (—8)-3 . L .
T5=5-1 Exponent in the numerator, divide in denominator
16 _3(__ 18) 3 Multiply in the numerator, subtract in denominator
16— (—24) U o
5 Add the opposite to simplify numerator, denominator is done.
4—20 Reduce, divide

20  Our Solution

Another type of grouping symbol that also has an operation with it, absolute
value. When we have absolute value we will evaluate everything inside the abso-
lute value, just as if it were a normal parenthesis. Then once the inside is com-
pleted we will take the absolute value, or distance from zero, to make the number
positive.

Example 29.

14+3|—4*—(—8)|+2[3+(—5)% Evaluate absolute values first, exponents

—_—

143]—16—(—8)|+2[34+25] Addinside absolute values
1+3|—8|+2/28) Evaluate absolute values
1+3(8)+2(28) Multiply left toright

—_

1424+2(28)  Finish multiplying

1424456  Addleft toright
2456 Add

81  Our Solution

The above example also illustrates an important point about exponents. Expo-
nents only are considered to be on the number they are attached to. This means
when we see — 42 only the 4 is squared, giving us — (4%) or — 16. But when the
negative is in parentheses, such as ( — 5)? the negative is part of the number and
is also squared giving us a positive solution, 25.
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0.3 Practice - Order of Operation

Solve.
1) —6-4(—1)

3) 3+ (8) + |4

5) 8+4-2

7 [=9-2=5)]+(-6)
9) —6+(—3—3)+|3]
11) 4 - 2|3 — 16|

13) [=1-(=5)][3+2|

244|7+22|
4-2+5-3

15)

17) [6-2+2— (= 6))(=5+|=2))

—13-2
R )

—8—4+(—4)—[—4—(—3)]
21) 6- (42+3%) =5

2544
23) —18—6+(—4)—[-5(—-1)(-5)]

5+32-24+6-2
25) [5+3(22—5)] + 22— 5/

2) (—6+6)3

4) 5(—=5+6)-62

6) 7T—5+6

8) (—2-23.2) = (—4)

10) (=7—5)+[-2—2—(—6)]

—10—-6
12) =57 =5

14) —=3—{3—-[-3(2+4)—(-2)]}
16) —4—[2+4(—6)—4—[22—5-2]
18)2-(=3)+3—6[—2—(—1-23)]

_52+(_5)2
20) 728

—9.2—(3—6)
22) T—(—2+1)—(—3)

24) 134 (=3)2+4(=3)+1-[-10—(—6)]
{[4+5]+[42—-32(4—3) - 8]} + 12
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0.4

Pre-Algebra - Properties of Algebra

Objective: Simplify algebraic expressions by substituting given values,
distributing, and combining like terms

In algebra we will often need to simplify an expression to make it easier to use.
There are three basic forms of simplifying which we will review here.

World View Note: The term “Algebra”’ comes from the Arabic word al-jabr
which means ‘“reunion”. It was first used in Iraq in 830 AD by Mohammad ibn-
Musa al-Khwarizmi.

The first form of simplifying expressions is used when we know what number each
variable in the expression represents. If we know what they represent we can
replace each variable with the equivalent number and simplify what remains using
order of operations.

Example 30.

p(¢+6)whenp=3and¢g=5 Replace pwith3and g with5
(3)((5) +6) Evaluate parenthesis
(3)(11) Multiply
33 Our Solution

Whenever a variable is replaced with something, we will put the new number
inside a set of parenthesis. Notice the 3 and 5 in the previous example are in
parenthesis. This is to preserve operations that are sometimes lost in a simple
replacement. Sometimes the parenthesis won’t make a difference, but it is a good
habbit to always use them to prevent problems later.

Example 31.

T+ zx(3— z)(%) whenz=—6and z=—2 Replaceall 2’s with 6 and 2’s with 2

(—=6)+(—2)(—6)(3—(— 2))( ( _36) > Evaluate parenthesis

—6+(—2)(—6)(5)(—2) Multiply left toright
—6+12(5)(—2) Multiply left to right
—6+60(—2) Multiply
—6 —120 Subtract
—126  Our Solution
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It will be more common in our study of algebra that we do not know the value of
the variables. In this case, we will have to simplify what we can and leave the
variables in our final solution. One way we can simplify expressions is to combine
like terms. Like terms are terms where the variables match exactly (exponents
included). Examples of like terms would be 3zy and — Tzy or 3a?b and 8a%h or —
3 and 5. If we have like terms we are allowed to add (or subtract) the numbers in
front of the variables, then keep the variables the same. This is shown in the fol-
lowing examples

Example 32.

br —2y —8x+ 7y  Combinelike terms 5z — 8x and — 2y + Ty
—3z+5y OurSolution

Example 33.

8r2—3x+7—2x2+4x —3 Combine like terms 822 — 2z2and — 3z + 4z and 7 — 3
622+x+4 OurSolution

As we combine like terms we need to interpret subtraction signs as part of the fol-
lowing term. This means if we see a subtraction sign, we treat the following term
like a negative term, the sign always stays with the term.

A final method to simplify is known as distributing. Often as we work with prob-
lems there will be a set of parenthesis that make solving a problem difficult, if not
impossible. To get rid of these unwanted parenthesis we have the distributive
property. Using this property we multiply the number in front of the parenthesis
by each term inside of the parenthesis.

Distributive Property: a(b+ ¢) = ab + ac
Several examples of using the distributive property are given below.
Example 34.

4(2x —7)  Multiply each term by 4
8x —28  Our Solution

Example 35.
—7(52 —6)  Multiply each term by — 7

—35+42 Our Solution

In the previous example we again use the fact that the sign goes with the number,
this means we treat the — 6 as a negative number, this gives ( — 7)( — 6) =42, a
positive number. The most common error in distributing is a sign error, be very
careful with your signs!
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It is possible to distribute just a negative through parenthesis. If we have a nega-
tive in front of parenthesis we can think of it like a — 1 in front and distribute the
— 1 through. This is shown in the following example.

Example 36.

— (4 —5y+6) Negative can be thought of as — 1
—1(4x —5y+6) Multiply each term by — 1
—4x+5y—6  Our Solution

Distributing through parenthesis and combining like terms can be combined into
one problem. Order of operations tells us to multiply (distribute) first then add or
subtract last (combine like terms). Thus we do each problem in two steps, dis-
tribute then combine.

Example 37.
5+3(2x —4) Distribute 3, multipling each term
54+ 6x —12 Combine like terms 5 — 12
— 746z  OurSolution
Example 38.

3x —2(4x —5)  Distribute — 2, multilpying each term
3x —8x+10 Combine like terms 3z — 8z
—52x+10 Our Solution

In the previous example we distributed — 2, not just 2. This is because we will
always treat subtraction like a negative sign that goes with the number after it.
This makes a big difference when we multiply by the — 5 inside the parenthesis,
we now have a positive answer. Following are more involved examples of dis-
tributing and combining like terms.

Example 39.

2(5bx —8) —6(4x+3)  Distribute 2 into first parenthesis and — 6 into second
10z — 16 — 242 — 18  Combine like terms 10z — 242 and — 16 — 18
— 142 — 34  Our Solution

Example 40.

43z —8) — (2o —7)  Negative (subtract) in middle can be thought of as — 1
43z —8) —1(2x —7) Distribute 4 into first parenthesis, — 1 into second
122 —32—2x+7 Combinelike terms 122 — 2z and — 32+ 7
102 —25  Our Solution
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0.4 Practice - Properties of Algebra

Evaluate each using the values given.

1) p+l4+qg—m;usem=1,p=3,¢=4 2) Y’ +y—zusey=5,z=1

3)p—%;usep:6andq=5 4) 6+z—y

3 susey=1,2=4

5) —(a—1);usea=3andc=5 6) z+ 62 — dy; user — 6, y =4,z — 4
7) 5j+%;useh:5,j:4,k:2 8) 5(b+a)+1+cusea=2,b=6,c=5
9) erq;usemzél,p:&q:G 10) 24z — (12)%usex =5,2=4

11) m+n+m+g;usem:1andn=2 12)3+z—1+y—1;usey=>5,2=4
13) g—p—(g—1-3);usep=3,9=6

14) p+(¢—r)(6—p);usep=6,¢=>5,r=>5
5)y—[d—y—(z—x);usex=3,y=1,2=6

16) 4z —(x+2 — (2 —2));usex =3, z=2

17) kx32—(j+k)—busej=4,k=5 18) a®(c* —¢);usea=3,c=2

19) zx—(z—4gx);usex:2,2=6 20) 5+ qp+ pqg— q;usep=6,q=3

Combine Like Terms

21) r — 9+ 10 99) —dx+2—4
23) n+n 24) 4b4+6+1+7b
25) 8v+Tv 26) —x+8z

27) —Tx —2x 28) —Ta—6+5
29) k— 247 30) — 8p-+5p
31) 2 — 10— 6z +1 32) 1— 10n — 10
33) m—2m 34)1—-r—6

35) On— 1 +n+4 36) — 4b+9b
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Distribute

37) —8(x—4)

39) 8n(n+9)

41) Tk(— k +6)

45) 8m(5 —m)
47) —9z(4 —x)

49

) —
)
)
43) —6(1+6x)
)
)
) —9b(b—10)
)

51) —8n(5+ 10n)

Simplify.

—8(n+6)—8n(n+38)

)
)
)
)
)
)
)
67) 7(7+ 3v) +10(3 — 100)
69) 2n(— 10n+5) — 7(6 — 10n)
)
)
)
)
)
)

(
(
(2 —4v?) + (3v* +2v)
(
(

60) —10(x —2) —3
62) —6(5—m) -+ 3m
64) —2r(1+44r)+8r(—r+4)

66) 9(6b+5) — 4b(b+ 3)

—3(4+a) +6a(9a + 10)

— 7(4z +3) — 10(10z 4 10)
72% — 3) — (5x? + 6x)
322 — z) — (7 —8x)

2b —8) + (b — Tb?%)

)
)
)
)
)
)
)
68) — 7(4x — 6) +2(10x — 10)
)
)
)
)
)
) (Ta*+Ta) — (6a® + 4a)
)

~—~~ o~~~ o~ o~

3—Tn?) + (6n°+3)
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