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One important achievement of our studies is the ability to solve quadratic equations with any real coefficieints. In what
follows, we will master this important skill. As a matter of fact, we can apply the method of completing the square to any
quadratic expression. The steps are still the same - it’s just that each step takes a bit more work.

Recall that a perfect square is the square of in integer. For example, 4, 25, or 49 are perfect squares.

Recall that if N is a non-negative number, then
√
N is the non-negative number x such that x2 = N . For example,

√
7

is the non-negative number, that, when we square, we get 7. In short,
(√

7
)2

= 7. In what follows, we start interpreting

numbers that are not perfect squares as squares anyway. For example, we can interpret 7 as
(√

7
)2

. This will be useful

when we want to apply the difference of squares theorem. The expression x2 − 4 is factorable over the integers since

x2 − 4 = (x+ 2) (x− 2) . On the other hand, x2 − 7 is not factorable over the integers. Over the real numbers, x2 − 7 can

be factored as x2 − 7 = x2 −
(√

7
)2

=
(
x+
√
7
) (
x−
√
7
)
.

Example 1. Solve the equation x2 + 13 = 8x over the real numbers. Make sure to check your solutions.

Solution: Since the equation is quadratic, we reduce one side to zero and factor the other side by completing the square.

x2 + 13 = 8x

x2 − 8x+ 13 = 0 (x− 4)2 = x2 − 8x+ 16 so we smuggle in 16

x2 − 8x+ 16︸ ︷︷ ︸−16 + 13 = 0

(x− 4)2 − 3 = 0 3 =
(√

3
)2

(x− 4)2 −
(√

3
)2

= 0 factor via difference of squares theorem(
x− 4 +

√
3
)(

x− 4−
√
3
)

= 0

We apply the zero product rule, and solve for the zeroes of each linear factor.

x− 4 +
√
3 = 0 or x− 4−

√
3 = 0

x+
√
3 = 4 x−

√
3 = 4

x1 = 4−
√
3 x2 = 4 +

√
3

x1 = 4−
√
3 x2 = 4 +

√
3 or in shorter notation: x1,2 = 4±

√
3

We check: if x = 4−
√
3, then

LHS =
(
4−
√
3
)2

+ 13 = 16− 4
√
3− 4

√
3 + 3 + 13 = 32− 8

√
3

RHS = 8
(
4−
√
3
)
= 32− 8

√
3

If x = 4 +
√
3, then

LHS =
(
4 +
√
3
)2

+ 13 = 16 + 4
√
3 + 4

√
3 + 3 + 13 = 32 + 8

√
3

RHS = 8
(
4 +
√
3
)
= 32 + 8

√
3

Thus our solution, 4 +
√
3 and 4−

√
3 is correct.

Our solutions are irrational numbers. When a quadratic equation has irrational solutions, all other methods break down, and
only completing the square works. If the reader is familiar with methods such as grouping or the AC-method, or trial and
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error, try solving x2 + 13 = 8x using any of those methods!

Being able to handle irrational solutions is a great advantage of the method of completing the square.

Please also note that in case of irrational solutions, writing the exact value necessitates the use of radicals. Recall that the
exact value of an irrational number can not be captured as a fraction or as a terminating or repeating decimal, so radical form
is our only option.

Example 2. Solve the equation x2 = 4x+ 1 over the real numbers. Make sure to check your solutions.

Solution: We complete the square.

x2 = 4x+ 1

x2 − 4x− 1 = 0 (x− 2)2 = x2 − 4x+ 4

x2 − 4x+ 4︸ ︷︷ ︸−4− 1 = 0

(x− 2)2 − 5 = 0 5 =
(√

5
)2

(x− 2)2 −
(√

5
)2

= 0(
x− 2 +

√
5
)(

x− 2−
√
5
)

= 0

We apply the zero product rule to the product of the two linear factors.

x− 2 +
√
5 = 0 or x− 2−

√
5 = 0

x+
√
5 = 2 x−

√
5 = 2

x1 = 2−
√
5 x2 = 2 +

√
5

x1 = 2−
√
5 and x2 = 2 +

√
5 or in shorter notation: x1,2 = 2±

√
5

We check: if x = 2−
√
5, then

LHS =
(
2−
√
5
)2

= 4− 2
√
5− 2

√
5 + 5 = 9− 4

√
5

RHS = 4
(
2−
√
5
)
+ 1 = 8− 4

√
5 + 1 = 9− 4

√
5

If x = 2 +
√
5, then

LHS =
(
2 +
√
5
)2

= 4 + 2
√
5 + 2

√
5 + 5 = 9 + 4

√
5

RHS = 4
(
2 +
√
5
)
+ 1 = 8 + 4

√
5 + 1 = 9 + 4

√
5

Thus our solution, 2 +
√
5 and 2−

√
5 is correct.
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Example 3. Solve the equation 2x2 + 10x+ 9 = 0 over the real numbers. Make sure to check your solutions.

Solution: We will factor by completing the square. We first factor out the leading coefficient.

2x2 + 10x+ 9 = 0

2

(
x2 + 5x+

9

2

)
= 0

Half of the linear coefficient is
5

2
. Thus the complete square is

(
x+

5

2

)2

(
x+

5

2

)2

=

(
x+

5

2

)(
x+

5

2

)
= x2 +

5

2
x+

5

2
x+

25

4
= x2 + 5x+

25

4

So we smuggle in
25

4
.

2

(
x2 + 5x+

25

4︸ ︷︷ ︸−25

4
+

9

2

)
= 0

9

2
=

18

4

2

((
x+

5

2

)2

− 25

4
+

18

4

)
= 0

2

((
x+

5

2

)2

− 7

4

)
= 0

We next apply the difference of squares theorem.
7

4
is the square of a number - its own square root.

2

((
x+

5

2

)2

− 7

4

)
= 0

7

4
=

(√
7

4

)2

=

(√
7√
4

)2

=

(√
7

2

)2

2

(x+
5

2

)2

−

(√
7

2

)2
 = 0

2

(
x+

5

2
+

√
7

2

)(
x+

5

2
−
√
7

2

)
= 0

We solve for the zeroes of both linear factors:

x+
5

2
+

√
7

2
= 0 or x+

5

2
−
√
7

2
= 0

x+

√
7

2
= −5

2
x−
√
7

2
= −5

2

x1 = −5

2
−
√
7

2
=
−5−

√
7

2
x2 = −

5

2
+

√
7

2
=
−5 +

√
7

2

So the answer is x1 =
−5−

√
7

2
and x2 =

−5 +
√
7

2
or, in a more compact form, x1,2 =

−5±
√
7

2
.
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We check: if x =
−5−

√
7

2
, then

LHS = 2x2 + 10x+ 9 = 2

(
−5−

√
7

2

)2

+ 10

(
−5−

√
7

2

)
+ 9 =

2

1
·
(
−5−

√
7
)2

22
+

10

1
· −5−

√
7

2
+ 9

=
2
(
−5−

√
7
)2

4
+

10
(
−5−

√
7
)

2
+

9

1
=

(
−5−

√
7
)2

2
+

10
(
−5−

√
7
)

2
+

18

2
=

=
25 + 7 + 10

√
7− 50− 10

√
7 + 18

2
=

32 + 10
√
7− 50− 10

√
7 + 18

2
= 0 = RHS

and if x =
−5 +

√
7

2
, then

LHS = 2x2 + 10x+ 9 = 2

(
−5 +

√
7

2

)2

+ 10

(
−5 +

√
7

2

)
+ 9 =

2

1
·
(
−5 +

√
7
)2

22
+

10

1
· −5 +

√
7

2
+ 9

=
2
(
−5 +

√
7
)2

4
+

10
(
−5 +

√
7
)

2
+

9

1
=

(
−5 +

√
7
)2

2
+

10
(
−5 +

√
7
)

2
+

18

2
=

=
25 + 7− 10

√
7− 50 + 10

√
7 + 18

2
=

32− 10
√
7− 50 + 10

√
7 + 18

2
= 0 = RHS

Thus our solution,
−5−

√
7

2
and

−5−
√
7

2
is correct.

Example 4. Is there a real number that is exactly one less than its own square?

Solution: Let us denote this number by x. The square of x is then x2. We set up and solve the equation comparing the
number to its own square.

x = x2 − 1

Since the equation is quadratic, we reduce one side to zero and factor the other side.

x = x2 − 1

0 = x2 − x− 1

x2 − x− 1 = 0

(
x− 1

2

)2

= x2 − x+
1

4

x2 − x+
1

4︸ ︷︷ ︸−1

4
− 1 = 0

(
x− 1

2

)2

− 1

4
− 4

4
= 0(

x− 1

2

)2

− 5

4
= 0

5

4
=

(√
5

4

)2

=

(√
5√
4

)2

=

(√
5

2

)2

(
x− 1

2

)2

−

(√
5

2

)2

= 0(
x− 1

2
+

√
5

2

)(
x− 1

2
−
√
5

2

)
= 0
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(
x− 1

2
+

√
5

2

)(
x− 1

2
−
√
5

2

)
= 0

Either x− 1

2
+

√
5

2
= 0 or x− 1

2
−
√
5

2
= 0

x+

√
5

2
=

1

2
x−
√
5

2
=

1

2

x1 =
1

2
−
√
5

2
x2 =

1

2
+

√
5

2

The greater number, x2 =
1 +
√
5

2
≈ 1. 618 034 is a famous number. It is called the golden mean or golden ratio.

1 +
√
5

2
is often denoted by ϕ and has very interesting properties. For example, it is one less than its own square.

ϕ2 − 1 =

(
1 +
√
5

2

)2

− 1 =

(√
5 + 1

)2
22

− 1 =
5 + 1 + 2

√
5

4
− 1 =

6 + 2
√
5

4
− 1 =

2
(
3 +
√
5
)

2 · 2
− 1

=
3 +
√
5

2
− 2

2
=

3 +
√
5

2
= ϕ X and so ϕ =

1 +
√
5

2
works.

Let us check the other number. Let us denote
1−
√
5

2
by ψ.

ψ2 − 1 =

(
1−
√
5

2

)2

− 1 =

(√
5− 1

)2
22

− 1 =
5 + 1− 2

√
5

4
− 1 =

6− 2
√
5

4
− 1 =

2
(
3−
√
5
)

2 · 2
− 1

=
3−
√
5

2
− 2

2
=

3−
√
5

2
= ψ X and so ψ =

1−
√
5

2
also works.

Sample Problems

1. Solve the equation 3x2 − 5x− 7 = 0 over the real numbers. Make sure to check your solutions.

2. Find all numbers that are exactly three less than their own square.

Practice Problems

Solve each of the following equations over the real numbers. Make sure to check your solutions.

1. x2 − 13 = 6x

2. x2 = 10x+ 3

3. x2 + x− 1 = 0

4. 3x2 − 11x+ 5 = 0

5. −2x2 + 8x− 29 = 0

6. 5x2 − 4x = 20

7. x2 + 8x− 10 = 0

8. 3x2 + x− 1 = 0

9. x2 + x+ 1 = 0

10. Find all numbers with the following property: twice the number is two less than the square of the number.

11. Find all numbers with the following property: the number is four less than the square of the number.
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Answers

Sample Problems

1.
5−
√
109

6
and

5 +
√
109

6
2.

1 +
√
13

2
and

1−
√
13

2

Practice Problems

1. 3±
√
22 2. 5± 2

√
7 3.

−1±
√
5

2
4.

11±
√
61

6
5. no real solution 6.

2± 2
√
26

5

7. −4±
√
26 8.

−1±
√
13

6
9. no real solution 10. 1 +

√
3 and 1−

√
3 11.

1 +
√
17

2
and

1−
√
17

2

Sample Problems Solutions

1. Solve the equation 3x2 − 5x− 7 = 0 over the real numbers. Make sure to check your solutions.

Solution: We factor out the leading coefficient and factor by completing the square.

3x2 − 5x− 7 = 0

3

(
x2 − 5

3
x− 7

3

)
= 0

Half of the linear coefficient is
5

3
÷ 2 =

5

3
· 1
2
=

5

6
. Thus the complete square is

(
x− 5

6

)2

(
x− 5

6

)2

=

(
x− 5

6

)(
x− 5

6

)
= x2 − 5

6
x− 5

6
x+

25

36
= x2 − 5

3
x+

25

36
So we smuggle in

25

36

3

(
x2 − 5

3
x+

25

36︸ ︷︷ ︸−25

36
− 7

3

)
= 0

3

((
x− 5

6

)2

− 25

36
− 7 · 12

3 · 12

)
= 0

3

((
x− 5

6

)2

− 25

36
− 84

36

)
= 0

3

((
x− 5

6

)2

− 109

36

)
= 0

We next apply the difference of squares theorem.
109

36
is the square of a number - its own square root.

109

36
=

(√
109

36

)2

=

(√
109√
36

)2

=

(√
109

6

)2
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3

(x− 5

6

)2

−

(√
109

6

)2
 = 0

3

(
x− 5

6
+

√
109

6

)(
x− 5

6
−
√
109

6

)
= 0

We solve for the zeroes of both linear factors:

x− 5

6
+

√
109

6
= 0 or x− 5

6
−
√
109

6
= 0

x+

√
109

6
=

5

6
x−
√
109

6
=

5

6

x1 =
5

6
−
√
109

6
=

5−
√
109

6
x2 =

5

6
+

√
109

6
=

5 +
√
109

6

We check: if x =
5−
√
109

6
, then

LHS = 3x2 − 5x− 7 = 3

(
5−
√
109

6

)2

− 5

(
5−
√
109

6

)
− 7

=
3

1
·
(
5−
√
109
)2

36
− 5

1

(
5−
√
109

6

)
− 7 =

=
3
(
25− 5

√
109− 5

√
109 + 109

)
36

−
5
(
5−
√
109
)

6
− 7 =

134− 10
√
109

12
− 25− 5

√
109

6
− 7

=
134− 10

√
109

12
−

2
(
25− 5

√
109
)

12
− 7 =

134− 10
√
109− 2

(
25− 5

√
109
)

12
− 7

=
134− 10

√
109− 50 + 10

√
109

12
− 7 =

84

12
− 7 = 7− 7 = 0 = RHS

and if x =
5 +
√
109

6
, then

LHS = 3x2 − 5x− 7 = 3

(
5 +
√
109

6

)2

− 5

(
5 +
√
109

6

)
− 7

=
3

1
·
(
5 +
√
109
)2

36
− 5

1

(
5 +
√
109

6

)
− 7

=
3
(
25 + 5

√
109 + 5

√
109 + 109

)
36

−
5
(
5 +
√
109
)

6
− 7 =

134 + 10
√
109

12
− 25 + 5

√
109

6
− 7

=
134 + 10

√
109

12
−

2
(
25 + 5

√
109
)

12
− 7 =

134 + 10
√
109− 2

(
25 + 5

√
109
)

12
− 7

=
134 + 10

√
109− 50− 10

√
109

12
− 7 =

84

12
− 7 = 7− 7 = 0 = RHS

Thus our solution,
5 +
√
109

6
and

5−
√
109

6
is correct.
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2. Find all numbers that are exactly three less than their own square.

Solution: Let us denote this number by x. Then its square is x2 and

x = x2 − 3 reduce one side to zero

0 = x2 − x− 3

x2 − x− 3 = 0

(
x− 1

2

)2

= x2 − x+
1

4

x2 − x+
1

4︸ ︷︷ ︸−1

4
− 3 = 0 3 =

12

4(
x− 1

2

)2

− 13

4
= 0

√
13

4
=

√
13√
4

=

√
13

2(
x− 1

2

)2

−

(√
13

2

)2

= 0(
x− 1

2
+

√
13

2

)(
x− 1

2
−
√
13

2

)
= 0

Either x− 1

2
+

√
13

2
= 0 or x− 1

2
−
√
13

2
= 0

x+

√
13

2
=

1

2
x−
√
13

2
=

1

2

x1 =
1

2
−
√
13

2
=

1−
√
13

2
x2 =

1

2
+

√
13

2
=

1 +
√
13

2

We check: If x1 =
1−
√
13

2
, then

x21 − 3 =

(
1−
√
13

2

)2

− 3 =

(
1−
√
13
)2

22
− 3 =

1 + 13− 2
√
13

4
− 3 =

14− 2
√
13

4
− 3 =

2
(
7−
√
13
)

4
− 3

=
7−
√
13

2
− 6

2
=

1−
√
13

2
= x1 X Thus x1 =

1−
√
13

2
works.

Let us see about the other number. If x2 =
1 +
√
13

2
, then

x21 − 3 =

(
1 +
√
13

2

)2

− 3 =

(
1 +
√
13
)2

22
− 3 =

1 + 13 + 2
√
13

4
− 3 =

14 + 2
√
13

4
− 3 =

2
(
7 +
√
13
)

4
− 3

=
7 +
√
13

2
− 6

2
=

1 +
√
13

2
= x2 X Thus x2 =

1 +
√
13

2
also works.

We found two numbers; they both work.

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail
questions or comments to mhidegkuti@ccc.edu.
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