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Complex fractions are fractions with more than one fraction bars. For example,

1

2
� 3

5 +
1

4

and
1� 2

x+ 1
5

x� 3 +
x

2

are complex fractions.

A complex fraction can always be simpli�ed, that is, brought to a form with only one fraction bar. We will present two
methods. The �rst one might be convenient because it is familiar and consists of steps we know very well. The other method
is new to us. However, it appears to be a very effective method.

Example 1. Simplify the given complex fractions.

a)

2

3
� 1
4

3

8
+
1

2

b)

2

x
� 5

1 +
3

x

Solution 1: a) This method involves performing operations on fractions: a subtraction (in the numerator), an addition (in the
denominator), and �nally a division.

The subtraction:
2

3
� 1
4
=
8

12
� 3

12
=
5

12

The addition:
3

8
+
1

2
=
3

8
+
4

8
=
7

8

The division:

5

12
7

8

=
5

12
� 8
7
=
5 � 2 � �4
3 � �4 � 7

=
10

21

We can perform these operations in a single computation:
2

3
� 1
4

3

8
+
1

2

=

8� 3
12
3 + 4

8

=

5

12
7

8

=
5

12
� 8
7
=
40

84
=
10

21

b) We can apply the same steps with the fraction containing variables.

The subtraction in the numerator:
2

x
� 5 = 2

x
� 5
1
=
2

x
� 5x
x
=
2� 5x
x

=
�5x+ 2

x

The addition in the denominator: 1 +
3

x
=
x

x
+
3

x
=
x+ 3

x

The division:

�5x+ 2
x

x+ 3

x

=
�5x+ 2
x

� x

x+ 3
=
�5x+ 2
�x

� �x

x+ 3
=
�5x+ 2
x+ 3
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Solution 2: a) This method involves the fundamental property of fractions. Recall that we do not change the value of a
fraction when multiplying both numerator and denominator by the same non-zero number. This technique
involves 'blasting' the denominators.

Consider the fraction

2

3
� 1
4

3

8
+
1

2

. If we multiplied the numerator,
2

3
� 1
4
by 12, that would clear the denominator

of both
2

3
and

3

4
. If we multiplied the denominator,

3

8
+
1

2
by 8; that would clear both denominators. Since we

must use the same number for both numerator and denominator, we will multiply both by 24. This technique is
surprisingly powerful: we get the �nal result much faster than before.

2

3
� 1
4

3

8
+
1

2

=

24

�
2

3
� 1
4

�
24

�
3

8
+
1

2

� = 24 � 2
3
� 24 � 1

4

24 � 3
8
+ 24 � 1

2

=

8��24 �
2

�3
�6��24 �

1

�4
3��24 �

3

�8
+12��24 �

1

�2

=
8 � 2� 6 � 1
3 � 3 + 12 � 1 =

16� 6
9 + 12

=
10

21

b) We can apply the same steps with the fraction containing variables. In the case of

2

x
� 5

1 +
3

x

, both numerator and

denominator would be cleared when multiplied by x.

2

x
� 5

1 +
3

x

=

x

�
2

x
� 5
�

x

�
1 +

3

x

� = x � 2
x
� x � 5

x � 1 + x � 3
x

=
�x �

2

�x
� x � 5

x � 1 +�x �
3

�x

=
2� 5x
x+ 3

=
�5x+ 2
x+ 3

There might be cancelations after we simplify the complex fractions. Also, sometimes complex fractions are given using
negative exponents.

Example 2. Simplify the complex fraction
25� x�2
5 + x�1

Solution 1: We �rst re-write the expression without negative exponents.

25� x�2
5 + x�1

=
25� 1

x2

5 +
1

x

=

25x2

x2
� 1

x2
5x

x
+
1

x

=

25x2 � 1
x2

5x+ 1

x

=
(5x+ 1) (5x� 1)

x2
� x

5x+ 1

= ���
��(5x+ 1) (5x� 1)
Zx x

� Zx

����5x+ 1
=
5x� 1
x
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Sample Problems

Simplify each of the following expressions.

1.

1

2
+
1

3
1

2
� 1
3

2.
5� 1

a
1

a2
� 25

3.
1� 1

x2

1 +
1

x

4.

4

a2
� 1

1� 2
a

5.

3

x� 1 � 1
2

x� 1 + 1

6.
2� 3

x+ 1

3� 2x

x+ 1

7. 1� 1

1� 1

x� 3

8.
a�1 � b�1
a�2 � b�2

9.
x2 � 2y�3
x�1 + 3y2

10.
�
x� y�2

��3

Practice Problems

Simplify each of the following expressions.

1.
2a� 1

8a

4 +
1

a

2.
1

2� 1

m� 4

3.
1

1� 1

x� 1

4.

1

a
+
1

b
1

a
� 1
b

5.
5� x

x� 1
2� x

x+ 1

6.

1

x+ a
+

1

x� a
1

x+ a
� 1

x� a

7. 1� 1

1� 1

1� 1

q � 1

8.
6 +

2

x
3x+ 1

4

9.
2

1

a
+
1

b

10.
1� y

y � 1
y

y + 1
� 1

11.

4

z � 6 �
7

z
5

z
+

7

z � 6

12.

4

x2
� 3

x
1

x2
+
2

3x

13.

5

x� 3 �
1

x
2

x
+

3

x� 3

14.

1� 2

3� 4
p

1 +
2

3� 4
p

15.
9a�2 � b�2
3a�1 + b�1

16.
x�3y � 2x2y�1
x�1 + y�1

17.
�
3� a�2

��2
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Answers

Sample Problems

1. 5 2. � a

5a+ 1
3.
x� 1
x

4. �a+ 2
a

5.
�x+ 4
x+ 1

6.
2x� 1
x+ 3

7. � 1

x� 4

8.
ab

a+ b
9.
x3y3 � 2x
y3 + 3xy5

or
x
�
x2y3 � 2

�
y3 (1 + 3xy2)

10.
y6

(xy2 � 1)3

Practice Problems

1.
4a� 1
8

2.
m� 4
2m� 9 3.

x� 1
x� 2 4.

a+ b

b� a 5.
4x2 � x� 5
x2 + x� 2 6. �x

a
7. q � 1 8.

8

x

9.
2ab

a+ b
10.

y + 1

y � 1 11.
14� z
4z � 10 or

14� z
2 (2z � 5) 12.

12� 9x
2x+ 3

or
�3 (3x� 4)
2x+ 3

13.
4x+ 3

5x� 6

14.
p� 4
5p� 4 15.

3b� a
ab

16.
y2 � 2x5
x3 + x2y

or
y2 � 2x5
x2 (x+ y)

17.
a4

(1� 3a2)2
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Sample Problems Solutions

Simplify each of the following expressions.

1.

1

2
+
1

3
1

2
� 1
3

Solution: We will �rst perform the addition indicated in the numerator and denominator. After the addition and
subtraction, we will divide by multiplying by the reciprocal.

1

2
+
1

3
1

2
� 1
3

=

1 � 3
2 � 3 +

1 � 2
3 � 2

1 � 3
2 � 3 �

1 � 2
3 � 2

=

3

6
+
2

6
3

6
� 2
6

=

2 + 3

6
3� 2
6

=

5

6
1

6

=
5

�6
� �6
1
=
5

1
= 5

2.
5� 1

a
1

a2
� 25

Solution: Method 1. Start with the subtractions. We need to work with common denominators. The numerator:

5� 1
a
=
5

1
� 1
a
=
5a

a
� 1
a
=
5a� 1
a

The denominator:
1

a2
� 25 = 1

a2
� 25
1
=
1

a2
� 25a

2

a2
=
1� 25a2
a2

Notice that the numerator here factors via the difference of squares theorem.

1� 25a2
a2

=
12 � (5a)2

a2
=
(1� 5a) (1 + 5a)

a2

Now we are ready to perform the division. To divide is to multiply by the reciprocal.

5� 1
a

1

a2
� 25

=

5a� 1
a

(1� 5a) (1 + 5a)
a2

=
5a� 1
a

� a2

(1� 5a) (1 + 5a) cancel out a

=
5a� 1
�a

� a�2

(1� 5a) (1 + 5a) =
a (5a� 1)

(1� 5a) (1 + 5a)

There is one more cancellation: 1� 5a and 5a� 1 are opposites. We re-write 5a� 1 as � (1� 5a) : Then

a (5a� 1)
(1� 5a) (1 + 5a) =

� (1� 5a) a
(1� 5a) (1 + 5a) =

������(1� 5a)a
���

��(1� 5a) (1 + 5a) =
�a
1 + 5a

or � a

5a+ 1
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Method 2. This method is very ef�cient. The main idea is to clear denominators by multiplying both numerator and
denominator by the same quantity. We usually do not apply this method with usual fractions but it does work there
too. The �rst step is to multiply both numerator and denominator by a2, the quantity that clears the denominator in the
fractions in both numerator and denominator.

5� 1
a

1

a2
� 25

=
5� 1

a
1

a2
� 25

� a
2

a2
=

a2
�
5� 1

a

�
a2
�
1

a2
� 25

� = 5a2 � a2 � 1
a

a2 � 1
a2
� 25a2

=
5a2 � a
1� 25a2

We now factor the expressions in the numerator and denominator so that we could see if further simpli�cation is possible.
We factor out the greatest common factor from the numerator and factor the denominator via the difference of squares
theorem.

5a2 � a
1� 25a2 =

a (5a� 1)
(1� 5a) (1 + 5a)

Notice that 5a� 1 and 1� 5a are oppsites. We factor out �1 from the numerator, so we re-write 5a� 1 as � (1� 5a) :
Then we cancel out the common factor.

a (5a� 1)
(1� 5a) (1 + 5a) =

a (�1) (1� 5a)
(1� 5a) (1 + 5a) =

a (�1)�����(1� 5a)
���

��(1� 5a) (1 + 5a) =
a (�1)
1 + 5a

=
�a
5a+ 1

3.
1� 1

x2

1 +
1

x

Solution: Method 1. We bring fractions to the common denominator and add and subtract. Then we perform the
division as multiplication by the reciprocal. Finally, we factor and cancel out common factors.

1� 1

x2

1 +
1

x

=

1 � x2
1 � x2 �

1

x2
1 � x
1 � x +

1

x

=

x2 � 1
x2
x+ 1

x

=
x2 � 1
x2

� x

x+ 1
=
(x+ 1) (x� 1)

x2
� x

x+ 1
=
���

�(x+ 1) (x� 1)
x�2

� �x

���x+ 1
=
x� 1
x

Method 2. First we multiply both numerator and denominator by x2.

1� 1

x2

1 +
1

x

=
1� 1

x2

1 +
1

x

� x
2

x2
=

x2
�
1� 1

x2

�
x2
�
1 +

1

x

� =
x2 � 1� x2 � 1

x2

x2 � 1 + x2 � 1
x

=
x2 � 1
x2 + x

We now factor and cancel out common factors.

x2 � 1
x2 + x

=
(x+ 1) (x� 1)
x (x+ 1)

=
���

�(x+ 1) (x� 1)
x���

�(x+ 1)
=
x� 1
x
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4.

4

a2
� 1

1� 2
a

Solution: Method 1

4

a2
� 1

1� 2
a

=

4

a2
� 1
1

1

1
� 2
a

=

4

a2
� 1 � a

2

1 � a2
1 � a
1 � a �

2

a

=

4� a2
a2
a� 2
a

=
4� a2
a2

� a

a� 2 =
(2 + a) (2� a)

a
� 1

a� 2

=
(2 + a) (�1) (a� 2)

a (a� 2) =
(2 + a) (�1)����(a� 2)

a���
�(a� 2) = �a+ 2

a

Method 2. We �rst multiply both numerator and denominator by a2. Then we factor all expressions and simplify the
fraction.

4

a2
� 1

1� 2
a

=

a2
�
4

a2
� 1
�

a2
�
1� 2

a

� =
4� a2
a2 � 2a =

(2 + a) (2� a)
a (a� 2)

Notice that a� 2 and 2� a are opposites. We will factor out �1 from 2� a in the numerator.

(2 + a) (2� a)
a (a� 2) =

(2 + a) (�1) (a� 2)
a (a� 2) =

� (2 + a)����(a� 2)
a���

�(a� 2) =
� (2 + a)

a
= �a+ 2

a

5.

3

x� 1 � 1
2

x� 1 + 1

Solution: Method 1.

3

x� 1 � 1
2

x� 1 + 1
=

3

x� 1 �
1

1
2

x� 1 +
1

1

=

3

x� 1 �
1 � (x� 1)
1 � (x� 1)

2

x� 1 +
1 � (x� 1)
1 � (x� 1)

=

3

x� 1 �
x� 1
x� 1

2

x� 1 +
x� 1
x� 1

=

3� (x� 1)
x� 1

2 + (x� 1)
x� 1

=

3� x+ 1
x� 1

2 + x� 1
x� 1

=

�x+ 4
x� 1
x+ 1

x� 1

=
�x+ 4
x� 1 � x� 1

x+ 1
=
�x+ 4
���x� 1 ��

��x� 1
x+ 1

=
�x+ 4
x+ 1

Method 2. We multiply both nuerator and denominator by x � 1. We need to be careful with subtractions as we are
subtracting entire expressions.

3

x� 1 � 1
2

x� 1 + 1
=

(x� 1)
�

3

x� 1 � 1
�

(x� 1)
�

2

x� 1 + 1
� = 3� 1 (x� 1)

2 + 1 (x� 1) =
3� x+ 1
2 + x� 1 =

4� x
x+ 1

=
�x+ 4
x+ 1
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6.
2� 3

x+ 1

3� 2x

x+ 1

Solution: Method 1. We �rst work out the numerator

2� 3

x+ 1
=

2

1
� 3

x+ 1
common denominator is x+ 1

=
2 (x+ 1)

x+ 1
� 3

x+ 1
=
2 (x+ 1)� 3

x+ 1
=
2x+ 2� 3
x+ 1

=
2x� 1
x+ 1

Now for the denominator

3� 2x

x+ 1
=

3

1
� 2x

x+ 1
common denominator is x+ 1

=
3 (x+ 1)

x+ 1
� 2x

x+ 1
=
3 (x+ 1)� 2x

x+ 1
=
3x+ 3� 2x
x+ 1

=
x+ 3

x+ 1

Now the division:

2� 3

x+ 1

3� 2x

x+ 1

=

2x� 1
x+ 1
x+ 3

x+ 1

= to divide is to multiply by the reciprocal

=
2x� 1
x+ 1

� x+ 1
x+ 3

=
2x� 1
���x+ 1

��
��x+ 1

x+ 3
=
2x� 1
x+ 3

Method 2.

2� 3

x+ 1

3� 2x

x+ 1

�x+ 1
x+ 1

=

�
2� 3

x+ 1

�
(x+ 1)�

3� 2x

x+ 1

�
(x+ 1)

=
2 (x+ 1)� 3

x+ 1
(x+ 1)

3 (x+ 1)� 2x

x+ 1
(x+ 1)

=
2 (x+ 1)� 3
3 (x+ 1)� 2x =

2x+ 2� 3
3x+ 3� 2x =

2x� 1
x+ 3

7. 1� 1

1� 1

x� 3

Solution:

1� 1

1� 1

x� 3

= 1� 1
1

1
� 1

x� 3

= 1� 1

1 � (x� 3)
1 � (x� 3) �

1

x� 3

= 1� 1
x� 3
x� 3 �

1

x� 3

= 1� 1
x� 3� 1
x� 3

= 1�
1

1
x� 4
x� 3

= 1� 1
1
� x� 3
x� 4 = 1�

x� 3
x� 4

=
x� 4
x� 4 �

x� 3
x� 4 =

(x� 4)� (x� 3)
x� 4 =

x� 4� x+ 3
x� 4 =

�1
x� 4
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8.
a�1 � b�1
a�2 � b�2

Solution: This does not even look like a complex fraction, but it will, once we re-write it positive exponents. Recall
that a�n =

1

an
. So our problem can be re-written as

a�1 � b�1
a�2 � b�2 =

1

a
� 1
b

1

a2
� 1

b2

Method 1.

1

a
� 1
b

1

a2
� 1

b2

=

b� a
ab

b2 � a2
a2b2

=
b� a
ab

� a2b2

b2 � a2 =
(b� a) ab
b2 � a2 =

(b� a) ab
(b� a) (b+ a) =

���
�(b� a)ab

���
�(b� a) (b+ a) =

ab

b+ a
=

ab

a+ b

Method 2.

1

a
� 1
b

1

a2
� 1

b2

=

1

a
� 1
b

1

a2
� 1

b2

� a
2b2

a2b2
=

a2b2
�
1

a
� 1
b

�
a2b2

�
1

a2
� 1

b2

� = ab2 � a2b
b2 � a2 =

ab���
�(b� a)

���
�(b� a) (b+ a) =

ab (b� a)
(b� a) (b+ a) =

ab

a+ b

9.
x2 � 2y�3
x�1 + 3y2

Solution: Method 1.

x2 � 2y�3
x�1 + 3y2

=

x2 � 2 1
y3

1

x
+ 3y2

=

x2

1
� 2

y3

1

x
+
3y2

1

=

x2y3

y3
� 2

y3

1

x
+
3xy2

x

=

x2y3 � 2
y3

1 + 3xy2

x

=
x2y3 � 2
y3

� x

1 + 3xy2
=

x
�
x2y3 � 2

�
y3 (1 + 3xy2)

Method 2.

x2 � 2y�3
x�1 + 3y2

=

x2 � 2 1
y3

1

x
+ 3y2

=

x2

1
� 2

y3

1

x
+
3y2

1

� xy
3

xy3
=

xy3
�
x2

1
� 2

y3

�
xy3

�
1

x
+
3y2

1

� = x3y3 � 2x
y3 + 3xy5

=
x
�
x2y3 � 2

�
y3 (1 + 3xy2)

10.
�
x� y�2

��3
Solution: Method 1.�

x� y�2
��3

=
1

(x� y�2)3
=

1�
x� 1

y2

�3 = 1�
xy2

y2
� 1

y2

�3 = 1�
xy2 � 1
y2

�3 = 1�
xy2 � 1

�3
(y2)3

= 1 �
�
y2
�3

(xy2 � 1)3
=

y6

(xy2 � 1)3

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail
questions or comments to mhidegkuti@ccc.edu.
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