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1 1 2
Complex fractions are fractions with more than one fraction bars. For example, 2 T and 5 z+ :; are complex fractions.
5+ — =

4 x—3 * 2
A complex fraction can always be simplified, that is, brought to a form with only one fraction bar. We will present two

methods. The first one might be convenient because it is familiar and consists of steps we know very well. The other method
is new to us. However, it appears to be a very effective method.

Example 1. Simplify the given complex fractions.

2 1 2 g
3 4 T
e Y
8 2 x

Solution 1: a) This method involves performing operations on fractions: a subtraction (in the numerator), an addition (in the
denominator), and finally a division.

2 1 8 3 5
The subtraction: 371 = _ — — =__

3 1 3 4 7
The addition: -+ - = -+ - = —
e addition 3 + 573 + 373
5
.. 12 _ 5 8 _5-2:4 110
The division: T2 7347 |20
8
We can perform these operations in a single computation:
2 1 8—-3 5
3 4_ 12 _ 12 _5 8_40_|10
§+}"3+4 7T 12 7 84 |21
8 2 8 8

b) We can apply the same steps with the fraction containing variables.

2 2 5 2 5 2—-5 -5 2
The subtraction in the numerator: — - 5= — — - = — — T _ r_ z+
x

z 1 =z T x T

3 3 3

The addition in the denominator: 1 + — = z + - = T
r T T

—bx+2
—5x + 2 T —Sr+2 x —5x + 2
. x _ ] _ ) _
The division: 213 = . e p= 213 P
x
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Solution 2: a) This method involves the fundamental property of fractions. Recall that we do not change the value of a
fraction when multiplying both numerator and denominator by the same non-zero number. This technique
involves ’blasting’ the denominators.

2 1
Consider the fraction 7411 . If we multiplied the numerator, 371 by 12, that would clear the denominator
2

2 3 - . 3 1 . .
of both 3 and 1 If we multiplied the denominator, 3 + 3 by 8, that would clear both denominators. Since we

must use the same number for both numerator and denominator, we will multiply both by 24. This technique is
surprisingly powerful: we get the final result much faster than before.

2 1 2 1 2 1 2 1
Z_Z 24 ( - — = .2 _94. 2 894.2 _694.
571 <3 4)2243 -0 MG THMS 8261 16-6_[10
3 1 3 1 3 1 3 I 3.34+12-1 9+12 21
24z o, 1 24.2 494.2  394.° 41294 -
513 24<8+2) gT24 g Mg+iAg
2
- =5
b) We can apply the same steps with the fraction containing variables. In the case of < 3 both numerator and
1+ -
T

denominator would be cleared when multiplied by .

2 2 2 2
_ Zo5 2. 2.
z 0 x(x >_“ ;85 A TS 9 5p [Bat2

3 3 3
1+; x(1+3> z-14x- 142 = z+3 z+d
x

There might be cancelations after we simplify the complex fractions. Also, sometimes complex fractions are given using
negative exponents.

25—~
Example 2. Simplify the complex fraction DT
5+ a1

Solution 1: We first re-write the expression without negative exponents.
1 2502 1 25z -1

-2 BTm @ g T g (Gr+l)(Br-1) @
S 1 =~ 5z 1 — ba+1 2
S+x 54 - o, 1 x+ x S5z +1
T T i X

G+ T1(r—-1) w5z —1

X T Sx+T x
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L Y 5, Laob
1. 23 3.0 2 5. Lo Ca?—b?
- _Z 14+ =
2 3 +LE :1:—1+1
3 x2_2y73
B 9. —/———
. A 6 372—;1 x~1 + 3y?
) 5‘; 4 ﬁ_l a1
1 2
— — 25 1-= 1 ,
a a 7. 1— T 10. (m—y 2)
z—3
—
Practice Problems
Simplify each of the following expressions.
20 — — L 1- -2 -2
. — 8a 6. LTa r—a 1. — 41 32
14t S PR 4. —
a r+a x—a y+1 ’ 2
1+ —
3_,
2 ! ) 47 P
1 7.1 - T
m—4 1- 1 5 7
- — ;+Z—6 _92 )
1 qg—1 15 9a7* — b
o1 30 140!
1_1‘*1 9 i_§
6+ = 2. 22z
11 8 z .2 L o 1
a b srtl z? 3w 16 LY 2y
4, 1 1 4 1’*1—1—3/*1
a b 5
2 -3 =z
9. 13, =2 T
R 1,1 2,3 17. 3—a"2)"?
5 37;1 a b x -3
a1
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-
@ Answers

Sample Problems

a z—1 a—+2 —x+4 20— 1 1
1. 5 2. — 4, — . . —
oa + 1 x a z+1 z+3 x—4
g ab z3y% — 2z x (x2y3 — 2) 10 Y8
) ) r  —
a+b Y3+ 37y g (14 3zy?) (zy? — 1)
Practice Problems
4a — 1 —4 -1 42% —x —
P 2. 2 g 0th A mzos T g .1 88
8 2m — 9 T —2 b—a 24+ —2 x
9 2ab 10 y+1 1 14—z 14—z 12 — 9z -3 (3z —4) 13 4r +3
“a+b y—1 "4z -10 2(2z —5) "2+ 3 2z 43 "5 —6
4 _ 2 _ 945 2 _ 9.5 4
14, 2 15,00 g v 20 A VA —
5p — 4 ab z3 + 2y z? (v +y) (1 — 3a2)
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Sample Problems ;/ " Solutions

Simplify each of the following expressions.

_
N | =
_l’_
W | =

N | =
Wl =

Solution: We will first perform the addition indicated in the numerator and denominator. After the addition and
subtraction, we will divide by multiplying by the reciprocal.

1 1 1.3 1.2 3 2 2+3 5
273 _ 23735 676 _ 6 :j:E?:?:
1 113 1-2°3 2 3-2"1 §1 1
2 3 23 32 6 6 6 6
2'i_25
(12

Solution: Method 1. Start with the subtractions. We need to work with common denominators. The numerator:

1 5 1_5a 1 5a — 1

5—*:*—7 —_— ——-=

a 1 a a a a
The denominator:
1o 125 1 250 1 —25a®
a? a2 1 a2 a2 a?

Notice that the numerator here factors via the difference of squares theorem.

1-25a> 12— (5a)*> (1 —5a)(1+5a)
- 2

a? a? a

Now we are ready to perform the division. To divide is to multiply by the reciprocal.

1 5a — 1
07 a a ba—1 a’ cancel out
_ — . a
1 _ 95 (1 —5a)(1+ 5a) a (1 —=5a)(1+5a)
a2 a2
5a —1 a? a(ba —1)

d (1 =5a)(1+5a) (1—5a)(l+b5a)

There is one more cancellation: 1 — 5a and 5a — 1 are opposites. We re-write 5a — 1 as — (1 — 5a) . Then

a(ba—1) —(1—-5a)a —(1—5a)a —a a

(1—5a)(1+5a)  (1—5a)(L+5a) D(1+5a) |1+6a O  Ba+l
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Method 2. This method is very efficient. The main idea is to clear denominators by multiplying both numerator and
denominator by the same quantity. We usually do not apply this method with usual fractions but it does work there
too. The first step is to multiply both numerator and denominator by a2, the quantity that clears the denominator in the
fractions in both numerator and denominator.

1 1 o _1 s 5 1
5—5 5—5 CL2 a <5 CL) 5a° — a E

1 -1 2 - 1 1 _9542
— — 25 — — 925 a a2 <12_25> (12‘*—250,2 1 25a
a

a? a? a

We now factor the expressions in the numerator and denominator so that we could see if further simplification is possible.
We factor out the greatest common factor from the numerator and factor the denominator via the difference of squares
theorem.

5a2 — a a(ba —1)

1—-25a2 (1 —5a)(1+5a)

Notice that 5a — 1 and 1 — 5a are oppsites. We factor out —1 from the numerator, so we re-write 5a — 1 as — (1 — 5a) .
Then we cancel out the common factor.

a(ba —1) _ a(—=1)(1—ba) _ a(—1) (1 —ba) :a(—l): —a
(1-5a)(1+5a) (1—-5a)(1+5a) (A—5a)(l+5a) 1+5a |ba+1

1
3 2
1

14~
o

Solution: Method 1. We bring fractions to the common denominator and add and subtract. Then we perform the
division as multiplication by the reciprocal. Finally, we factor and cancel out common factors.

1 1-22 1 |

-5 T2 2 2 2#2-1 2  (@+)@-1) z  (e+0@=x-1) 2z [z-1
T N e a2 z+1 o7 z+t | 2
T l-z =« x

Method 2. First we multiply both numerator and denominator by z2.

1 1 2 1 1
_ _ b — 2.1 _ 2. —

1 :1:2_1 22 x2_x< a:2>_m -z 2 2 -1
1~ T 2 - 1T~ 22
1+-  1+= 7 x2<1+1> 22 14g2.- T HT

T x T T

We now factor and cancel out common factors.

-1 (z+1)(x-1) (z4+1)(z-1) |z—1

224+z  x(z+1l)  xleAT T
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4
, 2
12
a

4 4 1 4 1-a* 4-a?
2 _ 2 1_@ 1Td@_ @ _4- a _(2+a@2-a 1
1 2 1 2 l-a 2 a—2 a2 a—2 a a—2
a 1 a l-a a a
2+a)(-1)(a—2) (2+a)(-1)(a—2] _a+2
a(a—2) N ala—2) N a
Method 2. We first multiply both numerator and denominator by a?. Then we factor all expressions and simplify the
fraction. 4
4 2
_ ——1
a2 1_a <a2 )_4@2 (24a)(2—a)
1_2 a2<1—2> a? —2a a(a—2)
a a

Notice that ¢ — 2 and 2 — a are opposites. We will factor out —1 from 2 — a in the numerator.

(24+a)2-0a) (2+a)(-1(a—-2) —-(2+a)la—2] —(2+a) | a+2

ala—2) a(a—2) ala—2) a a

3
5 r—1

2 +1
r—1

Solution: Method 1.

3 3 1 3. 1-(z-1) 3 t—1 3—(x—1) 3—z+1
r—1 _ w—l_sz—l 1'($—1):m—1_:13—1: z—1 __xz—1
B R n D) 1 D) 1-(z—1) 2 +x—1 2+ (x—1) 2+x-1
z—1 r—1 "1 r—1" 1-(z—1) r—1 =x-1 z—1 r—1
—x+4
oz —-1  —z+4 z—-1 -—x+4 z—T |—-x+4
T ozt T -1 z41 =t z4+1 | z+1
z—1

Method 2. We multiply both nuerator and denominator by x — 1. We need to be careful with subtractions as we are
subtracting entire expressions.

3 3
- -1 -1
z—1 1_(:5 )<x1 )_31(m1)_3az+1_4m_ —z+4
N 2 >_2—|—1(I—1)_2—|—$—1_:p+1_ z+1
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_ 3
r+1
6. — 5,

T+ 1

Solution: Method 1. We first work out the numerator

3 2 3 . .
2— = - — common denominator is x + 1
r+1 1 x+1
B 2(z+1) 3 _2(3:+1)—3_2:c+2—3_2x—1
oz +1 z+1  z+1 oz +1 oz +1
Now for the denominator
2z 3 2 . .
— = - — common denominator is x + 1
r+1 1 x+1
_ 3@+l 2z 3(z+1)—-2z 3z+3-2z x+3
1 z+1 r+1 x4+l z+1
Now the division:
3 2r —1
z+1 _ x4+1 _ Co . .
57 = 413 = to divide is to multiply by the reciprocal
r+1 r+1

20 — 1 x—|—1_2x—1 ,T/i/l’_ 20 — 1
z+1 xz+3 z+T z+3 |z+3

Method 2.

2 3 2- 1
Trrl x4+l z+1 x+1(x+)_2(a:+1)—3_2x+2—3 2z — 1

_giﬂm%—l <3_x2fl>($+1) 3(x+1)— $1($+1) 3(x+1)—2x 3x+3-—-2z r+3
1
7. 1— T
z-3
Solution:
1-— L = 1- L =1- L =1- L
1 1 1_ 1 1-(x—3)_ 1 3:—3_ 1
r—3 1 -3 1-(z—-3) z-3 r—3 x—3
1
_ 1 - 1 71‘.%—3: _x—=3
r—3-1 r—4 1 =z—4 z—4
z—3 z—3
z—4 -3 (z-4)-(r-3) z—-4-z+3 | -1
T orx—4 z-—-4 x—4 N x—4 |z —4
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g a*; bt
a2 — b2
Solution: This does not even look like a complex fraction, but it will, once we re-write it positive exponents. Recall
1
that a™" = —. So our problem can be re-written as
a
1 1
-1 _ p—1 -— =
a " —b _a b
a2-0v2 1 1
a2 2
Method 1.
1 1 b—a
« b _ ab _b—a & (b—a)ab  (b—a)ab (b—ajab _ ab | ab
1 1 " p2—a> ab ¥—-a2 ¥—-0a2 (b—a)(bta) [(b—aj(b+a) bt+a |a+b
a? b2 a2b?
Method 2.
11 11 a2 (L1
e b _ a b ab? a b ab?> —a’y  ab(b—ay ab(b—a) | ab
1 1 1 1 a% 2202 1 1 2 —-a2 (b—aJ(b+a) (b—a)(b+a) |a+b
a? b2 a? b2 a2 b
x?— 2y‘3
9 —————
x! + 3y?
Solution: Method 1.
2ol T _2 2 2 22
x? —2y73 _ y 1y Y Y3 _ 22y — 2 ‘ x |z (z%y® - 2)
zl 4342 1 432 1 N 37y2 1 N 3zy? 1+ 32y? y3 14 3zy? | y3(1+ 3zy?)
T 1 x T T
Method 2.
2 o1 2t 2 (2
a?—2y~3 v v 1 3wy Y1 y3 3% — 22 z (z%y® — 2)
—1 2 — - 2 a3 2\ 43 5|43 2
z~1 + 3y +3y2 l_,_i xy xy3<1+3y> Y3 + 3xy y3 (1 + 3zy?)
x T 1
10. (z — y*2)73
Solution: Method 1.
o\ —3 1 1 1 1 1
(.’L‘ -y ) = —2\3 = 3= 2 = 2 3= 2
NN
y2 2 g2 y2 (y2)3
3
S ) N
(ey? = 1% | (2y? - 1)°

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.

questions or comments to mhidegkuti@ccc.edu.

© Hidegkuti, 2008, 2020

E-mail

Last revised: September 27, 2021


https://teaching.martahidegkuti.com/shared/lnotes/lecturenotes.html
https://teaching.martahidegkuti.com/shared/lnotes/lecturenotes.html

