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Sample Problems

1. Find an equation for the circle centered at (2, —1) with radius » = 5 units.
2. Graph the equation 10z + 2% +y?> =6 (y — 5).

3. Find the coordinates of all points where the circle 2% + (y — 3)2 = 50 and the line y = —2x + 8
intersect each other.

4. Consider the circle 22 +y? = 10. Find an equation for the tangent line drawn to the circle at the
point (3,1).

5. Find the points where the circles (z 4+ 2)* + (y +2)> =50 and (z —2)° + (y — 1)* = 25 intersect
each other.

6. Consider the circles z? + y* = 36 and (z — 5)2 +y? = 16. Let C be the intersection of the two
common tangent lines drawn to the circle.
a) Find the coordinates of C.
b) Consider one of the common tangent lines. Find the distance between the points of tangency.

7. Given are the points A (—3,0) and B (0,—4). Consider the circle 2 + y* — 16z — 4y + 43 = 0.
Find the tangent lines that are parallel with line segment AB.

Practice Problems

1. Find an equation for each of the following circles. C will denote the center and r the radius.
a) C(6,0) r=7 b) C(0,-2) r =2 c) C(=8,3) r=+3
2. Graph the equation 2% +¢*> + 14y =4 (x +y — 1)

3. Find the coordinates of all point(s) where the circle and the line intersect each other.
a) (4574 @wy—-77"=8 and z+y=6 ¢) 22+ (y+4)°=25 andy =1z — 24
b) (z—-2)°+(y+1)7>=50 andy = —z+9 d) (z—37+(wy+1>=25 and y=—z+1
4. Given the equation of a circle and a point P on it, find an equation for the tangent line drawn to
the circle at the point P.
a) 2?4y =100.and P (-8, 6) b) (z—3)*+ (y+3)>=50 and P (10,—4)
5. Find the coordinates of all points where the given circles intersect each other.
a) (z—1°+(y—27=10 and (z—10)>+ (y —5)* =40
b) (z—3)°+42=20 and 22+ (y —1)> =50
¢) 22+ (y—8)°=26 and (z—77+(y—23)7>=4
6. Consider the circles (z 4 5)> 4+ y® = 100 and 22 + y®> = 49. Let C be the intersection of the two
common tangent lines drawn to the circle.
a) Find the coordinates of C.

b) Consider one of the common tangent lines. Find the distance between the points of tangency.
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Sample Problems - Answers

L) (—27+(@y+1)*=25 2.) (x+5)°+(y—3)° =4 3.) (-1,10) and (5,—2)

4) y= -3z +10 5) (=1,5) and (5,—3) 6.) a) (15,0) b) V21

4 1 4
7) y= —gx—i—; and y = —§x+21
Practice Problems - Answers
1) a) (z—6)2+y2=49 b) 22+ (y+2)° =4 c) (x+8°+(y—3)7=3

2) (x—2%+(y+57=25 center: (2,—5) radius: 5

3.) a) (=3,9) b) (3,6) and (9,0) c) they don’t intersect d) (=1,2) and (6,—5)

4 4 0
4.) §($+8):y—6 or y:§x+% b) 7(r—10)=y+4 or y=7Te—74
5.) a) (4,3) b) (7,2) and (5,—4) c) the circles do not intersect
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Sample Problems - Solutions

1. Find an equation for the circle centered at (2, —1) with radius » = 5 units.
Solution: Let P (z,y) be a general point on the circle. If the point P is on the circle, then it
must be 5 units away from the point C' (2, —1). Consider the right triangle shown on the picture
below. The sides of this triangle are |z — 2|, |y + 1|, and 5. The Pyhtagorean theorem, stated
for this triangle is (z — 2)° + (y + 1) = 25, which is the equation for the circle.

Y
P (x,y)
5 Y
1 X
2 X-2
C(2,-1)

2. Graph the equation 10z + 2% +4*> =6 (y — 5)
Solution: Complete the squares to read the center and radius.

10x+2°+y> = 6(y—5)
10z +2° +y> = 6y —30

22+ 10z 4192 —6y = —30
72+ 102 +25 25+ — 6y +9-9 = —30
(z+5)°+(y—3)7—-34 = —30

(z+5)°+(y—3)7° = 4

Thus the center is (—5,3) and the radius 2.
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3. Find the coordinates of all points where the circle 2% + (y — 3)2 = 50 and the line y = —2z + 8
intersect each other.
Solution: We need to solve the following system of equations:

{x2+(y—3)2:50

y=—2z+8
We will use substitution. We substitute y = —2x 4 8 in the first equation and solve for x.
2?4+ (=22 +8—3)> = 50 522 — 20z — 25 =0
22+ (=22 +5)% = 50 5(2% — 4o —5) =0
? +42* — 200 +25 = 50 5(x—5)(x+1)=0
52 — 20z +25 = 50 =5 To = —1

We now use the second equation to find the y—value belonging to the xr—values we just obtained.
If =5, theny=—-2(5)+8=—-2. If z = —1, then y = —2(—1) + 8 = 10. Thus the two points
are (5,—2) and (—1,10). We check: both points should be on both the circle and the line.

4. Consider the circle 22 +y? = 10. Find an equation for the tangent line drawn to the circle at the
point (3,1).
Solution: The tangent line is perpendicular to the radius drawn to the point of tangency. We

can easily find the slope of this radius: the slope of the line segment connecting (0,0) and (3,1)

N
is - since
3

rise  yp—yr 1-0 1

slope = m = = =
P run x—27 3—0 3

1
The tangent line then must have slope —3, the negative reciprocal of 3 It mus also pass through

the point (3,1). The point-slope form of this line’s equation is then y — 1 = =3 (z —3). We
simplify this and obtain y = —3x + 10.

5. Find the points where the circles (z +2) + (y +2)* = 50 and (z — 2)* + (y — 1) = 25 intersect
each other.
Solution: We need to solve the following system:

{ (z+2)%+ (y+2)°> =50
(r =2+ (y—1)2>=25

We first multiply out the complete squares, combine like terms, and reduce the right-hand sides
to zero. The first equation:

44+ 4+ 4y +4-50 = 0
A+ 4y —42 =

Similarly, the second equation

2 —dr+44+9y P -2y+1-25 =
22 —dr+yP—2y—20 = 0
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We will multiply the second equation by —1 and add the two equations. This will cancel out all
quadratic terms.

o Fdr oyt 4y —42 =
—2? 4 dr— P +2y+20 = 0

The sum of the two equations is

8r 4+ 6y —22 = 0 divide both sides by 2

dr + 3y — 11 =
We now solve for y
—4x + 11 4 N 11
= ——— __:C JR—
Y 3 3773
We substitute this into the first equation and solve for x
4 11
(z+2°+(y+2? = 50 and y:—gx—i-?
2
4 11 11 17
(z+2)°+ —3rE g 2l = 50 5 +2=
——
Y
4z +17)°
(x+2)% + (%) = 50
(@+2)% + (A t1D° (“)2 @
x — = since (-] = —
32 b b?
—4x +17)°
(z+2)* + % = 50 multiply by 9

9(x+2)°+ (—4z+17)°> = 450
9 (2% +4x +4) + 162 — 1362 + 289 = 450
922 + 362 + 36 + 162% — 1362 + 289 = 450
2512 — 100z — 125 =
25 (2> —dz—5) = 0
25(x—=5)(z+1) = 0 = 11=5  x9=-—1

4
We now find the y values belonging to the x—values, using y = —gm + 3 or better yet,
—4zr 411 —4(5) + 11 —4(-1)+11
Yy = % Ifx =5, theny = % = —3 andifx = —1, theny = % = 5.

Thus the two circles intersect at the points (—1,5) and (5, —3).
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6. Consider the circles 22 + y? = 36 and (z — 5)* + 2 = 16. Let C be the intersection of the two
common tangent lines drawn to the circle.

a) Find the coordinates of C.

Solution: Using the notation shown on the picture below, triangles AC'E and BC'D are similar.

. . 6 +95 . . . .
Based on that, we write the equation 1= * . The solution of this equation is 10. Thus C'is

(15,0). !

VYA
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b) Consider one of the common tangent lines. Find the distance between the point of tangency.
Solution: We draw a horizontal line through the point D. Let us denote the intersection of AF
and the horizontal line by P. The quadrilateral ABDP is a parallelogram since opposite sides
are parallel. Consequently, opposite sides are equally long. This means that AP = 4 and so
PE =2. Also, PD =5. We can now compute y via the Pythagorean theorem: y = v/21.

T~

7. Given are the points A (—3,0) and B (0,—4). Consider the circle 22 + y? — 16z — 4y + 43 = 0.
Find the tangent lines that are parallel with line segment AB.
Solution: The circle is

2 +y? — 16 —4y+43 = 0

2 — 16z +y? — 4y +43 =

22— 162 +64 —64+9y° — 4y +4—4+43 =
(z—8)°+(y—2)7° = 25

Thus the center is (8,2) and the radius is 5. The slope of the line segment AB :

Yo — U1 -4 -0 4
m = =

To—1x; 0—(=3) 3

The tangent line and the radius drawn to the point of tangency are perpendicular: thus we want
a straight line that is perpendicular to the line segment AB and passes through the center. This

means a slope of 7 and passing through (8,2). The point-slope form of this line is y — 2 =

3
1 (x — 8). We intersect this with the circle to find the points of tangency, i.e. solve the system

{ (z—8)°+ (y—2)> =25

3
9—221@—8)
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(z —8)° + G(x—s))Z = 25

2, 9 2 9 25

. (-8 = 2 1+ - =2

(x —8) +16(x 8) 5 t 16" 16
25

5@ 8 = 25 divide by 25
1

6 (z—8)° = 1 multiply by 16
(z—8)% = 16 subtract 16

(x—87%—=16 = 0
(r—844)(x—8—4) = 0
(x—4)(x—12) = 0 = z,=4 xTo =12

3
We find the y—values: when x =4, then y — 2 = 1 (4—-8) = y; =—1, and when z = 12,

3
then y —2 = 1 (12—-8) = yo = 5. Thus the points of tangency are (4,—1) and (12,5). The

slope of both tangent lines must be the same as that of line segment AB. Thus the tangent lines:

4 4
4 4
o e . 4 13 4
After simplifying these equations we get y = —gx + 3 and y = —gx + 21

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture
Notes. E-mail questions or comments to mhidegkutiQccc.edu.
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