Lecture Notes

Limits at Infinity

page 1

1. Compute each of the following limits.

Sample Problems

2
: 4 : _9..5 : _2.6 : 3
a) ﬁhﬁn;o 3x c) xlirlgo (—22°) e) mlbngo < 3% > g) yChﬁ\nfolo 4x
. 4 . 5 . 2 6 . 3
b) lim 3z d) lim (—22°) f) lim (—zz h) lim 4«
T——00 T——00 T——00 3 T——00
2. Compute each of the following limits.
a) lim 2° I 2\ 9z+3 o 92wl
e ) M\3 ? % 3o 8) A 5o
O ( )x 9z+3 92z+1
. . m (2 L2t .27
b) xll,lfloo 2 z——00 \ 3 f) xgr_noo 3z+1 h) xll)r_noo Jz—1
3. Compute each of the following limits.
.1 : -5 8 . —bxd -2z 44
O Jmg @ (55T i
1 5 12 —52% — 224+ 4
b) lim - e) lim (—23+1-24 =2 h) lim % 2t
. =5 . 3z -2 N . —hrd -2 44
4. Compute each of the following limits.
a) lim (—2z° —8z* + 723 — 10) ¢) lim (—2z°+ 829)
T——00 T——00
b) lim (—2z° - 8z* 4 72* — 10) d) lim (—225 + 82°)
T—00 T—>00
5. Compute each of the following limits.
r+2% -6 22 +9 . 23— 9z +1
a) lim —————— b) lm ——— ¢) lm ————
z——00 6x + 522 + 213 z—00 b + 222 — 3 z——00 32 — 2z — 15
Practice Problems
1. Compute each of the following limits.
a) lim —§:pl5 c) lim 1338 e) lim 42° g) lim (—7z')
: 3 15 S : 9 - 10
b) lim (—==z d) lim -z f)  lim 4z h) lim (=72'9)
T——00 8 T——00 T——00 T——00

© copyright Hidegkuti, Powell, 2009

Last revised: November 27, 2013



Lecture Notes Limits at Infinity page 2
2. Compute each of the following limits.
23:):71 22x+3 22:t+3 2x+3 . 3:571
a) lim —— c¢) lim ——— e) lim g) lim ————
z—o0 HT—1 z—o0 HT—1 o0 4r—1 T—00 T2
) 23:1571 ) 2296+3 ) 22:p+3 ) 22x+3 . 390—1
b) nggloo Hz—1 d) xgrfnoo Hr—1 f xLl\lzloo z—1 h) :vlggo 72
3. Compute each of the following limits.
.3 _ 2 . =32 422 -5
*) s 0 Ji (5 2g) WML e
3 2 —32% + 22 -5
b) lim — h) lim b5z — n) lim e e
z——o0 D T——00 T+ 3 T—>—00 2
2 5 5r — 3 —da¥ a2 —x 47
¢) lim (1——+-— i) lim < o) lim vir ord
T—00 X 34 z—o0 X T—00 x4
. 2 5 . . bz — 3 . A4+ — 4+ 7
d) JMim <1 ot 3z4> i) lim p) JMm o
. ) 7 . 1-3z
0 Jim (345 ) R
. ) 7 . 1—-3z
b lm (3 T 6:13) b tm
4. Compute each of the following limits.
: 5 .3 : 5 16 : 4 3 1
a) lim (=72° 4 23) c¢) lim (1202° — -z e) lim (8z*—3z°——x+2
T——00 T——00 4 T——00 5
: 5 .3 : 516 : 4 3 1
b) lim (—7z° + 2?) d) lim (1202° — -z f) lim (8z* —3z°——-x+2
T—00 T—00 4 T——00 5

5. The graph of a polynomial function is shown on the picture below. What can we state about this polynomial

based on its end-behavior?

6. Compute each of the following limits.

8) lim © ¢) lim (2—5>

T—>—00 I T——00 x3
=5 . 2 11
DRI B (R
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f)

e)

202 + 3z +1
m —-—
=00 332 — by + 2

lim
Tr——00

5 — 3

32 4+2z+1

)l 3x2 —1
m —F""""—
& e 522 — 37 +2

W 20z — 2x% — 42
im
z=~00 ha3 — 2022 — 105z
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Sample Problems - Answers

300 DO o1 d1 ¢ 3 3 g oo h) —so i)5 i 5 k)—g 1)_%
m) —oo n) o0 0) —00 p) —o0

4. a) oo b) —o0 c) —o0 d) —o0 e) o f) oo

5. Since gjli}]gl(>o f(z) = —oo and xlglgo f (z) = oo, the polynomial is of odd degree and has a positive leading
coefficient.

6200 DO o2 d)3 e>§ f) —00 g
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Sample Problems - Solutions

1. Compute each of the following limits.

a) lim 3z*
Tr—00

Solution: Since the limit we are asked for is as x approaches infinity, we should think of = as a very large
positive number. Then 3z is very large, and also positive because it is the product of five positive numbers.

2= 3 -z - oz - oz - =z
positive positive positive positive positive

So the answer is co. We state the answer: lim 3z* = oc.
Tr—r00

b) lim 3z%

T—>—00
Solution: Since the limit we are asked for is as  approaches negative infinity, we should think of = as a very
large negative number. Then 3z? is very large, and also positive because it is the product of one positive
and four negative numbers.

4
3= 3 - =z - T - x -
positive negative negative negative negative

So the answer is co. We state the answer: lim 3z* = 0o
r—r—00

¢) lim (—2a%)

T—>r00
Solution: Since the limit we are asked for is as x approaches infinity, we should think of z as a very large
positive number. Then —2z° is very large, and also negative because it is the product of one negative and
five positive numbers.

2= -2 . 9z -z -z - T - x
negative positive positive positive positive positive
So the answer is —oo. We state the answer: lim (—2:L‘5) = -
Tr—r00

d) lim (—22°)

T—>—00
Solution: Since the limit we are asked for is as & approaches negative infinity, we should think of x as a very
large negative number. Then —2z° is very large, and also positive because it is the product of six negative
numbers.

—25= -2 .z -z - x - T - =z
negative negative negative negative negative negative

So the answer is co. We state the answer: lim (—2355) =

T——00
e) lim (—2x6>
T—00 3

Solution: Since the limit we are asked for is as x approaches infinity, we should think of = as a very large
2
positive number. Then —§x6 is very large, and also negative because it is the product of one negative and

six positive numbers.

2 . 2
3 3 positive positive positive positive positive positive
negative
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2
So the answer is —oo. We state the answer: lim <—3:L‘6> = —00

T—00
2
: _Z,6

Solution: Since the limit we are asked for is as x approaches negative infinity, we should think of x as a

2
very large negative number. Then —§x6 is very large, and also negative because it is the product of seven

negative numbers.

2 2
3 3 negative negative negative negative negative negative
negative
So the answer is —co. We state the answer: lim —=2% = —o0

z—>—00 3

g) lim 423

T—00
Solution: Since the limit we are asked for is as x approaches infinity, we should think of x as a very large
positive number. Then 423 is very large, and also positive because it is the product of four positive numbers.

3= 4 - x - x - =z
positive positive positive positive

So the answer is co. We state the answer: lim 423 = oo
Tr—r00

h) lim 423

T—>—00
Solution: Since the limit we are asked for is as x approaches negative infinity, we should think of z as a very
large negative number. Then 423 is very large, and also negative because it is the product of one positive
and three negative numbers.

4= 4 - x - x - T
positive negative negative negative
So the answer is —oco. We state the answer: lim 4z° = —oo
Tr—r—00

2. Compute each of the following limits.

Let a > 0. Then the limit of the exponential function f (z) = a® is as follows.
Casel. If a > 1,then lima®*=occ and lim a*=0
T—r00 T—r—00

Case2. If 0 < a<l1,then lima*=0 and Ilim a®* =00

T—00 T—r—00
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a) lim 2* and b) lim 2*

T—r00 T—r—00
Solution: Since 2 > 1, these limits are co and 0, i.e. lim 2¥ = oo and lim 2% =0.

—00 T——00
2\* 2\*
c) lim <> and d) lim <>
z—o0 \ 3 z——00 \ 3

2 2\* 2\*
Solution: Since 3 < 1, these limits are 0 and oo, i.e. lim <3> =0and lim <3> = 00.

T—00 T—r—00

2x+3
e) lim o
Solution: We start by re-writing the exponential expressions. The goal is to bring it into a form where

there is only one exponential expression involving .

grt3  gr. 93  9r.gQ 8(2>$

e+l 3z.31  3¢.3  3\3
97+3 8 /2\* 8 2\* 2
Thus lim — = lim — () = — lim <> =0 since — < 1
z—00 3¢+1 =00 3 \ 3 3 z—oo \ 3 3

2:c+3

f)  lim

r——o00 JT+1

. r+3 43 8 ) x 8 2 T
Solution: - In,_ ooy = In gy =, I3 <3> = 3.1 <3> =

22x+1

g) xlglolo 3z—1
Solution: We start by re-writing the exponential expressions. The goal is to bring it into a form where

there is only one exponential expression involving x.

9241 B 92z, 91 B (22)332 47 . 6 (4)1

s N T E
31
2%l . 4\" . 4\" .4
Thus xll)rglo 31 —xll)rgo6<3> —63011_>n£>1O (3) =00 since 5 >1

22:p+1

h) lim

z——o00 32—1

92z+1 4\* 4\
Solution: lim = lim 6(3) =6 lim (3) =0

z——oco 32—1 T——00

3. Compute each of the following limits.
2) Jim
Solution: This is a very important limit. Since the limit we are asked for is as x approaches infinity, we
should think of x as a very large positive number. The reciprocal of a very large positive number is a very
small positive number. This limit is 0.

b)  lim 1

T——00 I
Solution: Since the limit we are asked for is as  approaches negative infinity, we should think of z as a very
large negative number. The reciprocal of a very large negative number is a very small negative number.
This limit is 0.
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Solution: Since the limit we are asked for is as x approaches infinity, we should think of x as a very large
positive number. We divide —5 by a very large positive number. This limit is 0.

-5 8

li — — —
Solution: This limit is —7 since the other two terms aproach zero as x approaches negative infinity. Using

mathematical notation,

m 2 740 - lim 24 lim -7+ lm S =0_740=-_7

z——00 213 T r——00 213 T——00 T——00 I

12
e) lim (—2363 +1- 5 + 4)
T—»00 T T

Solution: This limit is —oo since the first term approaches negative infinity, the second term approaches 1
and the other two terms aproach zero as x approaches infinity. Using mathematical notation,

5 12 5 12
lim (—22°+1—=4 =) = lim (-22%) + lim 1+ lim (—= )+ lim (= | =—c0+140+0=—00
T—00 z 2t 00 00 T—00 x oo \ xt
3z —2
f) lim 2%

T—r—00 X

Solution: This problem is similar to the previous problems after a bit of algebra. We simply divide by =
and then the limit becomes familiar.

. 3r—2 . 3r 2 . 2
lim = lim |[———]= lim (3——| =
T—r—00 €T T—r—00 €T €T Tr—r—00 €T

) —5x3 —2x 4+ 4
g) Jim ——
Solution:
. bt —2x+4 , —5x3 22 4 _ 2 4
lm ————— = lm |——+—+ =5 |=1lm |-S2—-—-—+—
T—00 72 T—00 22 2 2 T—00 T 2
= lim (—5z)+ lim (—) + lim < 2) =-00+4+0+0=—-00
—5a3 — 2z +4
h) lim 3:—3:13—1—
Tr—r00 €T
Solution:
—5x® — 2z 4+ 4 ) 4 2 4
lim O AT g (T2 T Y i (5 2+ 2 ) = 5
T—00 3 T—00 3 3 3 T—00 T2 3
. . b3 —2x+4
i)  lim —
Tr—r00 €T
Solution: 5 5
—bx° — 2 4 -5 -2 4 -5 2 4
it S o i WO o S S 2 O
T—00 x4 T—00 x4 x4 rd z00 \ T 3 ozt
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4. Compute each of the following limits.

© copyright Hidegkuti, Powell, 2009

a) lim (—2z° —8z* + 723 — 10)

Tr——00
Solution: The first term, —22° approaches infinity and the secomd term, —8z* approaches negative infinity.
This does not give us enough information about the entire polynomial. A limit like this is called an
indeterminate. We will bring this expression to a form that is not an indeterminate. In this case,
factoring out the first term does the trick.

In case of a polynomial, the limits at infinity and negative infinity are

completely determined by its leading term. Recall that the leading term is the highest degree term.

lim (—22° —82* +72° —10) = lim (—22°)

T—r—00 T—r—00

Here is the computation showing why this is true. We first factor out the entire leading term.

. . 4 7 5
Jim (2 st 10) =t (2 (14D e )
_ : 5 . 4 7 5
= lim (2207) - m (1+1:x2+;p5>
= lim (—2565) 1= lim (—2:55)
T——00 T——00

We can now easily determine that this limit is co. (See problem number 1.)

b) lim (—2z° —8z* + 723 — 10)

T—r00

Solution: In case of a polynomial, the limits at infinity and negative infinity are
completely determined by its leading term. Recall that the leading term is the highest degree term.

lim (—22° — 82 + 72* — 10) = lim (—22°)

T—00 T—00

Here is the computation showing why this is true. We first factor out the entire leading term.

4 7 5
: _ 9,5 _ g4 3 _ — 7 _970 Z _-
xllg)lo( 20° — 8z + Tz° — 10) Ilggo( 2a°) (14—3: 2x2+x5>
4 7 5
_ : _9.5) . 1; -
= lim (-22”) xlgg()(l-f-x 2x2+x5>

= lim (—2:65) -1 = lim (—2955)

T—00 T—00

We can now easily determine that this limit is —co. (See problem number 1.)

¢) lim (—22°+ 829)

T——00
Solution: In case of a polynomial, the limits at infinity and negative infinity are
completely determined by its leading term.

lim (—21:5—1—8:1:6) = lim 82% =0 because
T——00 T——00
. . . 1 . . 1
Jim (2227 +82%) =l (827 - 227) = N (87) (1‘4x> =, Jim_(827) - T (1‘43)
= lim (82%) 1= lim 8°
r——00 Tr—r—00

We can now easily determine that this limit is co. (See problem number 1.)
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d) lim (—2z°+ 8z9)

T—00

Solution: In case of a polynomial, the limits at infinity and negative infinity are
completely determined by its leading term.

lim (—2955 + 8956) = lim 82° =00 because
T—00 T—00
. . : 1 . . 1
i (27 ) = g (8 20%) = i () (1 ) = i () (1 )
= lim (81‘6) -1=o00
T—00

We can now easily determine that this limit is co. (See problem number 1.)

. Compute each of the following limits.
r+2% -6
a) lim —————— =
z——o0 6x + Hx? + 223
Solution: The numerator approaches infinity and the denominator approaches negative infinity. This does
not give us enough information about the quotient. A limit like this is called an indeterminate. We

will bring this expression to a form that is not an indeterminate. Let us rearrange the polynomials in the
rational function given. Then we will factor out the leading term in the numerator and denominator.

1 6
2
14 - 2
_ 22 +1—6 . v < +x x2>
xgr—noo 2$3+5$2+6$:$Er_noo ) 3
203 (1+ —+ =
2r  x2

We now express the limit of the product as the product of two limits

1 6 1 6
2(14 -2 14— —
x(Jr:E ZL‘2> 72 <+:17 z?

lim = lim lim

T——00 5 3 T—>—00 ﬁ . T——00 5 3
23 (14— 4+ = 1+ =+
2r  x2 2  x2

The first expression can be simplified and thus has a limit we can easily determine its limit. The second
expression, although looks unfriendly, is always going to approach 1.

<1+1 0
) z? ) r a2 . 1
kaoogxs'xﬁmoo< 5 3)—962“10023;'1—0'1—0

14 2 42
+2x+x2

The entire computation should look like this:

1 6 1 6

2
14+ —— - _
2> +x—6 v < T3 x2> , 2 1+x 22
2203 (14 — + 1+ -+
2¢ 22 2vr  x

= lm —-1=0-1=
T——00 2T
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2
b) fim o2 1
z—oo by + 222 -3 2
Solution: ~ Both numerator and denominator approach infinity. This does not give us enough information
about the quotient. A limit like this is called an indeterminate. We will bring this expression to a form
that is not an indeterminate. Let us rearrange the polynomials in the rational function given. Then we will
factor out the leading term in the numerator and denominator.

9
2 1 7 9
$2 + 9 . x ( + ,’132 ] .'1}'2 ] 1 + E
im ————— = lim = lim — - lim ——%———
z—00 222 + 5x — 3 x—)oo22 1 5 3 z—00 212 :L‘—)ool_i_i_ 3
T\t e % 222
9
14+ — 1 1
= lim - - lim 2 S 1=2
2¢  2x2
. 2 —9r+1
¢) lm —5————=-—
z——o00 312 — 2x — 15
Solution:
9 1
3 9 1
1- 2 4+ =
. 3 -9z +1 . x( :c2+:173> ) 3 _ 1_ﬁ+ﬁ
lim ———X—— = lim = lim — - lim
z——o00 312 — 22 — 15 T——00 2 5 To—00 312 zo—00 2 5
32 (1 ——— — l————
3r  z? 3z 22

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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