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Definition: The symbol log,b represents the number that if we write as an exponent of a, we
achieve b. This expression is only meaningful if both a and b are positive numbers and a # 1.

Every logarithmic statement can be re-written as an exponential statement.
log, b = x is the same as a” = b

Example: Find the value of log, 8.
log, 8 is a number, it is the exponent we need to write over 2 to obtain 8. In short, 2° = 8. The answer is
clearly 3, since 23 = 8.

log, 8 =3

Similarly, most exponential statements can be re-written as a logarithmic statement.
nY = M is the same as log, M =y

Some properties of logarithms follow immediately from its definition.
Theorem 1. log,a* =k

k

Proof. To achieve a”, we need to raise a exactly to the kth power. Or, using exponential notation,

if ©=1log,a®, then a®=0a*® — z=k

Sample Problems

1. Find the exact value of each of the following logarithmic expressions.
a) logs3 b) logy1 ¢) logs (215) d) logg3 e) logg (116) f) Ined
2. Simplify each of the following expressions. Assume that a > 0 and a # 1.
a) log, (@9) c) logy (16) e) logys (5) g) logio (10007)

b) log, (87) d) logy; (5%) f) In Q) h) In (1)

3. Place each of the following logarithms between two consecutive integers.

a) logs 60 b) log, 60 c) log;n2011
4. Solve each of the following equations for x. Present the exact value of each solution.
1
a) logsz =3 b) §log2(3p+1)— =2 ¢c) 3n(w—-4)-5=1

5. Prove that if log, b # 0, then log, b and log, a are reciprocals of each other.

1
6. What is the connection between log, b and log, <b> ?
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Practice Problems

1. Find the exact value of each of the following logarithmic expressions.

a) logg 32 g) logg4 m) logs (;) s) logg (i)
b) logs81 h) log;n0.000001
n) logs0 t) logy 8
c) log, 4 | 1
D g1 {2 0) logy (~3) w). logs2
085
1 j) logs9 p) logg3 V)) 110g81 3
il w) logg 16
e) logg (36) k) logs3 q) logy/39 i 1
f) logue 7 1) logsg1 r) log; (7%%) x) logyr <9>
2. Simplify each of the following expressions.
a) log; (81%) d) log, (87) ¢) log, (;) i) logis (V8)
e) logg(27) 1
b) log s (6" k) In ()
\/é( ) N 1 h) log;g00 (10M) ) Ve
0) In(¥e) ) loeva (5 i) log,» (87)
3. Place each of the following logarithms between two consecutive integers.
a) logy 10 c) logs10 e) log;n 38000 g) logs 100
h) 1 L
b) logs 10 d) logyy 2011 £) log, 100 ) logy | &
4. Re-write each of the following logarithmic statements as an exponential statement.
a) loggz =10 c) logs10 =1y e) logyB=C
b) InA=-2 d) log,y=14 f) In(z—-2)=5
5. Re-write each of the following exponential statements as a logarithmic statement.
a) AB=C b) 3% =8 c) 2075 =11 d) e =10
6. Solve each of the following equations for x. Present the exact value of each solution.
a) loggz =2 d) logy (5 —1) =2 o) gln(m_1>_1:5
b) logy (z —5) =3 e) logs (222 —5) =3
) logy (¢ —5) ) logs ( ) logs (4 1) 1
¢c) In(xz—1)=2 f) logig(z+2)=-2 h) =-1

3
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Sample Problems - Answers
1 4
1 ) - —C
a) b) 0 «¢) d) 5 e) 3 ) 8
T 1

a) 9 b) 3z c) 4a d) 18 e) 5 f) —3 g) 3x h) —1
.a) 3<logg60 <4 b) 5 < logy 60 < 6 c) 3 <log;p2011 <4
.a) 125 b) 21 c) e2+4
. see solutions
. see solutions

Practice Problems - Answers
1 2 .
a) b b) 4 c) 1 d) 0 e) —2 f) 3 g) 3 h) —6 i) —2 j) 2
1
k) 1 1) 0 m) —1 n) undefined 0) undefined p) B q) —2 r) 23
2 1 1 4 2
1 T z M . ) 3 1

a) 44 b) 20 «¢) 3 d) 3z e 3 f) -6 g —3 h) 3 i) =3z ) ~3 k) —%

.a) 3<logy10<4 b) 1<logs10<2 c) 2<logz10<3 d) 3 <log2010 < 4

1
e) 4<log;p38000<5 f) 6<logy100<7 g) 4 <logz100 <5 h) —3 < log, (6) <=2

ca) 30=z2 b)e?2=A4 ¢ =10 d) at=y e) A°=B f) &=2-2
.a) logyC =B b) = =logz8 c) t—5=1logy1l d) z=1In10

24
.a) 9 b)) 13 ¢ e2+1  d) 10 e) 4,-4 ) —1.99 g) & +1 h) ~%F
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Sample Problems - Solutions

1. Find the exact value of each of the following logarithmic expressions.
a) logs3

Solution: logs3 is a number, it is the exponent we need to write over 3 to obtain 3.
In short, 3" =3. The answer is clearly 1, since 3' = 3.

logz3 =1
b) log, 1

Solution: log, 1 is a number, it is the exponent we need to write over 4 to obtain 1.
In short, 4° = 1. The answer is clearly 0, since 4% = 1.

c) logs (215>

log41 =0

25

1 1
Solution: logs <> is a number, it is the exponent we need to write over 5 to obtain %

, 1 i . o 1
In short, 5° = 95 The answer is clearly —2, since 57° = 95

logs (= ) = —2
085 {55 | =
d) logg3

Solution: logg3 is a number, it is the exponent we need to write over 9 to obtain 3.

In short, 9° = 3. We know that 3 is the square root of 9. We re-write this statement as an exponential

statement

e ()

1 1
Solution: logg < ), it is the exponent we need to write over 8 to obtain 6

1
3=+9=9"2 and so 10g93:§

16
1
In short, 8 = —. It looks like we have a problem here, 6 is not a straightforward power of 8.
is to realize that they are both powers of 2, and express 2 first as a power of 8.
1
873 = 2 and we also know that 6= 24
1
lan: 8 2 —
our plan — — g
g1/3 = 2 raise both sides to the power of —4
1/3) % 4
<8 /3) = 27 recall that (a™)™ = a™"
_ 1 1 4
g3 = 6 and so logg (16) =-3

f) Ined

The trick

Solution: In is short for log,. So the question is log, (68). In order to obtain the product e®, we will need
eigth factors of e. This Ine® = 8. (If this problem is confusing because of the unusual number e, try to

argue why logs (3%°) must be 25.)
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2. Simplify each of the following expressions. Assume that ¢ > 0 and a # 1.
a) log, (ag)

Solution: In order to obtain the product a”, we will need nine factors of a.

b) log, (87)
Solution: In order to simplify this expression, we will use the fact that log, (2”) = b. The problem is that

the base of the logarithm does not match the base of the exponentiation. We will change the base of the
exponentiation by re-writing 8 as a 2—power. Clearly, 2% = 8.

log, (8%) = log, ((23)36) = log, (231) =3z
Note that we used the following rule of exponents:

(an)m — anm

when we re-wrote 8% as 23%.

) log, (16%)

Solution: In order to simplify this expression, we will use the fact that log, (2b) =b. The problem is that
the base of the logarithm does not match the base of the exponentiation. We will change the base of the
exponentiation by re-writing 16 as a 2—power. Clearly, 2¢ = 16.

log, (16%) = log, ((24)a) = log, (24“) =4a

m

Note that we used the rule of exponents (™) = a™™ when we re-wrote 16 as 24

d) logys (536)

Solution: In order to simplify this expression, we will use the fact that logs (5b) =b. The problem is that
the base of the logarithm does not match the base of the exponentiation. We will change the base of the
exponentiation by re-writing 5 as a 25—power. Clearly, 52 = 25, but that is not what we need. We need

25" = 5. That missing exponent is 2 in other words, 25Y/2 =75

logys (536) = logys (((25)1/2) 36> = logys (251/2'36) = logy; (2518) =18

m

Note that we used the rule of exponents (a™)” = a™™ when we re-wrote 53¢ as 25'8.

e) logys (57)

Solution: In order to simplify this expression, we will use the fact that logs (5”) =b. The problem is that
the base of the logarithm does not match the base of the exponentiation. We will change the base of the
exponentiation by re-writing 5 as a 25—power. Clearly, 52 = 25, but that is not what we need. We need

257 = 5. That missing exponent is 3 in other words, 25Y/2 =75

logas (57) = logas (((25)"/7)") = logas (25/27) = logas (257%) = 5

Note that we used the rule of exponents ()™ = ™ when we re-wrote 5% as 25%/2.
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£) In <\}6)

Solution: recall that Inz is short for log,  (although nobody writes it that way) and so

In <\}é> —In (6—1/2) - —%

by the same rule, log, (a’) = b.

g) logyo (10007)
Solution: log, (1000%) = logy, ((10%)%) = logy (10%%) = 3z

1
h) h]. <6>
) 1 _1
Solution: In{ = ) =1n (e ) =1
e

3. Place each of the following logarithms between two consecutive integers.
a) logs 60
Solution: We need to place 60 between two consecutive three-powers. Those are 27 and 81. Since 60 is
between 27 and 81, log; 60 is between 3 and 4.
21<60<81 = 3<60<3" = 3<log;60<4

b) 10g2 60
Solution: We need to place 60 between two consecutive two-powers. Those are 32 and 64. Since 60 is

between 32 and 64, log, 60 is between 5 and 6.

32 < 60<64
25 < 60 <2°
5 < logy60 <6

c) logyn2011

Solution: We need to place 2011 between two consecutive ten-powers. Those are 1000 and 10000. Since
2011 is between 1000 and 10000, log;q 2011 is between 3 and 4.

1000 < 2011 < 10000
102 < 2011 < 104
3 < loglo 2011 < 4

4. Solve each of the following equations for z. Present the exact value of each solution.
a) logsz =3

Solution: We re-write the logarithmic statement as an exponential statement.

logsx =
5 =
125 =

We check: logs 125 = 3 is indeed true.
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1
b) 510g2(3p+1)—1:2

Solution: We first isolate the logarithmic expression. Then we re-write the logarithmic statement as an
exponential statement, and solve for p.

%logQ Bp+1)—1 = 2 add 1
%log2 Bp+1) = 3 multiply by 2
logo(3p+1) = 6 re-write into an exponential statement
3p+1 = 2°
3p+1 = 64 subtract 1
3p = 63 divide by 3
p = 21

We check: if p = 21, then

1 1 1
LHS = S logy (3-21+1) — 1= jlogy (63 +1) — 1= 7 (logy64) —1= -6~ 1=3-1=2=RHS

N =

c) 3n(w—4)-5=1

Solution: We first isolate the logarithmic expression. Then we re-write the logarithmic statement as an
exponential statement, and solve for w.

3ln(w—-4)—-5 = 1 add 5
3In(w—4) = 6 divide by 3
In(w—4) = 2 re-write into an exponential statement
w—4 = €2 add 4
w = 244

We check: if w = e? 4 4, then

LHS=3In((e*+4) —4) —5=3In(e*) —5=3-2—5=1=RHS

5. Claim: If log, b # 0, then log, b and log, a are reciprocals of each other.
Proof. Let z =log,b Then the statement can be re-written as a® = b.

x = log,b
1
a® = b raise both sides to the power of —
x
(az)l/x _ bl/z (az)l/ac _ ax-% _ al —a
1
a /e same as = log, a
1
— = logya
x
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6. log, b and log, , ) are opposites of each other.
Proof. Let z =log,b Then the statement can be re-written as a® = b.
x log, b
a® = b raise both sides to the power of — 1
(ax)fl p1 (az)fl _ ax-(fl) —aq®

at = L same as z=1lo L
b — %%

1

—x = log, 5

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. FE-mail

questions or comments to mhidegkutiQ@ccc.edu.
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