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Sample Problems

Prove each of the following statements by induction.

1. For all natural numbers n,

1
a) 1—|—2+3+...—|—n:n(n2+).

1 (2n+1
M]?+?+§+“Am2:nm+1§n+).

n? (n+1)>
—

c) 134234334+ .. 4+nd=

LS SRS SRS SR [
1-2 23 34 7 nan+l) n+l

2. For all natural numbers n,

3. For all natural numbers n, 1-242-224+3-234+4.24+ .. +n-2"=2(1+ (n—1)2").
4. For all natural numbers n > 5, 27 > n?.
5. Prove that for all natural number n, 10™ can be written as a sum of two perfect squares.

6. Recall (F},) is the Fibonacci sequence, defined as
=1, Fo=1, and Foyo=F,+ Fr11

Prove each of the following statements for all natural numbers n.
a) i+ Fo+F35+ ... +F,=F,0—1

b) FI4+Fi+F;+ .. +F2=F,Fo

¢) Fl4+F+ ...d Fop_y = Fyy
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Sample Problems - Solutions

1. a) For all natural numbers n, 14+2+3+...+n= n(nZ+1)

Proof:

Part 1: We check for the first few values of n.

If n =1, then

LHS=1=1 and RHS:1(12+1):§:1
If n =2, then
LHS=1+2=3 and RHS:2(22+1):S:3
If n = 3, then
LHS=1+4+2+3=6 and RHS:?’(?’;—U:12226

So the statement is true for n = 1,2 and 3.

Part 2. Suppose that k is a positive integer for which

k(k+1)
2

Let us add k£ + 1 to both sides. The left-hand side becomes

1+24+3+...+k= This is the inductional hypotheses

14243+ +k+(k+1)

and the right hand side becomes

RHS = W+(k+1)=k(k;l)+2(’“;1) :k(’f“);r?(kﬂ)

kK2 +k+2k+2 k*+3k+2 (k+1)(k+2) (k+1)((k+1)+1)

2 2 2 2

So we have proved that for all positive integers k, if

k(k+1)

1+2+3+...+k= is true

then
(k+1D)((k+1)+1)

2

14243+ +k+(k+1)=

which completes our proof.
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1)(2n+1
b) For all natural numbers n, 12+22+32+...—i-712:n(n+ ) (2n + )

6

Proof:

Part 1: We check for the first few values of n.

If n =1, then

1(1+1)(2-1+1
LHS=12=1 and RHS = +UF )é i )=2=1
If n =2, then
LHS=12422=5 and RHS:2(2+1)é2'2+1):360:5

If n = 3, then

33 +1)(-3+1) 84 _

LHS=12+22+32=14 and RHS = c c

So the statement is true for n = 1,2 and 3.

Part 2. Suppose that k is a positive integer for which

k(k+1)(2k + 1)

124224324+ .+ = This is the inductional hypotheses

Let us add (k + 1) to both sides. The left-hand side becomes
124224324 L+ B2+ (k+1)°
and the right hand side becomes

k(k+1)(2k+1)+ sz(k+1)(2k+1)+6(k+1)2

RHS = k41
1
We factor out +
E(k+1)2k+1) 6(k+1)2% k+1
rus — Pk )6( b 8 g) - g (k (2% + 1) + 6 (k + 1))
E+1 E+1
_ %(2k2+k+6k+6):%(2k2+7k+6)

and so happens 2k% + 7k + 6 factors as (k + 2) (2k + 3). So we have

RHS = %(%H?HG) :%(Hz)(zkw): (“1)(’“22)@“3)
R+ D ((k+1)+1)2k+1)+1)

6

So we have proved that for all positive integers k, if

k(k+1)(2k+1
L I S AU )2k +1)

then

o (B+D((k+1)+ 1) 2(k+1)+1)

PP+22 432+ 42+ (k+1) 5

which completes our proof.
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n? (n+1)>
c¢) For all natural numbers n, 13 +23+3%+ ... +n = —
Proof:
Part 1: We check for the first few values of n.
If n =1, then
12(1+1)2 4
LHS—1° =1 and RHS— U FD°_4
4 4
If n =2, then
2(2+1)% 36
LHS =154+ 2% =9 amiRHS:(4+>:4_:9
If n = 3, then

32(3+1)* 144
LHS=1%+2%+3%=36 and RHS:<2—;)=4:36

So the statement is true for n = 1,2 and 3.

Part 2. Suppose that k is a positive integer for which

k2 (k+1)°

P+224+3 4+ +k= 1

This is the inductional hypotheses
Let us add (k +1)® to both sides. The left-hand side becomes
P+ 4+3 4+ 4B+ k+1)°

and the right hand side becomes

RHS = W + (k+ 1)3 = K (k4+ 1>2 + 1 (ki_ 1)3 factor out b —Z 1)2
- (kzl)Q (K +4(k+1) = (k +1)° (K +4k +4) = (kZN (k+2)*= (k+1)° (Z+1+1)2
So we have proved that for all positive integers k, if
PB4+ 434+ +k3= M is true

4

then
s _ (k+ D ((k+1)+1)°

B+ 43+ +k+(k+1) 0

which completes our proof.
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9. For all natural numb S n
. or a. a a ers = .
Tl At b 1, 9 T3 T3 nn+1) n+l
Proof: Induction on n.
Part 1. If n =1, then
11 1 1
S=13573 ad RHS=-7— =72
If n =2, then
1 1 1 1 2 2 2
S=12t33 3tg—3 ad RIS=g5—7=3

Part 2. Suppose that &k is a natural number such that

1 1 1 1 k
= Induction hypothesi
1.2—&-2'34-3'44- +l<;(k:+1) 1 (Induction hypothesis)
We will add ! L to both sid
e will a = o both sides.
(k+1)(k+1+1) (k+1)(k+2)
L S D S 1 L 1
1-2 23 34 7 k(k+1) Kk+D(E+2) kE+1 (E+1)(k+2)

Let us simplify the right hand side

k 1  E(k+2) 1 C k(k+2)+1
il GrD(R12)  rDGE+2)  rDGE+2) GeD(k12)
+2k+1  (k+1)° k+1

k+1)(k+2) (k+1)(k+2) k+2

Thus we have that from the induction hypotheses

1 N 1 N 1 - 1k
1.2 23 34 7 k(k+1) k+1
the statement
1 N 1 L 1 k41
1-2 23 34 7 (k+1)(k+2) k+2

follows. This completes our proof.

3. For all natural numbers n, 1-242-224+3-23+4-20+ .. +n-2"=2(1+ (n—1)2").
Proof:
Part 1. If n =1, then

LHS=1-2=2 and RHS=2(1+(1-1)2")=2-1=2

If n = 2, then
LHS=1-2+2-22=10 and RHS=2(1+(2-1)2%) =2-5=10

Part 2. Suppose that &k is a natural number such that
1242224328 44-20 4.+ k-2 =2 (1 +(k—1) 2’“) (Induction hypothesis)

Let us add (k + 1) 25! to both sides. The left-hand side becomes

LHS=1-242-224+3-254+4-2 4+ ..+ k- 28 4 (k4 1)2F!
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and the right-hand side becomes

RHS

2(1+ (k=1)2") + (k412 =2 (14 (k= 1)2") + (k+1)2°-2  factor out 2
— 2(1+(k—1)2k+(k+1)2k) :2(1+k2k—2k+k2’f+2k)=

2 (1 n 2k2k) —9 (1 n /~c2k+1)

which completes our proof.

4. For all natural numbers n > 5, 2" > n?

Note: this is a very interesting example illustrating how induction works, how we need both parts to work
together to form a logically sound proof. The statement seems to be true immediately at n = 1 but then
surprisingly, it will be false for a few values of n.

Proof:
Part 1. If n =1, then

LHS=2'=2 and RHS=1?=1and 2>1 istrue

If n = 2, then
LHS=22=4 and RHS=22=4and 4 >4 is false!
If n = 3, then
LHS=2=8 and RHS=32=9and 8>9 is false!
If n =4, then
LHS=2*=16 and RHS =42=16 and 16 > 16 is false!
If n =5, then
LHS=2°=32 and RHS =5%=25and 32> 25 is true
If n =6, then

LHS =26 =64 and RHS =62 =36 and 64 > 36 is true

At this point we have a sense that the statement will stay true because the left-hand side doubles when we
go from k to k + 1 while the right-hand side just increases from k2 to (k + 1)2. The proof in part 2 will
formalize this idea, that between the two types of growth, doubling is much ’faster’.

All we need to show is that moving from k2 to (k + 1)2 is a smaller increment than doubling. In short, that

(k+1)* < 2k?
BP+2k+1 < 2K subtract k2
2k+1 < k?

This should be easy to prove for most positive integers. We can either solve the quadratic inequality or be
a little bit sloppy or generous and say that if k is greater than 1, then

1 < k add 2k
2k+1 < 2k+k
2k+1 < 3k

and if k is greater than 3, then

3 < k multiply by £ >0
3k < K
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In short, if & > 3, then 2k + 1 < 3k < k? and so

2%k +1 < k2 add k2 to both sides
BP+2k+1 < 2k
(k+1)?2 < 2k

This will be the core of the proof in part 2.

Part 2. Suppose that &k is a natural number such that
28 > k?  (Induction hypothesis)
Let us multiply both sides by 2. The left-hand side becomes
LHS = 2. 28 = 2k*!

and the right-hand side becomes

RHS = 2k?
So we have
ok > 2
2k+1 > 2]'{?2
If k> 3, then

P> ok = K2 4 2 > B2 43k > K2+ 2k + 1= (k+1)°
and so we have that if 28 > k2 is true AND k > 3, then 251 > (k4 1)%

So we could easily prove the 'inheritance’ property for all integers greater than 3 but the statement itself is
NOT true for n = 3. Both components of the proof work together starting at n = 5.

statement | inheritance to the next number
n=1| true false
n =2 | false false
n =3 | false true (but we didn’t prove it)
n =4 | false true
n=2>5 | true true

This table illustrates why induction only works here for n > 5.

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail
questions or comments to mhidegkutiQccc.edu.
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