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Sample Problems

1. Find the value of m so that the quadratic equation z2> — 8z + 6m = 2 has exactly one solution for x.

2. Consider the equation 22 4 2max 4 46 = 10z 4+ 6m. Find all values of m for which the equation has exactly one real
solution for z.

3. Find an equation of the tangent line drawn to the graph of y = 22 — 9z 4+ 7 with slope —3.

1
4. Find an equation of the tangent line(s) drawn to the graph of y = 53:2 + 3z + 3 from the point (0, 1).

1
5. Find an equation for all tangent lines drawn to the graph of f (z) = 53:2 — 62 + 30 from the point (7, 8).

6. Find an equation for all tangent lines drawn to the graph of y = 22 — 10z + 16 from the point (7, —14).
Practice Problems

1. Find the value of p so that the quadratic equation 2% + 10z 4+ 3p — 8 = 0 has exactly one solution for x.

2. Consider the parametric equation 22 — 6x + 49 = 2ax + 12a. Find all values of a for which the equation has one real
solution for z.

3. Find an equation of the tangent line drawn to the graph of y = 22 — 17z + 59 with slope —3.
4. In each case, find an equation for all tangent lines drawn to the given graph from the point given.

1
a) y =22 — 8z + 3 from P (0, —6) c) y= §:z2—|—3x—11 from P (2, —5)

b) f(x) =Tz — %Z'Z — 20 from P (4,8) d) f(x)= %xQ —xz+2 from P (3,—1)
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Sample Problems - Answers

1. 3 2.7,-3 3. y=-3xr—2 4. y=z+1 andy=5x+1 5 y=4r—20 and y=—2x+22

6. y=—2x and y = 10x — 84

Practice Problems — Answers

1. 11 2. =20, 2 3. y=-3z+10

4. a) y=—2x—6 and y=—142 -6 by y=—2+4+12 and y=Tx—20 ¢) y=3z—11,y=T7Tx—19
d)y=—-z+2 and y=5x—16

Sample Problems — Solutions

1. Find the value of m so that the quadratic equation 2> — 8 + 6m = 2 has exactly one solution for .

Solution: This equation is quadratic in x. To solve, we reduce one side to zero and write the quadratic expression as a
polynomial in 2, where each coefficient is a polynomial in m.
22 — 8z +6m =
22 -8z +6m—2 =

Recall that the quadratic equation ax? + bx + ¢ = 0 with a # 0 has exactly one real solution if its discriminant, b — 4ac
is zero. The coefficients of this equation are

a=1, b=-8, and ¢ =6m — 2
We will obtain an equation in m by stating that the discriminant is zero.

b* —dac = 0
(=8)* —4(1)(6m —2) = 0
This is a linear equation that we can easily solve for m.

64 —-24m+8 = 0
72 = 24dm

3 = m

2. Consider the equation 22 4 2ma 4 46 = 10z 4+ 6m. Find all values of m for which the equation has exactly one real
solution for z.

Solution: We reduce one side to zero and express the other side as a polynomial in z., where each coefficient is expressed
as a polynomial in m.

22+ 2mx+46 = 10z + 6m
224+ 2mx — 10z +46—6m = 0
22+ (2m —10)z 4+ (—6m +46) = 0
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This equation has coefficients a = 1,
that the discriminant is zero.

(2m — 10)% — 4 (1) (—6m + 46)

We now solve the quadratic equation for m.

b =2m — 10, and ¢ = —6m + 46. We will obtain an equation in m by stating

b? — dac

(2m —10)> —4(1) (—=6m +46) = 0  divide by 4
(m—5)% — (—6m+46) = 0
m?—10m+25+6m—46 = 0
m?—4m—-21 = 0
(m—=T)(m+3) = 0 = mi=7 mg=-3
Thus the equaton will have one solution when m is 7 or —3.
We can check: if m = 7, then
22 +2mx+46 = 10z +6m and m =17
242N ax+46 = 10z +6(7)
22+ 14z +46 = 10z + 42
P 4d4r+4 = 0
(x+2? = 0 = z=-2
and if m = —3, then
22 +2mx+46 = 10z +6m and m = —3
2?2 +2(-3)x+46 = 10z +6(-3)
22 —6x+46 = 10z —18
22— 16z +64 = 0
(z2—8)?% = 0 = x=38

3. Find an equation of the tangent line drawn to the graph of y = 22 — 9z 4+ 7 with slope —3.
Solution: We are looking for the equation of a line with slope —3. Its slope-intercept form is then y = —3x + p.
We need to find the value of p. The coordinates of all intersection points of the line y = —3z + p and the parabola
y = 2% — 9x + 7 are solutions of the system
y=-—-3x+p
{ y=a>—-9z+7

If we were to solve this solution, we would use substitution and obtained the equation

2 —9z4+7 = —3z+p
2 —6zx+7—p = 0
The coefficients in this equation are ¢ = 1, b = —6, and ¢ = —p + 7. A quadratic equation has exactly one solution if

the discriminant is zero. By stating this, we will obtain an equation in p.

b —dac = 0
(=6)* —4(1) (~p+T7) = 0
36+4p—28 = 0

4p = -8

p = —2

Thus the tangent line is y = —3x — 2.
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1
4. Find an equation of the tangent line(s) drawn to the graph of y = §x2 + 3z + 3 from the point (0, 1).

Solution: We are looking for the equation of a line. Specifically, we will find its slope-intercept form, y = mx + k.
Thus, we need to find the values of m and k. Clearly, k = 1 since the point given is the y—intercept.

= mx+k (0,1) ison theline
1 = m(0)+k
1 = k = y=mzxr+1

Thus our tangent line is y = ma + 1. This equation represents all non-vertical lines passing through (0,1). We will
obtain the value(s) of m using the fact that it must be a tangent line. The common points of the line and the parabola have
coordinates that are solution of the system

{ y=mz+1

1
y:§x2+3x+3

If we use substitution to solve the system, we obtain the equation

1
m$+1:§x2+3x+3

Once we solve this quadratic equation, we will have the x—coordinates of all intersection points. Our line is a tangent
line if this quadratic equation has exactly one solution.

1
mxr+1 = §x2+3x+3
L o
0 = 5% —mx +3r+ 2
L o
0 = 2% +(—m+3)z+2
1
a=3, b=—-—m+3, and c=2
A quadratic equation has ecatly one solution if the discriminant is zero. This will give us an equation for m.
b’ —dac = 0
1
(—m+3)2—4<2> 2 = 0
(m — 3)2 -4 =0 factor via difference of squares theorem
(m—-3+2)(m—-3-2) =
(m—1)(m—=5) = 0 = mi=1 mg=5
Thus the two tangent lines drawn from (0, 1) to the graph Y

14

1
ofy:§x2+3x+3arey:a:+1 and y = 5z + 1.

iz

10
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1
5. Find an equation for all tangent lines drawn to the graph of f (z) = §$2 — 62 + 30 from the point (7, 8).

Solution: We start with the equation of all (except vertical) lines passing through (7, 8). These lines can all be expressed
using the slope-point form and then solving for y.

y—8=m(zx—71) = y=mx—Tm+38
Now the points of intersection between the parabola and line can be found by solving the system

y=mx—"Tm-+8
1
y:§$2—6$+30

We want to find m so that this system has exactly one solution. We ’pretend’ that we know the value of m and compute
for the points of intersection. Using substitution, we obtain the following quadratic equation.

1
5g;2—693+30:m—7m+8
We reduce one side to zero and arrange the terms as a polynomial in x, where each coefficient is a polynomial in m.
L 5
5% —6x+30 = mz—Tm+38
1
§m2—6m+30—mm+7m—8 =0

1
—2? 4 (-m—6)z+Tm+22 = 0

2
1
a=g, b=(—m—6), and c=Tm+ 22
A quadratic equation has exactly one solution if its discriminant is zero.
b —dac = 0
1
(—m —6)*—4 <2) (Tm+22) = 0
(—m—6)>—2(Tm+22) = 0
m?+12m +36 —14m —44 = 0
m?—2m—8 = 0
(m—4)(m+2) = 0 = m=4 mg=-2
Thus the two tangent lines are y — 8 = 4(x —7) and v o)

y—8 = —2(x — 7). We can simplify these equations to get
the slope intercept forms, y = 4z — 20 and y = —2x + 22.

257

207
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6. Find an equation for all tangent lines drawn to the graph of y = 22 — 10z + 16 from the point (7, —14).
Solution: We start with the equation of all (except vertical) lines passing through (7, —14). These lines can all be
expressed using the slope-point form and then solving for .

y+1ld=m(@z—-7 = y=mz—Tm—-14
Now the points of intersection between the parabola and line can be found by solving the system

y=mzx—Tm— 14
y =x? — 10z + 16

We want to find m so that the system has exactly one solution. The x—coordinate of all points of intersection is a solution
of the equation

22— 10z +16 = ma—Tm—14
22 —10z+16—mz+7Tm+14 = 0
2 =10z —mz+7Tm+30 = 0
224+ (-m—-100z+Tm+30 = 0 = a=1,b=—-m—10, ¢c=Tm+ 30

A quadratic equation has exactly one real solution if its discriminant is zero.

b2 — dac =

(—m —10)% — 4 (1) (7m + 30)
m? + 20m + 100 — 28m — 120
m? — 8m — 20

(m+2) (m — 10)

o O O o O

— mp1=-2 mg=10
We substitute these values into the equaltion of the line y + 14 = m (x — 7) to get the two equations
y+14=-2(zx—-7) and y+14=10(x—7)
We can bring these to the slope intercept form and get
y = —2x (green graph) and y = 10x — 84 (blue graph)

iz

10
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For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail questions or
comments to mhidegkuti@ccc.edu.
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