Lecture Notes

Inverse Trigonometric Expressions page 1

1. Simplify each of the following. Use exact values, and present angles in radians.

s oo ()

b) cos™ <_;> d) sin™!(0)
c) tan~! (_\/3)

f) sin™!(-1)

e) cos~1(0) g) tan~!(1)

2. Simplify each of the following. Use exact values, and present angles in radians.

) cost (cos (£))
) o on(-3)

om
~1
c) cos (cos 6)

o o (o ()

6
i) sin~! <sin <327r>)

3. Simplify each of the following. Use exact values, and present angles in radians.

0 o (7))
b e on ()

o ot (s ()

0 et (0 ()

e) cos~! (sin (37))

(o ()

4. Find the exact value of each of the follwing.

o o (1))
(et ()

o ()

d) cos (tan™' (2))

5. Simplify each of the follwing.

a) cos (sin”!x)

b) tan (sin~!z)

¢) tan (cos™' z) d) cos (tan"!z)

6. Compute the exact value for each of the following.

a) sin <2 sin~! <

b) cos< 1
c) tan (2 tan~!

d) sin <2 cos ™1
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Sample Problems - Solutions

1. Simplify each of the following. Use exact values, and present angles in radians.

oo (3)

1
Solution: We first solve the equation cosz = —. The solution is z = 4+ + 2km where k € Z. The value

NG 1
1

1
of cos™! <) is the unique value that falls between 0 and 7 - [0, 7] is the range of f (z) = cos™" z.

V2
1
This value is % Thus cos™? <) T

)1
b) cos~! <—;)

1 2
Solution: We first solve the equation cosz = —5 The solution is z = ig + 2km where k € Z. The value

1
of cos™! (—2) is the unique value that falls between 0 and 7 - [0, 7] is the range of f (z) = cos™! z.

2 1
This value is g Thus cos™! <—>

2
c) tan—! (—\/g)

Solution: We first solve the equation tanz = —v/3. The solution is = T + km where k € Z. The value

_27r

3

of tan™! (—v/3) is the unique value that falls between —g and g - (—g, g) is the range of f (z) = tan~! .
This value is —g. Thus tan—1 (—\/3) = —E.

3
d) sin™!(0)
Solution: We first solve the equation sinz = 0. The solution is & = kx where k € Z. The value of sin™! 0
is the unique value that falls between —g and g - [—g, g} is the range of f () =sin~'z. This value is 0.

Thus sin~! 0 = 0.
e) cos 1 (0)
Solution: We first solve the equation cosxz = 0. The solution is x = g + km where k € Z. The value of

cos~ 10 is the unique value that falls between 0 and 7 - [0, 7] is the range of f (z) = cos™*z. This value is

g. Thus cos™10 = g

f) sin™1(—1)

Solution: We first solve the equation sinxz = —1. The solution is z = gl + 2km where k € Z. The value of
sin~! (—1) is the unique value that falls between —g and g - [—g, g} is the range of f (z) = sin~! .

This value is —g. Thus sin™! (=1) = —g.

g) tan~' (1)

Solution: We first solve the equation tanz = 1. The solution is x = il + km where k € Z. The value of

tan~! (1) is the unique value that falls between —g and g - (—g, g) is the range of f (z) = tan~—!x.
This value is % Thus tan~! (1) = %
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2. Simplify each of the following. Use exact values, and present angles in radians.
a) cos! <cos E)
6

. . ™ . . . .
Solution: Our first guess might be — because we are composing a function and its inverse. ~However,

the identity f~!(f (z)) = z is necessarily true only if f is one-to-one. The function f(x) = cosz is not

V3

one-to-one, so f~!(f(z)) = x may not be true.  In this case, it will work. First, cos% =5 So,
cos~! (cos E) = cos~! ﬁ
6 2 )
3
As in the previous problem, we solve cosz = —. The solution is z = :i:% + 2km where k € Z. The value

of cos™! (?) is the unique value that falls between 0 and 7 - [0, 7] is the range of f (z) = cos™ ! z.

3
This value is % Thus cos™ ! (cos %) = cos ! <\[> = E.

2
b) cos! (cos (—%))

. . ™ . . .
Solution: Our first guess might be ~% because we are composing a function and its inverse. However,

the identity f~!(f (x)) = z is necessarily true only if f is one-to-one. The function f(x) = cosz is not
one-to-one, so ! (f(x)) = x may not be true. As we will see, in this case, it will NOT work. First,

o () = 5 s e () =0 ()

We solve cosx = \éﬁ The solution is z = i% + 2km where k € Z. The value of cos™! (?) is the unique

value that falls between 0 and 7 - [0, 7] is the range of f (z) = cos™! .

This value is % Thus cos™ ! (cos (—%)) = cos ! (ﬁ> = %

2
)
c) cos™? <cos g)

o
Solution: Our first guess might be 3 because we are composing a function and its inverse. However, the
identity f=! (f (x)) = x is necessarily true only if f is one-to-one. The function f (z) = cosz is not one-to-

577) V3

one, so f~!(f(x)) = x may not be true. As we will see, in this case, it will work. First, cos <

6

We solve cosx = —\ég. The solution is z = j:%r + 2km where k € Z. The value of cos™! (—?) is the

5

unique value that falls between 0 and 7 - [0, 7] is the range of f (z) = cos™! x.

This value is 5% Thus cos™! <cos <5g>> = cos ! <—\é§> = 5%
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o o (s ()

: . 3 . . o
Solution: Our first guess might be > because we are composing a function and its inverse. However,

the identity f~!(f (z)) = z is necessarily true only if f is one-to-one. The function f(x) = cosz is not
one-to-one, so f~!(f(x)) = x may not be true. As we will see, in this case, it will NOT work. First,

cos (327T) =0. So, cos™! (cos (3277>> =cos~10.

We solve the equation cosx = 0. The solution is z = g—l— km where k € Z. The value of cos™! 0 is the unique

value that falls between 0 and 7 - [0, 7] is the range of f (z) = cos™!x. This value is g Thus cos 10 = ~..

2
3
Thus cos™! <cos <27r>> =cos 1 (0) = g

e) cos!(cos3m)

Solution: Our first guess might be 37 because we are composing a function and its inverse. However,
the identity f~!(f (z)) = z is necessarily true only if f is one-to-one. The function f(x) = cosz is not
one-to-one, so f~!(f(z)) = z may not be true. As we will see, in this case, it will NOT work. First,
cos (3m) = —1. So, cos™! (cos (37)) = cos™! (—1).

We solve the equation cosz = —1. The solution is x = 7 + 2km where k € Z. The value of cos™! (—1) is

the unique value that falls between 0 and 7 - [0, 7] is the range of f (¥) = cos™*z. This value is 7. Thus

cos™1 (=1) = 7m.. Thus cos™ ! (cos (37)) = cos™ ! (~1) = 7.

f) sin~! (Sin (I))
6
™
Solution:  Our first guess might be 5 because we are composing a function and its inverse. ~However,

the identity f~!(f (z)) = z is necessarily true only if f is one-to-one. The function f(z) = sinz is not

1
one-to-one, so f~!(f(x)) = x may not be true.  In this case, it will work. First, sin (E) = —. So,

6 2
1
sin~! (sin %) = gin! <2>

1 5
We solve the equation sinz = 3 The solution is x = % + 2km or x = % + 2km where k € Z. The value of

1
sin~! <2> is the unique value that falls between —% and % - [—g, g} is the range of f (z) = sin™! 2.

1
This value is z. Thus sin~! (sin I) =gin (=)= E.
6 6 2 6

o st (n ()

T
Solution: Our first guess might be ~% because we are composing a function and its inverse. However,
the identity f~!(f (z)) = z is necessarily true only if f is one-to-one. The function f(x) = sinz is not

1
one-to-one, so f~!(f(x)) = z may not be true. In this case, it will work. First, sin <—%) = ——. So,

sin~1 (sin (—%)) = sin"! (—i) 2

1
We solve the equation sinx = —5 The solution is z = —% +2kmorx = —5% + 2km where k € Z. The value

1
of sin~! <—2> is the unique value that falls between —g and g - [—g, g} is the range of f (z) = sin~! z.
1
This value is —%. Thus sin~! (sin (—%)) =sin~! (—2> = —g.

(© Hidegkuti, Powell, 2010 Last revised: April 29, 2015



Lecture Notes Inverse Trigonometric Expressions page 6

o
h -1 .97
) sin <s1n 6>

: . oT . . o
Solution: Our first guess might be 5 because we are composing a function and its inverse. However,

the identity f~'(f (z)) = x is necessarily true only if f is one-to-one. The function f (z) = sinz is not

) 1
one-to-one, so f~1(f (x)) = z may not be true. In this case, it will NOT work. First, sin <(;T> = —. So,

2
5 1
sin~! <sin g) = gin~ ! (2)

1
We solve the equation sinx = 3 The solution is z = % + 2km or x = 5% + 2km where k € Z. The value of

[—E E} is the range of f (z) = sin~! .

1
sin~! <> is the unique value that falls between 7% and - 579

2
5 1
This value is % Thus sin~! <sin g) =gin~! <2> =

i) sin~! (sin <327r>)

3
Solution: Our first guess might be - because we are composing a function and its inverse. However,

T
-

the identity f~!(f (z)) = x is necessarily true only if f is one-to-one. The function f(x) = sinz is not

one-to-one, so f~!(f(x)) = x may not be true. In this case, it will NOT work. First, sin 37% = —1.
So, sin™* (sin 327r> =sin~1 (—1).

We solve the equation sinz = —1. The solution is x = ~Z 4 2kr where k € Z. The value of sin™! (—1) is
the unique value that falls between ~ T and g - [—g, g} is the range of f (z) = sin~! .

This value is —g. Thus sin~! (sin 3;) =sin~!(-1) = —g.

j) sin~! (sin (37))

Solution: Our first guess might be 37 because we are composing a function and its inverse. However,
the identity f~!(f(z)) = = is necessarily true only if f is one-to-one. The function f (z) = sinz is not
one-to-one, so ! (f(z)) = x may not be true. In this case, it will NOT work. First, sin (37) = 0. So,
sin™! (sin 37) = sin~! (0).

We solve the equation sinz = 0. The solution is = k7 where k € Z. The value of sin~! 0 is the unique

value that falls between —% and —~ - [ T E} is the range of f(z) = sin"'z.  This value is 0. Thus

2 L 272

sin~! (sin37) = sin~! (0) = 0.
k) tan—!(tan0)
Solution:  Our first guess might be 0 because we are composing a function and its inverse. —However,
the identity f~!(f (z)) = z is necessarily true only if f is one-to-one. The function f (z) = tanz is not
one-to-one, so f~!(f(x)) = = may not be true.  In this case, it will work. First, tan0 = 0. So,
tan~! (tan0) = tan—! (0).
We solve the equation tanx = 0. The solution is x = km where k € Z. The value of tan! (0) is the unique

T T T TN . 1
value that falls between 5 and 5 - (—5, 5) is the range of f (z) = tan™' z.
This value is 0. Thus tan~! (tan 0) = tan—! (0) = 0.
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1) tan~!(tann)

Solution: Our first guess might be m because we are composing a function and its inverse. However, the
identity f~!(f (z)) = x is necessarily true only if f is one-to-one. The function f(z) = tanz is not one-
to-one, so f~!(f(z)) = x may not be true.  In this case, it will NOT work. First, tan7t = 0. So,
tan~! (tan7) = tan~! (0).

We solve the equation tanx = 0. The solution is x = km where k € Z. The value of tan™! (0) is the unique

value that falls between —g and g - (—g, g) is the range of f (z) = tan~! x.
This value is 0. Thus tan™! (tanm) = tan~! (0) = 0.

m) tan (tan (7))

s

Solution: Our first guess might be 3 because we are composing a function and its inverse. ~However,

the identity f~!(f (z)) = z is necessarily true only if f is one-to-one. The function f (z) = tanz is not
s

one-to-one, so f~!(f(z)) = r may not be true. In this case, it will work. First, tan (§> = /3. So,

tan—1 <tan (g)) = tan~! (\/g)
We solve the equation tanz = V3. The solution is z = T + k7 where k € Z. The value of tan~! (\/§) is the
unique value that falls between ~ T and g - <—g, g) is the range of f (v) = tan—!z.

This value is g Thus tan~! (tan (E)) = tan ! (\/3) = E.

3
n) tan—! <tan (T))

. . ™ . . . .
Solution: Our first guess might be e because we are composing a function and its inverse. However,

the identity f~!(f (x)) = z is necessarily true only if f is one-to-one. The function f (z) = tanz is not

11
one-to-one, so f~!(f(z)) =  may not be true. In this case, it will NOT work. First, tan <47T> = -1

So, tan~* (tan <1Zr)> =tan~! (—1).

We solve the equation tanz = —1. The solution is x = ~Z 4 kr where k € Z. The value of tan™" (—1) is
the unique value that falls between —g and g - (—g, g) is the range of f (z) = tan~! x.

11
This value is —%. Thus tan™! (tan <47r>> =tan~! (1) = —%.

3. Simplify each of the following. Use exact values, and present angles in radians.

a) cos (sm (6
olution: First, sin ( ) = 5. So, cos™ (sin { & ) | = cos 5 -

1 1
We solve the equation cosx = > The solution is x = :l:g + 2km where k € Z. The value of cos™! <2) is

the unique value that falls between 0 and 7 - [0, 7] is the range of f (z) = cos~!x. This value is g

Thus cos™! (Sin (%)) = cos ™! (;) = g
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b) cos! (sin (—%))
Solution: First, sin (—g) = —%. So, cos™! (sin (—%)) = cos~! <—;>
1

1 2
We solve the equation cosx = —5 The solution is z = j:% + 2km where k € Z. The value of cos™! ()

2

is the unique value that falls between 0 and 7 - [0,7] is the range of f(x) = cos™'x.  This value is g

1 2
Thus cos™ ! (sin <—%>> = cos— ! (_2> — g
o
—1 . i
c) cos (sm( : >>
Solution: First, sin (T) = % So, cos™! <sin <567T>> = cos™ ! (;)

1 1
We solve the equation cosx = 5 The solution is x = :l:g + 2km where k € Z. The value of cos™! <2> is

the unique value that falls between 0 and 7 - [0, 7] is the range of f (z) = cos~!x. This value is g

om 1 T
Th “sin| =) ) =cost| =) ==.
us cos <sm< G )) cos <2> 3
3
d) cos™! <sin <7r>>
2
Solution: First, sin <327r> = —1. So, cos™! <Sin <327r>> =cos~ ! (~1).

We solve the equation cosz = —1. The solution is & = 7 + 2kn where k € Z. The value of cos™! (—1) is the

unique value that falls between 0 and 7 - [0, 7] is the range of f (z) = cos™!x. This value is 7.

3
Thus cos™* <sin (;r)) =cos !t (—1)=m.
e) cos™ ! (sin (37))
Solution: First, sin (37) = 0. So, cos™! (sin (37)) = cos™! (0).
We solve the equation cosz = 0. The solution is z = g + km where k € Z. The value of cos™! (0) is the

unique value that falls between 0 and - [0, 7] is the range of f () = cos™'z. This value is g

Thus cos™! (sin (37)) = cos ™1 (0) = i

2
1
f) si 1=
) sin <cos < 2)>
. . -1 1 . 1 . . 27T
Solution: First we find cos 5 We solve the equation cosz = —5 The solution is x = i? + 2k

1
where k € Z. The value of cos™! (—2> is the unique value that falls between 0 and 7 - [0, 7| is the range of

2 1 2 3
f(z) = cos™'x. This value is g So, sin (COS_l (—2>> = sin <;> = \Zf
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(V3
g) cos (sm (—2>>
V3

3
Solution: First we find sin™* (—2> . We solve the equation sinz = —\2[. The solution is = = —% + 2km

2 3
or r = —g + 2km where k € Z. The value of sin™* (—\2[) is the unique value that falls between —g

and g - [—g, g} is the range of f () = sin~'2.  This value is —g. So, sin~? (—?)

( (_f)) —eos(-T) =L
(s (1))

1 1
Solution: First we find sin™! <—2>. We solve the equation sinx = —5 The solution is x = —% + 2km

= —% and so

5 1
or r = —% + 2km where k € Z. The value of sin~! <—2> is the unique value that falls between —g
L R — sin-! i s " Sl (L
and 5 [ 5’ 2} is the range of f(z) = sin™"z.  This value is 5 So, sin < 2) 5 and so

cos (s~ (=3 ) ) =eos () = 2

i) tan (cos™!(—1))

Solution: First we find cos™! (—=1). We solve the equation cosz = —1. The solution is * = 7 + 2k
where k € Z. The value of cos™! (—1) is the unique value that falls between 0 and 7 - [0, 7] is the range of
f(z) =cos™'z. This value is m. So, tan (cos™! (—1)) = tan () = 0.

4. Find the exact value of each of the follwing.

o o et (1))

1 1 1
Solution: These problems are different because cos™! (3) is unlike cos™! <2> While cos™! <2> can be

1

1
simplified as %, we can’t do the same with cos™ 3 because it is not one of the algebraically approachable

angles. yet, we need to find the exact value. So, we need to use other techniques here from what we used
before.

1 1
Recall the theorem that f (f~!(z)) = for all z. This implies that cos (cos_1 <3>) =3
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RO

1
Solution: We will first introduce a new variable. Let o = cos™* <3> This means that « is in [0, 7] and

cosa = 3 We are asked to find the exact value of sin c.
First we will find the absolute value of sin@. Then we will figure out the sign of sin a.

1
For the absolute value of sin «, recall that cosa = 3

We draw a triangle where this is possible. We use the 1
Pythagorean Theorem to find the missing side: /8.

Thus [sin o = ?8, or sina = iﬁ =

3 3

L2, aisin [0,7]. Because cosa

V8 2v2

is positive, « is in the first quadrant, and so sin « is positive. Thus the answer is 5 =3

o (s (-2)
2 U 77]

Solution: We will first introduce a new variable. Let 6 = sin~! (5> This means that 6 is in {77

We now consider the sign of sina. Because « is in the range of f (z) = cos™

272
2
and sinf = —E We are asked to find the exact value of tan .

First we will find the absolute value of tanf. Then we will figure out the sign of tan6.

For the absolute value of tan 8, let us ignore the neg-

ative sign for now and assume that sinf = £ We

2
draw a triangle where this is possible. We use the
Pythagorean Theorem to find the missing side: +/21. o
2 2v/21 2v/21
Thus [tanf| = — = or tanf = +——— 5

Vo1 21’ 21

Consider now the sign of tanf. Because @ is in the range of f (z) =sin"!x, # is in {—g, g} . Because sin 6

2v/21

is negative, 6 is in the fourth quadrant, and so tan 6 is also negative. Thus the answer is BECTEE

d) cos (tan™' (2))

Solution: We will first introduce a new variable. Let 8 = tan~!(2). This means that j3 is in (fg, g) and
tan 8 = 2. We are asked to find the exact value of cos 5.

First we will find the absolute value of cos 5. Then we will figure out the sign of cos 3.

For the absolute value of cos 3, recall that tan 5 = 2.

We draw a triangle where this is possible. We use the 2
Pythagorean Theorem to find the missing side: /5. 1

1 5 5
Thus |cosﬁ|:\/5:\5f,or cosﬁz:l:\g B
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We now consider the sign of cos 3. Because 3 is in the range of f () = tan™!z, 3 is in (—g, g) . Because

5
tan [ is positive, § is in the first quadrant, and so cos S is also positive. Thus the answer is \5[
e) cos (tan! (-2))
Solution: We will first introduce a new variable. Let § = tan™! (—2). This means that 6 is in (—g, g)
and tanf = —2. We are asked to find the exact value of cosé.

First we will find the absolute value of cosf. Then we will figure out the sign of cosf.

For the absolute value of cos#, let us ignore the neg-

ative sign for now and assume that tanf = 2. We 2
draw a triangle where this is possible. We use the 1

Pythagorean Theorem to find the missing side: /5.

1 V5 V5 e

Thus |cosf| = —= = —, or cosf = £—.

V5 5 5

We now consider the sign of cosf. Because 6 is in the range of f (z) = tan™!'z,  is in (—g, g) . Because

5
tan 0 is negative, 0 is in the fourth quadrant, and so cos @ is positive. Thus the answer is =
f) sin (tan~! (-2))

Solution: We will first introduce a new variable. Let § = tan~!(—2). This means that 6 is in (—g, g)

and tanf = —2. We are asked to find the exact value of sin 8.

First we will find the absolute value of sinf. Then we will figure out the sign of sin 6.

For the absolute value of sinf, let us ignore the neg-

ative sign for now and assume that tanf = 2. We 2
draw a triangle where this is possible. ~We use the 1

Pythagorean Theorem to find the missing side: /5.

2 2/ 25 b

,orsinf = +——.

N 5

Thus [sin 0| =

We now consider the sign of sinf. Because 6 is in the range of f (z) = tan~!z, 6 is in (—g, g) . Because

2V/5

tan @ is negative, 6 is in the fourth quadrant, and so tan 8 is also negative. Thus the answer is —

5. Simplify each of the follwing.
a) cos (sin™!x)
Solution 1 (Geometric approach) We will first introduce a new variable. Let # = sin~! 2. This means that

0 is in [—g, g} and sinf = x. (This also means that —1 <z < 1). We are asked to find the exact value of

cos 0.

We will first find the absolute value of cosf. Then we will figure out the sign of cos 6.
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For the absolute value of sinf, let us assume that x
is positive and think of it as 1 sinf =z = —. X

We draw a triangle where this is possible. We use

the Pythagorean Theorem to find the missing side: 9
V1 —22. Thus |cosf| =1 — 22, or
cosf = /1 — 22 1

Consider now the sign of cosf. Because @ is in the range of f (z) = sin~!z, 0 is in [—g, g . If x =sinf is

negative, then 6 is in the fourth quadrant. If x = sin# is positive, then 6 is in the first quadrant. In both
cases, the cosine is positive and so cosf = v/1 — 2.
Solution 2 (Algebraic approach) We will first introduce a new variable. Let § = sin~!2. This means that

™ T
0is i [_777
1S 1n 9

5 and sinf = x. (This also means that —1 <z < 1). We are asked to find the exact value of

cos 0.

Recall the Pythagorean identity: sin®6 + cos?6 = 1. Then

cos’ = 1—sin%0
cos = =£v/1—sin?0

We now consider the sign of cosf. Because  is in the range of f () = sin~!z, 0 is in {fg, g . If x =sin6
is negative, then @ is in the fourth quadrant. If x = sin# is positive, then # is in the first quadrant. In both
cases, the cosine is positive and so cos = /1 — z2.
b) tan (sin”!z)
Solution 1 (Geometric approach) We will first introduce a new variable. Let # = sin~! 2. This means that
0 is in [—g, g} and sinf = x. (This also means that —1 <z < 1). We are asked to find the exact value of
tan 6.

We will first find the absolute value of tanf. Then we will figure out the sign of tan 6.

For the absolute value of tan 8, let us assume that x

is positive and think of it as —. sinf = z = —. X
We draw a triangle where this is possible. We use

the Pythagorean Theorem to find the missing side: 9

V1 —22. Thus |tanf| = L, or
| | V1 — a2 1

T

V1—22

tanf = +

T
5) I
x = sin @ is negative, then 0 is in the fourth quadrant. Then tan@ is also negative. If x = sin#@ is positive,

Let us consider the sign of tan next. Because @ is in the range of f(z) = sin™!'z, 6 is in [—

then 0 is in the first quadrant, and then tan 6 is also positive. Considering the expression s, we find
x

x

V1 —

that the denominator is positive for all values of x, and the numerator is positive if x is positive and negative
x

V1—a?
Solution 2 (Algebraic approach) We will first introduce a new variable. Let § = sin~!2. This means that
0 is in [—g, 5} and sinf = x. (This also means that —1 <z < 1). We are asked to find the exact value of

tan 0.

if x is negative. This is exactly the sign we need and so tan =

First we will find the absolute value of tanf. Then we will figure out the sign of tan6.
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sin 6 sin 6 x
tanf = = = +-
costh /1 —sin%0 V1— 22
Let us consider the sign of tan® next. Because 6 is in the range of f(x) = sin"'z, 0 is in [—g, g] If

x = sinf is negative, then 6 is in the fourth quadrant. Then tan @ is also negative. If x = sin @ is positive,
T
then 0 is in the first quadrant, and then tan 6 is also positive. Considering the expression ——, we find

V1—22

that the denominator is positive for all values of x, and the numerator is positive if x is positive and negative
if x is negative. This is exactly the sign we need and so tan§ =

1—a?

¢) tan (cos™!'z)

Solution 1. (Geometric approach) We will first introduce a new variable. Let § = cos™'z. This means
that 6 is in [0, 7] and cos§ = x. (This also means that —1 <z <1). We are asked to find the exact value

of tan 6.

First we will find the absolute value of tanf. Then we will figure out the sign of tan 6.

For the absolute value of tan 8, let us assume that x
is positive and think of it as —. cosf = z = —.

We draw a triangle where this is possible. We use
the Pythagorean Theorem to find the missing side:

(7
1 — 2
V1 —22. Thus |[tanf| = 7x’ or 1
x

V1—22

T

tanf = +

Let us consider the sign of tan # next. Because 6 is in the range of f (z) = cos™'z, § is in [0, 7]. If x = cos
is negative, then 6 is in the second quadrant. Then tan @ is also negative. If x = cos# is positive, then 6 is

V1—2a2
in the first quadrant, and then tan @ is also positive. Considering the expression ———, we find that the
x

numerator is positive for all values of x, and the denominator is positive if x is positive and negative if x is
x

V1—a?
Solution 2. (Algebraic approach) We will first introduce a new variable. Let § = cos™!x. This means that

0 is in [0, 7] and cosf = x. (This also means that —1 < x < 1). We are asked to find the exact value of
tan@.

negative. This is exactly the sign we need and so tanf =

We will first find the absolute value of tanf. Then we will figure out the sign of tan 6.

sin  ++v1—cos20 V1—22
tanf = = =+
cosf cosf T

Let us consider the sign of tan § next. Because § is in the range of f (z) = cos™!x, § is in [0,7]. If 2 = cosf
is negative, then 6 is in the second quadrant. Then tan @ is also negative. If x = cos# is positive, then 6 is
1— a2
in the first quadrant, and then tan @ is also positive. Considering the expression ———, we find that the
T

numerator is positive for all values of x, and the denominator is positive if x is positive and negative if = is
T

V1—22

negative. This is exactly the sign we need and so tanf =
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d) cos (tan™! z)
Solution 1 (Geometric approach) We will first introduce a new variable. Let § = tan~!z. This means that
0 is in <—g, g) and tanf = x. (This also means that —1 < x < 1). We are asked to find the exact value

of cosf.

First we will first find the absolute value of cosd. Then we will figure out the sign of cos 6.

For the absolute value of cos#@, let us assume that x
is positive and think of it as —. tanf = =z = —. 1

We draw a triangle where this is possible. We use

the Pythagorean Theorem to find the missing side: D
1

Va2 + 1. Thus |cosf| = NSt or
cosf = :l:;.

2 +1
Let us consider the sign of cosf next. Because 6 is in the range of f(z) = tan~!z, 6 is in (—E, ™Y 1
x = tan @ is negative, then @ is in the fourth quadrant. If x = tan@ is positive, then 6 is in the first quadrant.
In either case, cos @ is positive and so the answer is cosf = x21—i—1

Solution 2 (Algebraic approach) We will first introduce a new variable. Let § = tan~!2. This means that
0 is in (—%, g) and tanf = x. (This also means that —1 < x < 1). We are asked to find the exact value
of cos .

First we will first find the absolute value of cosf. Then we will figure out the sign of cos 6.

Recall that tan?6 + 1 = sec?d. (We can easily derive this by starting with sin?@ + cos?6 = 1 and divide
both sides by cos? f).

sec’d = 1+ tan’6
1
—— = 1+tan?0
cos2 f +tan
cos’h = #
1+ tan24

1 1 1
cos) = £/ ———— ==+ ==+
V 1+ tan26 V1+ tanZ0 V1Tt 22

Let us consider the sign of cosf next. Because 6 is in the range of f (z) = tan~!z, 6 is in (—g, g) If

x = tan 6 is negative, then 0 is in the fourth quadrant. If z = tan@ is positive, then @ is in the first quadrant.
1

VAT

In either case, cos @ is positive and so the answer is cosf =
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6. Compute the exact value for each of the following.
4
. 2 . 71 -
a) sin < sin <5>>
: : . (4 .
Solution: Let us first introduce a new variable. Let a = sin —]. We need to compute sin 2.

1

T
Since « is in the range of f (z) =sin™" z, « is in the interval [—5, 5} Because sin « is positive, « is in the

T
interval [0, 5} - thus cos « is positive. Thus

—— 4\ ? [ 16 f9 3
COS ¢ SN~ &« m 25 25 5
3

4
Now that we know that sina = v and cosa = =3 we can compute sin 2«

sin2a = 2sinacosa = Q-éogz %
5 5 25

) o (2001 (1)

1
Solution: Let us first introduce a new variable. Let 3 = cos™! (3) We need to compute cos28.

1\? 2
Cos2ﬂ:2(:os26—1:2<3> _1:,_1:_3

o (2 (2))

2
Solution: Let us first introduce a new variable. Let § = tan™! <5> We need to compute tan 26.

.2 4
2 tan 0 'E R = 42 2
t 20: = = e —_ — e — = —
W T tan?0 N2 . 47720 521 21
1—<5> 25 25

d) sin (2 cos™ ! <2)>

3
Solution: Let us first introduce a new variable. Let o = cos™! <4> We need to compute sin 2.

1

Since « is in the range of f(x) = cos™' z, « is in the interval [0,7]. Because cos« is positive, « is in the

interval [0, g} - thus sin « is positive. Thus

/ 3\2 [ 9 7 V7
. _ /1_ 2 — 1— _ — 1—— = _ = —
S1n & COS <4> 16 16 4

6v/7

sin23 = 2sinfScos 5 =2 - 16

“%

3
o=
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Solution: Let us first introduce new variables. Let o = sin™! <§) and = cos™! (—153> We need to

compute sin (a + f3).

1

T
Since « is in the range of f (z) =sin™" z, « is in the interval {—5, 5} Because sin « is positive, « is in the

interval [0, g} - thus cos « is positive. Thus

/ 3\? [ 9 /16
cosa = V1 —sin>a = 1—<5> = 1—%: % =5

Since 3 is in the range of f (x) = cos™ 'z, B is in the interval [0,7]. Because cos 3 is negative, 3 is in the

7
interval [5, 7| - thus sin 3 is positive. Thus

144 12
sinf3 = /1 —cos?f3 = 1—(— ) \/ 169 — =

169 13

3 4 12 5
We now have all that we need: sina = -, cosa= -, sinf=—, cosff=——
5 5 13 13

3 ) 4 12 —-15 48 33
sin(a+5):sinacosﬁ+cosasinﬁz~<—>+ —+ =

5\ 13) "5 13 65 65 65
1 2
f) cos <sin_1 <—3) —cos~! (3))

1 2
Solution: Let us first introduce new variables. Let a = sin™! (—3) and B = cos™! (3) We need to
compute cos (a — [3).

1

T
Since « is in the range of f (x) =sin™" x, a is in the interval [—5, 5} Because sin « is negative, « is in the

T
interval [—5, 0} - thus cos « is positive. Thus

/ 2
cosa=V1—sina = 1—(—;) :1/1—;:\/5:?

Since 3 is in the range of f (z) = cos™ !z, B is in the interval [0,7]. Because cosf3 is positive, 3 is in the

interval [0, g} - thus sin 3 is positive. Thus

dng— m_\/T St

We now have all that we need: sma——%, cosa—? sin B = \gg 5_7
2 1 2v/8 — 42 —
C()S(Oé—ﬂ)—Cosomosﬂ—i—sinozsinﬁ_\ég 3+(_3> .\ég_ \/gg \/S: \fg V5
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g) tan (tan™!(3) + tan~' (7))

Solution: Let us first introduce new variables. Let o = tan~!(3) and 8 = tan™! (7). Then tana = 3,

tan f = 7, and we need to compute tan (o + ).

t t 1 1 1
tan (o + 8) = an« + tan 8 347 _ 0 _ 0 _ !

l—tanatanﬁ 1-3.-7 1-21 =20 2
1 3
h) sin (sin1 <2> —sin~! <4>>

1 3
Solution: Let us first introduce new variables. Let o = sin™? <2) and 8 = sin~! <4) . We need to compute

sin (o — ).

Since « is in the range of f (z) = sin™!

x, « is in the interval [——

7r W}
- 2721
interval [0, 5} - thus cos « is positive. Thus

2
wwa= Vi 1o (1) = il I8

Since 3 is in the range of f (z) = sin~!z, 3 is in the interval [—g, g}

interval [0, g} - thus cos § is positive. Thus

cos B =1/1 — sin? B=4/1- Z Hl_ﬁ \/> \f

VT 33 VT-3V3

3
sin (v — ) = sinacos f — cosasin f = =5 g -

g £2
of%

[\D\H

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.

questions or comments to mhidegkutiQccc.edu.

Because sin « is positive, « is in the

Because sin § is positive, S is in the

E-mail

(© Hidegkuti, Powell, 2010 Last revised: April 29, 2015


https://teaching.martahidegkuti.com/shared/lnotes/lecturenotes.html
https://teaching.martahidegkuti.com/shared/lnotes/lecturenotes.html

