The Law of Sines page 1

The law of sines can be used to compute angles and sides in triangles that may not have a right angle.

Theorem: (The Law of Sines) If a, b, and ¢ are the three sides of a triangle with corresponding angles «, 3,

and +, then
a b c

sina  sinf  siny

Proof: Suppose that a, b, and c are the three sides of a triangle with corresponding angles «, 3, and . Recall the theorem

1
that the area of the triangle can be computed as A = iab sin . (The proof is on page 9.)

We can apply this theorem to the same triangle using different pairs of sides and the angle between them.
1. 1. . I
A= iabsmv and A= ibcsma and A= iacsmﬁ

We computed the area of the same triangle, and so the area must be the same in each of the cases. Looking at the first and

second equation, we get that

1 1
§ab siny = ibc sin « multiply both sides by 2
absiny = besina divide both sides by b
asiny = csina divide both sides by sin-ysin«
a c
sinae  siny

Looking at the first and third equation, we get that

1 1
§ab siny = 50c sin 8 multiply both sides by 2
absiny = acsinf divide both sides by a
bsiny = c¢sinf divide both sides by sin (3 sin «
b B c
sinff  siny

b
Thus we have proved that all three of .a and are equal.

- and —
sin « sin 3 sin -y
The law of sines can be used to solve for sides or angles in triangles that may not be right triangles.

Definition: Given some sides and/or angles in a triangle, to solve a triangle means finding all missing sides

and angles.

Example 1. Solve the triangle ¢ = 3 m, v = 43°, and o = 81°. Present approximate values of all answer, accurate up to

three or four decimals.

Solution: We can easily find 3 since the other two angles were given.

B =180° — (a+ ) = 180° — (43° 4 81°) = 180° — (43° 4 81°) = 56°
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We now know all three angles, which means that we know the triangle up to similarity. Since one side, namely c was also

given, this uniquely determines the triangle. We will use the law of sines to find the missing sides, a and b.

51 3 5in 81°
'a = ,C solve fora a= € 5.1n @ ( m) Sl ~ 4.34468 m and similarly,
sin av sin vy sin y sin 43°
b i 3 in 56°
- = ,C solveforb b= Cs,mﬂ = ( m) i ~ 3.6468016 m
sin 3 sin vy sin vy sin 43°

Thus the solution is:

a =~ 4.34468 m, b=~ 3.6468016m, c=3m
a = 81°, B=56°, and ~=37°

It is good practice to check whether the order between the sides is the same as the order between corresponding angles.

Indeed, the shortest side is ¢ and the smallest angle is <y, and the longest side is a and the greatest angle is a.

Part 2 - The Ambiguous Case

. . sina  sin . . e .
Consider the equation = ﬁ. This equation has four quantities in it. Generally speaking, we can solve for the

a
fourth one given the other three. The missing quantity could be a side or an angle. In practical terms, there is a great
difference between the two scenarios.

Suppose first that two angles and a side are given, and we must find the missing side. If two angles are given, we can
easily find the third one, as the three angles in a triangle always add up to 180°. Therefore, all three angles are given. That
uniquely determines the triangle up to similarity. There is just one triangle with three given angles, and we can shrink or
enlarge it until the one given side matches the side of our triangle. In short, there is a unique solution if two angles and a

side are given.

Looking at it algebraically, given side a and angles « and 3, we can uniquely solve for side b.

a b a
- = — = b=sing-
sina  sinf

sin o

The other case is not that straightforward and it is often called the ambiguous case. Suppose that one angle and two sides

. ) ) . sina sin . )
are given, say sides a, b, and angle «. Using the equation = ﬁ, we can uniquely solve for sin 3 but that does not

b
necessarily implies a unique 3. For example, a unique solution sin § = 5 means that 8 could be 30° or 150°. Sometimes

they both work and there are two different solutions for the ambiguous case. We will see examples for the four possible

outcomes of the ambiguous solution.

Let us first consider the geometrical reasoning. There is a beautiful part of geometry called construction. Within that
branch, to construct something means to precisely draw it using only two tools, a compass and a straight edge. The basics

of construction can be found at https://www.mathsisfun.com/geometry/constructions.html
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Suppose that a, b, and o were given, not as numbers, but as C
line segments and angle as drawn. How would we construct this

triangle? It is always a good idea to draw the final product as well.
There are two pictures: the final product and the final product with '"-T*“‘
coloring of the sides and angle that were given.

C C
(8]
A ¢ B A c B

Let us start with line segment AB. Now all we need to find is the third vertex, C. At one end, point A, we measure the

angle a. Point C' must be on that ray. On the other side, at point B, C should be at a distance of a from B, but we don’t
know in what direction to draw the line segment. However, if we draw a circle centered at point B, with radius a, then
point C' must be on that circle. (Recall that a circle is the set of all points in the plane equidistant to a fixed point.) So
where the ray starting at point A intersects the circle, that is point C. So finding point C' is a matter of intersecting a circle

and a line. There are four possible cases.

Case 1. There is no intersection point, and therefore no such triangle.
How do the numbers tell us that? Suppose that a = 4, = 30°, and

¢ = 10. Then by the law of sines,
1 a

sina  sinvy sina  10-sin30° 10- 9 5 195 B
= =;=1L

= — siny=c- =
a c v a 4 4

The equation siny = 1.25 has no solutions as the sine of any angle is less

than or equal to 1.

Case 2. There is one intersection point, the line is tangent to the circle.
How do the numbers tell us that? Suppose that ¢ = 5, @ = 30°, and
¢ = 10. Then by the law of sines,

1
= = siny=c-

sina  sinvy sina  10-sin30°
a c a ) 5 5

The solution set of the equation siny = 1 is 90° + k - 360°, where k is an
integer. Among the infinitely many solutions, only one, 90° falls within 0°

and 180°. So there is one such triangle.
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Case 3. There are two intersection points, and therefore two different
solutions for the triangle.
How do the numbers tell us that? Suppose that ¢ = 8, « = 30°, and

¢ = 10. Then by the law of sines,
1
sina siny sima 10-sin30° 195 5

a c sy =c a 8 8 8

L 5 . o
The equation siny = 3 has two solutions on the unit circle. If we enter

5
sin~! (8) into the calculator, it will display the value 38.6822°

but its supplement has the same sine value and is also a solution. So y; = 38.6822° and vy = 180°—38.6822° = 141.3178°

and both angles will work.

To find the third angle, we add the two angles and subtract the sum from 180°. Since we have two values for v, we will

perform each operation twice.

By = 180° — (a + 1) = 180° — (30° + 38.6822°) = 111.3178°
and By = 180° — (v + 72) = 180° — (30° + 141.3178°) = 8.6822°

Now we will find the third side b - also twice.

b a

sinf  sino

= b=sing-

sin o

by = sin By - —— = sin111.3178° -
S1n &

l\DM—I‘ oo

— 14.9053 units and by = sin By - —— — sin 8.6822° -
SN«

So there are two triangles:
a; =38, by =14.9053, c¢; =10, a3 =30°, [y =111.3178°, ~; = 38.6822°
and

ag =8, by =2.4153, c3 =10, az =30° [y =8.6822°, ~y = 141.3178°

l\’)\)—l‘ 0'e)

= 2.4153 units
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Case 4. There is one intersection point, because the radius of the circle is too great for the second intersection.

How do the numbers tell us that? Suppose that a = 16, « = 30°, and
¢ = 10. Then by the law of sines,
sina siny sima 10-sin30° 1975 5

e O Sm=e T T =75 16 16

5
The solution set of the equation siny = 6 is v = 18.21° 4+ k - 360°, and
the supplements, ¥ = 161.79° 4+ k - 360° where k is an integer. So it looks
like there are two such triangles again.

Next we find the third angle by subtracting o + v and subtract it from 180°

B1 =180° — (a + 1) = 180° — (30° + 18.21°) = 131.79°
and
B2 = 180° — (v + y2) = 180° — (30° + 161.79°) = 180° — 191.79° = —11.79°

and that’s how the numbers are telling us that there is only one triangle. The two angles « and 2 add up to more than 180°,

so there is no room for the third angle.

We find the missing side as before, applying the law of sines.

b=sing -

S1n &

1
= sin 131.79° - TG = 23.859 units
2

So the only solution is a = 16, b = 23.859, ¢ =10, «a=30°, B =131.79°, v = 18.21°

Is there a way to predict whether we will have case 3 or 47 Actually, there is. Recall that the order between sides
corresponds to the measure of their opposite angles. The greatest angle is opposite the longest side, the shortest side is
opposite the smallest angle, etc. Notice that in every triangle, only one angle can be obtuse (greater than 90°) and must

therefore be the greatest angle.

If we are dealing with the ambiguous case, two sides and one angle are given. The first thing we can compute is the angle
opposite the side given, v in our example. If the side corresponding to that angle, c in our case could be the longest side,
there will be two solutions. If that side cannot be the longest side, there will be only one triangle. Given the two solutions
for v, one is acute and one is obtuse. If ¢ cannot be the longest side, then « cannot be the greatest angle and therefore it

cannot be obtuse. Then only the acute value for v will work.

Consider the previous examples. If a = 8, @ = 30°, and ¢ = 10 are given, it is possible that c is the longest side and

therefore  could be the greatest angle, so it can be obtuse. There will be two solutions.

On the other hand, if a = 16, o = 30°, and ¢ = 10, then ¢ cannot be the longest side because « is longer than c¢. Then ~

cannot be the greatest angle and so it cannot be obtuse. In fact, it must be less than .. Therefore, there is only one solution.
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Jg Sample Problems c

1
1. Prove that the area of a triangle can be computed as A = §ab sin 7.

2. Prove the law of sines using results from problem 1.

(98]

. Compute the length of line segment BD based on the picture given.

a 40° 70° n
4. Prove that in any triangle, P = —— (sina + sin 5 4 sin 7). A 15cm D B
sin «v

5. Solve the given triangles. Present a decimal approximation of all answers, accurate up to four or more decimal
places.
a) a=3,a=42° 38 =100° d) a=22cm,b=23cm,a =67°
b) a =10,b =12, a« = 32° e) a=22cm,b=23cm, §=67°
c)a=7 b=9 «o=114° f) a=6, b=12, o = 30°

6. Let ABC be any triangle. We extend the line segments AB, BC, and C'A as
shown on picture. Suppose that AA” = 2AC, and BB’ = 2AB, and CC’ =
2BC. What is the ratio of the area of triangle A’B’C’ to the area of triangle
ABC? (Notation: AB denotes the line segment AB, while AB denotes the
length of the line segment.)
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F
}3{ Practice Problems

c

1. Solve each of the following triangles.

a) a=106° 8 =21°b=241t d) a=12m, b="7m, =65

b) a = 62°,y = 41°,a = 15 cm €) a= 151t c=13ft, y=27

¢) a=12cm, ¢ =17 cm, v = 85°
2. Compute the length of line segment AC' based on the picture given.

1 34° 65°

3. Use the formula A = §ab sin vy to find the area of an equilateral A D 20cm l_B

triangle of sides a.

4. Use the formula A = %ab sin 7y to prove the angle bisector theorem. The angle bisector
theorem states that the angle bisector of any angle in any triangle bisects the opposite side
in such a way that the ratio of the two line segments is proportional to the ratio of the other a b
two sides. In short, a_r
by
X
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NN
-~ -
@ Answers

Sample Problems

1. see solutions 2. see solutions 3. 6.59539 cm 4. see solutions
5. a) v=38° b~ 4.41532 unit, ¢ &~ 2. 760275 unit

b) 81 = 39.487°, v1 = 108.513°, ¢; = 17.894 and P2 = 140.513°, v, = 7.487°, cg = 2.459

c¢) There is no triangle with the data given.

d) B = 74.227°, v ~ 38.7730°, ¢; = 14.9670 cm and B5 = 105.773°, v9 =~ 7.2270°, ¢ = 3. 0066 cm
e)a~ 61.70067°, v ~ 51.29933°, and ¢ ~ 19.499 877 cm.

f) B =90°, v = 60°, and c = 6+/3 ~ 10. 392 305

6. 19to 1

Practice Problems

1. a) v=1053° a=~6.4376 ft, c ~ 5.348484ft b) S =77° b= 16.55314 cm, ¢ ~ 11.1455 cm
c) a = 44.684°, =~ 50.316° b~ 13.1328 cm d) no solution
e) a1 = 31.43782584°, 51 = 121.56217416°, by =~ 24.399 ft
g = 148.56217416°, o = 4.43782584°, by =~ 2.2157 ft

V3

2. 76.7 cm 3. Ta
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Solutions A/@ Sample Problems

1
1. Prove that the area of a triangle can be computed as A = §ab sin 7.

Proof: Consider the picture shown. Let i denote the height belonging

to side b. The area of the triangle can be computed as ibh' Consider
h

now the right triangle BC'D. In this triangle, siny = —. We solve
a

for h: h = asin~.

1 1 . 1.
A= ibh = ib(asmv) = §abbln’y

2. Prove the law of sines using results from problem 1.
Proof: Consider triangle ABC. We compute the area of the triangle
using the same formula but applying it to different sides.
1 1 1
A= Qabsin’y = iacsinﬁ = chsina

We now state just one such equality and cancel out a few things.

1 1 1 1
—absiny = —acsinf divide by ia and iac sinfg = ibc sin « divide by §c
bsiny = c¢sinf divide by bc asinf = bsina divide by ab
siny  sinf sin3  sina
c N b b N a

Thus we have proved that
sina  sinf3  siny

a b c
3. Compute the length of line segment B D based on the picture shown. ¢
Solution: Angle ADC' = 110°. Now we can compute every side and
angle in triangle ADC' using the law of sines.
£LACD = 180° — (40° + 110°) = 30°
We will now compute the length of line segment C'D.
CcD 15 15 in 40° o o
oo 22 op=20RRRT £10.2836283 cm 40 70
sin40°  sin 30° sin 30° A 15¢cm D B

We will now use right triangle trigonometry to compute the length of line segment BD.

BD
cos 70° = D = BD =CDcos70° =~ 19. 2836283 cm cos 70° ~ 6.59539 cm
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4. Prove that in any triangle, P = ¢ (sina + sin B + sin ).
sin «v

Proof: The perimeter of any triangle is the sum of the lengths of its three sides. The law of sines will enable us to

eliminate some sides from the formula.

P _ CL—|—b—|—C:CL-Slna—|—b-SIDB—I—C-SHI’Y

sin « sin 8 sin -y
a . b . c . . b c
= — -sina+ —— -sinf8 + —— -sinvy by the law of sines, — = — = —
sin « sin 8 sin y sina  sinf  sinvy
a . a . a . a . . .
= — ssina+ —— -sinf+ —— -siny = — (sin o + sin 3 + sin )
sin o sin « sin o sin a

5. Solve the given triangles. Present a decimal approximation of all answers, accurate up to four or more decimal

places.

a) a=3,a=42° 38 =100°
Solution: Since two angles were given, we can easily compute the third.
a+pf+v=180° = y=180°— (a+ ) =180° — (42° + 100°) = 38°

Now that we know all angles and one side, the Law of Sines will enable us to find the length of all sides. To compute
b, we state the Law of Sines for a, b, and « and S and solve for b. To make the algebra easier, we will chose a form

of the theorem where the unknown, b is in the numerator.

b a biasin673sin100°

= = ~ 4.415316 28
sinf sina sin « sin 42°

We find c similarly: we state the Law of Sines for a, ¢, and o and «y and solve for c.

c a asiny  3sin38°
- = — e C = - = -
siny  sina sin « sin 42°

~ 2.760275

To solve a triangle means finding all sides and angles that were not given. Thus the answer is: v = 38°, b = 4.
415316 28 unit, and ¢ = 2. 760 275 unit.

b) a=10,b=12, a = 32°

Solution: The only thing we can compute from this data is sin 5. We will do exactly that: we state the Law of Sines

between a, b, o and 3 and solve for sin j3.

sina  sinf i bsina  12sin 32°
= = sinf = =

~ 0.635903
a b a 10

Next we will solve for 5. Recall that for all angles 6, sin § = sin (180° — 6) and so there are two possible solutions
between 0° and 180°. When we enter sin~! (0.635903) into the calculator, we obtain only one of the possible

solutions. The other one is the complement of the first one.

B1 ~ 39.486 999°

sin 8 =0.635903 =
By 2 140. 513 001°

Sometimes both values work. From now on, we perform every step twice.
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Now that we know (3, we can compute the third angle, .

v = 180° — (a+ B1) = 180° — (32° + 39. 486 999°) = 108.513001°
vy = 180° — (o + B2) = 180° — (32° + 140. 513 001°) = 7. 486 999°

Finally, we wil compute the length of side c. We will use the Law of Sines again.

c a asiny
- = — —— CcC = -
s -y SIn &« SN &«

The two possible values of c are then

asiny;  10sin108.513001°

¢ = . = - ~ 17.894 266
sin «v sin 32°
i 10sin 7. 486 999°
o = =072 TSR ~ 2. 458838
sin o sin 32°

There are two solutions:

b1 = 39.487°, v = 108.513°, ¢; = 17.894 and Py = 140.513°, vo = 7.487°, co = 2.459

)a=7 b=9 a=114°

Solution: If we carefully look at the data given, we might see right away that there is something wrong. Because a
is less than b, we also have that « is less than 5. But o = 114° and 3 even greater is impossible. Let us see how the

Law of Sines works. Because a, b, and « are given, we can solve for sin j3.

sina  sinf . bsina  9sin114°
= = sinf= =

— ~ 1.17456
a b a 7

The equation sin 5 ~ 1. 174 56 has no solution because the sine of any angle is less than or equal to 1. This result is
telling us that there is no triangle with the data given above.

d) a=22cm,b=23cm, o =67°

Solution: We can solve first for sin 8 by using the law of sines.

i i bsi 23 in 67°
sina_ sin 3 . snp— sina cm sin ~ 0.962 346
a b a 22 cm

The equation sin 8 = 0.962346 has two solutions between 0° and 180°, and they are complements.

By A 4. 226955°

sinf = 0.962346 —>
By 2 105. 773 045°

Let us now compute ~.

M = 180° — (a+ f1) = 180° — (67° + 74.226955°) = 38. 773 045°
v2 = 180° — (a+ f2) = 180° — (67° + 105.773045°) = 7.226 955°
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In this case both values work. From now on, we perform every step twice. We can now compute c via the law of

sines.

a c a sin vy
" = — — Cc = "
sina  sinvy sin av

The two possible values of ¢ are then

asiny; 22 cmsin 38. 773045°

g = - = - ~ 14.96702 cm
sin av sin 67°
i 22 in7.22 ©
o — as‘m’m _ cm51'n7 6 955 ~ 3. 00661 cm
sin o sin 67°

Thus the two solutions are

b1 = 74.227°, v = 38.7730°, ¢ = 14.9670 cm and 2 ~ 105.773°, 72 ~ 7.2270°, c2 ~ 3. 0066 cm

e) a=22cm,b=23cm, § =67°

Solution: We can solve first for sin « by using the law of sines.
sin « _ sin 8 e dna— asin 8 _ 22 cmsin 67°
a b b 23 cm
The equation sin o = 0.880482 9 has two solutions between 0° and 180°, and they are complements.

~ 0.8804829

a1 ~ 61.70067°

sina = 0.8804829 —
a9 ~ 118.299 33°

Let us now compute ~.
M = 180° — (a1 + B) = 180° — (67° + 61.70067°) = 51.299 33°
72 = 180° — (az + B) = 180° — (67° 4 118.29933°) = —5.299 33°

Since the sum of § and vy is greater than 180°, the numbers here are telling us that there is only one triangle with

the data given. So, v =~ 51.29933°. We can now compute c via the law of sines.

c b _ bsiny 23 cmsin51.299 33°

= = = — = -
sin 8 sin 67°

= ~ 19.499 877 cm
siny  sing

Thus the solution is a ~ 61. 700 67°, v =~ 51.29933°, and ¢ ~ 19.499 877 cm.

f) a=6, b=12, o = 30°

Solution: We can solve first for sin 8 by using the law of sines.

sina  sinf3 bsinaw  12sin30°

a—b:>smB:a:6 1

The equation sin 8 = 1 has only one solution between 0° and 180°, it is 5 = 90°. Let us now compute .
v =180° — (o + ) = 180° — (30° 4+ 90°) = 60°

In this case the triangle has a right angle and so we can compute ¢ by applying the Pythagorean theorem. Since
B =90°, the hypotenuse is b.

c=b2—a2=+122 — 62 =108 = 63

Thus the solution is 5 = 90°, v = 60°, and ¢ = 6v/3 ~ 10. 392 305
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6. Let ABC be any triangle. We extend the line segments AB, BC, and
C A as shown on picture. Suppose that AA’ = 2AC, and BB’ = 2AB,
and CC” = 2BC. What is the ratio of the area of triangle A’B’C" to the
area of triangle ABC?

Solution: The angle (marked blue) at point A is 180° — «. Similarly,
angle C BB’ is 180° — 3, and the angle C'C A is 180° — . Let A denote
the area of the original triangle ABC.

Also recall that sin (180° — «) = sin « for all angles .

1 1
A= iabsin’y = iacsinﬂ = ibcsina

We will compute the area of triangle A’B’C” as the sum of the areas of
four triangles: AABC, ANA'C'C, AC'BB’, and NAA'B’.

1 1 1
Accrar = 3 2a - 3b - sin (180° — ) = §6absin'y =6- <2absin'y> =6A

1 1
Acrpp = = - 2¢- 3a -sin (180° — ) = §6acsinﬂ =6- <2acsinﬁ> =6A

N = o=

1 1
Aaprar = = -2b-3c-sin (180° — o) = §6bcsina =6- (chsina> =6A

So the area of triangle A’B'C"is A= A+ 6A+6A+ 6A = 19A. So the ratio of the area of triangle A’ B’C” to the area

of triangle ABC'is .

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail questions or
comments to mhidegkuti@ccc.edu.
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