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Sample Problems
1. Express each of the following products as a sum or a difference.

a) sinbxcos12x b) cos24Acos8A ¢) sin8a cos2a d) sin 76 sin 46

2. Re-write each of the following sums as a product.

a) sin13a — sin 3a b) cos8 + cos 205

cos3A —cosllA
sin9A4 +sin5A

3. Simplify the given expression.

4. Prove that sin 20° sin 40° sin 60° sin 80° = %

Practice Problems
1. Express each of the following products as a sum or a difference.

a) sin8Acos6A c) cos8Acos6A e) sin3a cos 19« g) sin 6m sin 3m

b) sin6A cos8A d) sin8Asin6A f) cos 426 cos 60 h) sinacos

2. Re-write each of the following sums as a product.

a) sin 10M + sin4M b) sin10M — sin4M c) cosdbx + cos2lx d) cos2lx — cosbx

3. Simplify the given expression. w
sin 6z — sin4x
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Sample Problems - Answers

1 1 1 1 1 1
‘ 1. 1 1 1 1 1.
1. a) 2sm17a? 251117;17 b) 2COS32A+2C0816A c) 28111 Oa+2sm6a
d) L 360 L 116
2cos 2cos

2. a) 2cos8asinba b) 2cos 148 cos 65 3. 2sin 24

Practice Problems - Answers

1 1 1 1

1. a) 3 sin 14A + 3 sin2A b) 3 sin 14A — 3 sin 24

B Scos24 — ScosldA  e) Ssin22a — ~sin16
5 €08 5 €08 e) 5 sin22a — o sinl6a 5

h) %sin(a—l—ﬁ)—l—lsin(a—ﬁ)

1
g) 50053771— 5(3059171 2

2. a) 2sin7TM cos 3M b) 2sin3M cos TM ¢) 2cos 13x cos 8x

3. tanbx
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1 1
c) 3 cos 14A + 3 cos2A

1 1
f) = cos360 + 5 cos 486

d) —2sin 13z sin8x
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Sample Problems - Solutions
1. Express each of the following products as a sum or a difference.
a) sindx cos 12x

We will write the sum and difference formula for sine using 5z and 12z.

sinl7x = sin (12 4 52) = sin 12z cos 5z + cos 12z sin bz

sin7r = sin(12x — 5z) = sin 12z cos bz — cos 12z sin bz

We will subtract the second equation from the first one - or rather, add the opposite.

sin 172z = sin 12x cos bx + cos 12z sin bx

+ —sin7x = —sin 12z cos bx + cos 12x sin bx

sinl17z — sin 7x = 2 cos 12x sin bx

1
3 (sin17z — sin 7z) = cos 12z sin bz

and so the answer is cos 12z sin bx = 3 sinl17xz — 3 sin 7x

b) cos24Acos8A

We will write the sum and difference formula for cosine using 8 A and 24 A.

cos32A = cos(24A+8A) = cos24A cos8A — sin24Asin8A
cos16A = cos(24A —8A) = cos24Acos8A + sin24Asin8A

We will add the two equations
c0832A = cos24A cos8A — sin24A sin 8A

+  cosl16A = cos24A cos8A + sin24Asin8A

c0s32A 4+ cos 16A = 2cos24A cos8A
1
3 (cos 324 + cos 16A) = cos24A cos 8A

1 1
and so the answer is cos 244 cos 84 = 3 cos 324 + 5 cos 16 A

¢) sin 8a cos 2«

We will write the sum and difference formula for sine using 8M and 2M.

sin 100 = sin (8ar + 2ar) = sin 8av cos 2a + cos 8 sin 2«

sin6a = sin (8a — 2a) = sin 8 cos 2c — cos 8ar sin 2cv

We will add the two equations.
sin 10 = sin 8a cos 2ar + cos 8arsin 2«

+  sin6a = sin 8« cos 2a — cos 8 sin 2«

sin 10« + sin 6cx = 2 sin 8« cos 2«

1
3 (sin 10cx + sin 6cr) = sin 8« cos 2«
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1
and so the answer is sin 8« cos 2a = 5 (sin 10cx + sin 6cx)

d) sin 76 sin 46

We will write the sum and difference formula for cosine using 84 and 24 A.

cos110 = cos (76 + 40) = cos 76 cos 46 — sin 760 sin 460
cos30 = cos (76 —40) = cos 76 cos 46 + sin 76 sin 460

We will subtract the first equation from the second - or rather, add the opposite:
—cos 110 = — (cos 760 cos 40 + sin 76 sin 46)

+  cos36 = cos (70 — 40) = cos 76 cos 46 + sin 76 sin 460

cos 360 — cos 1160 = 2sin 76 sin 460

1
sin 76 sin 460 = B (cos 30 — cos 110)

1
and so the answer is sin 70 sin 46 =| — (cos 30 — cos 116)

2. Re-write each of the following sums as a product.
a) sin13a — sin3a

Solution: We will need to come up with two angles that add up to 13a and their difference is 3a. This is quite
easy, especially if we just remember that one of those angles must be the average of 13a and 3a. This average is
13a + 3a

2
is 3a. There are no more decisions to make. Looking at the problem posed, we know that we will express the sum

= 8a. Now the other angle is 13a — 8a = 5a. Indeed, the sum of 5a and 8a is 13a and their difference

and difference formulas for sine; and that we will subtract sin 3a from sin 13a.

sinl3a = sin(8a + 5a) = sin 8a cos ba + cos 8a sin ba

sin3a = sin(8a — 5a) = sin 8a cos ba — cos 8a sin ba

We will subtract sin 3a from sin 13a - or rather, add the opposite:

sin 13a = sin (8a + 5a) = sin8acosba + cos8asinba

+ —sin3a = —sin (8a — 5a) = — sin 8a cos 5a + cos 8a sin ba

sin 13a — sin 3a = 2 cos 8a sin ba

and so the answer is sin 13a — sin 3a =| 2 cos 8a sin ba
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b) cos 83 + cos 2043

Solution: We will need to come up with two angles that add up to 205 and their difference is 83. This is quite easy,
88 + 208
2
other angle is 208 — 145 = 6. Looking at the problem given, we know that we will express the sum and difference

especially if we just remember that one of those angles must be the average these two, = 143. Now the

formulas for cosine; and that we will add cos 83 and cos 204.

cos208 = sin (148 4 653) = cos 143 cos 63 — sin 145 sin 63
cos83 = sin (148 — 653) = cos 145 cos 63 + sin 145 sin 63
We will add the two equations
cos 205 = cos 143 cos 63 — sin 143 sin 63
4+  cos8B = cos 145 cos6S + sin 143 sin 65

cos 83 + cos 205 = 2cos 145 cos 63

and so the answer is cos 83 + cos 208 = ’ 2 cos 145 cos 6 ‘

cos3A —cos1lA

sin9A + sin5A
Solution: Let us use the sum-product identities to turn the numerator and denominator into products. Then, if there

3. Simplify the given expression.

is a common factor, we can cancel it out.

If we need to find two quantities with sum 11A and difference 3 A, let’s take the average of the two first. We obtain

7A and then easily 4A. Now we will state the sum and difference formula of cosine with angles 7A and 11 A.
cos11A = cos (TA+ 4A) = cosTAcos4A — sin7TAsin4A
cos3A = cos (TA —4A) = cos TAcos4A + sinTAsin4A

Since we want to express cos 3A — cos 11 A, we subtract the equations accordingly.
—cos11A = —cosTAcos4A +sin7TAsin4A

4+  cos3A =cos7Acos4A +sin7Asin4A

cos3A —cosl11A =2sin7Asin4A
so the numerator can be re-written as 2sin 7A sin 4 A.

We repeat the process with the denominator. First we need to find two quantities with sum 9A and difference 5A.

We find 7A and then easily 2A. Now we will state the sum and difference formula of sine with angles 7A and 2A.
sin9A = sin (7TA + 2A4) = sin TA cos 2A + cos TAsin 24
sin5A =sin (7TA — 2A) =sin7Acos2A — cos TAsin 24

We add the two equations and obtain sin 94 + sin5A = 2sin 7A cos 2A. So the denominator can be re-written as

2sin 7A cos 2A. So our fraction is now

cos3A —cos11A  2sin7Asin4A  sin4A
Sin9A +sinbA  2sin7Acos24  cos2A

This expression can be further simplified, via the double-angle formula for sine: sin4A = 2sin 24 cos 2A.

sin4A 2sin2A cos2A

g = 2 i 2A
cos 24 cos 2A St
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So the answer is .

4. Prove that sin 20° sin 40° sin 60° sin 80° = %

Solution: We will apply the product-sum identities several times. First for sin 20° sin 40° and for sin 60° sin 80°.

cos 20° = cos (40° — 20°) = cos40° cos 20° + sin 40° sin 20°
cos 60° = cos (40° + 20°) cos 40° cos 20° — sin 40° sin 20°

If we subtract the second equation from the first one, we get that cos 20° — cos 60° = 2 sin 40° sin 20°
1

and so sin 40° sin 20° = B (cos20° — cos 60°)

Similarly,

cos 20° = cos (80° — 60°) = cos80° cos 60° + sin 80° sin 60°
cos 140° = cos (80° 4+ 60°) = cos80° cos 60° — sin 80° sin 60°

If we subtract the second equation from the first one, we get that cos 20° — cos 140° = 2 sin 60° sin 80°

1
and so sin 60° sin 80° = 3 (cos 20° — cos 140°)

1
Let us re-write cos 140° as — cos 40° and then we have that sin 60° sin 80° = 3 (cos20° 4 cos 40°)

1 1
sin 20° sin 40° sin 60° sin 80° = 3 (cos20° — cos 60°) 3 (cos20° + cos 40°)
1
= 1 (cos 20° — cos 60°) (cos 20° + cos 40°)
1
= 7 (cos? 20° + cos 20° cos 40° — cos 20° cos 60° — cos 40° cos 60°)

Now we will apply the product-sum formulas again, except for the first term, cos? 20° which we will handle by the

double angle formula.
1
cos 40° = 2 cos? 20° — 1 and so cos? 20° = 3 (cos40° 4 1)

Now we re-write cos 20° cos 40°

cos 20° = cos (40° — 20°) = cos40° cos 20° + sin 40° sin 20°
cos 60° = cos (40° +20°) = cos40° cos 20° — sin 40° sin 20°

If we add the two equations, we get that cos 20° + cos 60° = 2 cos 40° cos 20°
1
and so cos 20° cos 40° = 5 (cos 20° + cos 60°)

1 1
Similarly, we can re-write cos 20° cos 60° as 5 (cos 40° + cos 80°) and cos 40° cos 60° as 5 (cos 20° + cos 100°)
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So we have that sin 20° sin 40° sin 60° sin 80° =

(C082 20° + cos 20° cos 40° — cos 20° cos 60° — cos 40° cos 60°)
1 (o] 1 o o 1 (o) o 1 (o) o)
5 (1 + cos40°) + 5 (cos20° + cos60°) — 5 (cos40° + cos 80°) — 5 (cos 20° + cos 100°)

(1 4+ cos40° + cos20° + cos 60° — cos40° — cos 80° — cos 20° — cos 100°)

QO = s = ] =

We can cancel out cos 20° and cos 40° and have that

1
sin 20° sin 40° sin 60° sin 80° = 3 (1 + cos60° — cos 80° — cos 100°)
1
We know that cos 60° = 3 and that cos 100° = — cos 80° and so
1 1 1 3 3
sin 20° sin 40° sin 60° sin 80° = 3 (1 + 5 —cos 80° — (—cos 80°)> =3'3- 16

This completes our proof.

1
5. Prove that cos 20° + cos 60° + cos 100° + cos 140° = 3

2 sin 20°
Solution: We will multiply this expression b s1n7 Then we will distribute the numerator and then apply the
ply p y 2 sin 20° pply

product-sum identities to re-write the products.

c0s 20° + cos 60° + cos 100° + cos 140° =

2sin 20°
= & (cos20° + cos 60° + cos 100° + cos 140°)
2 sin 20°

1
= Samo0 (2sin 20° cos 20° + 2 8in 20° cos 60° + 2 sin 20° cos 100° + 2 sin 20° cos 140°)
sin

The first term can be simplified by the double angle formula for sine: 2 sin 20° cos 20° = sin 40°

Now we re-write 2 sin 20° cos 60°

sin80° = sin (60° +20°) = sin60° cos 20° + cos 60° sin 20°
sin40° = sin (60° — 20°) = sin60° cos 20° — cos 60° sin 20°

Let us subtract the second equation from the first and get sin 80° — sin 40° = 2 cos 60° sin 20°
Similarly, we can re-write 2 cos 100° sin 20° as sin 120° — sin 80° and 2 cos 140° sin 20° as sin 160° — sin 120°

So then we will have that

1

25 90° (2sin 20° cos 20° 4 2 sin 20° cos 60° 4 2 sin 20° cos 100° + 2 sin 20° cos 140°)
sin

= ———— (sin40° + sin 80° — sin 40° + sin 120° — sin 80° + sin 160° — sin 120°)
2 sin 20°
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1
There are cancellations: sin 40°, sin 80°, and sin 120° will be canceled out and we are left with Sein20° (sin 160°)
sin

1 sin 20° 1
Si th 1 ts, 20° and 160° have th ine, and sO ———— (sin160°) = ———— = —.
ince they are supplements, 20° and 160° have the same sine, and so 2 5in 20° (sin 160°) 9 5in 20° 5

This completes our proof.

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail questions or

comments to mhidegkuti @ccc.edu.
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