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1
Definition: We define the natural logarithm function as In x = / n dt with domain (0, c0)
1

3. a)

3. b)

d 1
On its domain (0,00), — Inz = —and Inz is continuous, strictly increasing, and one-to-one.
x

dx

d 1
proof: On its domain (0, c0), T Inz = — by the fundamental theorem
x x

Inx is continuous because it is differentiable. It is strictly increasing because its derivative, — is always
x

positive. Finally, Inz is one-to-one because it is strictly increasing.

In1 =0, Inx is positive for x > 1 and Inx is negative for 0 < z < 1
1

proof: lnlz/

1

dt =0

~ | =

x
1 1
— is positive on (0,00) and so if > 1, then /t dt is positive
x

1

T 1
1 1
Suppose that 0 < z < 1. Then /t dt = — / n dt is negative
1 T
Inzy =Inz +1Iny for all positive z,y
proof: Fix y and define the function f (z) =lnzy — Inz
f(z)=(nz lnx)/—i() l—0

Since its derivative is zero, f (z) is constant. f (1) =Ilny—1Inl 2 Iny—0
So for all z, f (x) =1Iny

Iny = lnazy—Inz

Inz+lny = Ilnzy

1
In— = —Inz for all positive x
x

1
Now that we have proven Inzy =Inz + Iny, let y = —. Then
x

Oilnl = lnx(l) 3:aln:z:—|—lnl
T T

0 = Inz+In—

T
1
—Inz = In-—
T
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4. lngzlnxflny
Yy
proof:
1 1
L =In (:1: ()) Bzt n- Ling+ (—Iny) =Inz —Iny
Y ) Y
5. lim Inz = oo and lim Inz = —oco. The range of Inz is (—o0, 00).
T—00 z—0t

Claim 1: In2 > %

1
proof: Consider the picture below. As it shows, In2 is the area under the graph of — on [1,2]. The area of
x

1
the rectangle inside this region is 3

Claim 2: For any positive number N, there exists z with Inx > .
proof: Let z = 22V,

1
Inz=mn2"* =In(2-2-2...-2) =In2+In2+m2+..+1n2 = (2N)In2 > (2N) <2> =N

Thus lim Inx = oco.
Tr—r0Q0

For large negative values of the natrual logarithm function, let z = 22V

shown that Inxz > N and also,

as before. Then we already have

1
In—=—-Inx<—-N
x
Thus lim Inz = —o0.
z—07+
For the range: We proved that lim Inz = oo and lim Inz = —oo. Since Inx is continuous, by the
T—00 z—0t

intermediate value theorem, the function takes every real number as a function value.

Definition: We define the natural exponent f (z) = expx as the inverse function of Inx. Later on,
we will denote it as e”.

6. expz has domain (—o0,c0) and range (0, c0)

proof: Recall that Inx has domain (0, 00) and range (—o00,00). expe, the inverse will have those reversed.

7.  exp(Inz) = z for all positive x and In (expy) = y for all positive y.

Inz

(Same as e™* = x for all positive x and Ine¥ = y for all positive y)

proof: follows from the definition of inverse functions.
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8. exp(x+y)=(expx)(expy) forall z,y
(Same as e*T¥ = e%e? for all x,y)

proof:

exp T expy z exp (In (expx expy)) da exp (Inexpx + Inexp y) z exp (z + y)

9. exp(x—y) = PL for all x,y
expy
X
(Same as e~ Y = e—y for all x,y)
e

proof:

P T exp (In <expx>) 2 exp (In (expx) — In (expy)) L exp (z — y)
expy expy

10.  On its domain (—o0,00), exp z is strictly increasing, one-to-one, and 7 CXPT = expa.
x

proof: For all positive x, In (exp x) LS

In(expx) = =z differentiate both sides
1 d
-—expr = 1 multiply by expx
expr dx
—expr = expx
dx Xp Xp

Since the derivative of exp x is always positive, exp x is always strictly increasing and therefore also one-to-one.

11. lim expx =oc and lim expxz =0
T—00 Tr—r—00
Recall that lim Inx = oo and lim Ina = —oo and that Inz and exp x are inverse functions.
T—>00 r—0+t

Definition: Define e to be the number e = exp 1.

12. lne=1

proof: Ine © n (exp1) L
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Definition: For positive b, let exp, = exp (zlnb). Later we will use the notation b* for exp,x.

13.

exp,z =expx forall z

proof: exp,x % exp (zlne) L exp(z-1) =expzx

14. a) exp, 0 =1 (same as b0 = 1)

14. b)

14. ¢)

14. d)

15.

16. a)

16. b)

17. a)

proof: exp;0 def exp (0lnb) = exp0 2 exp (In1) ‘1

exp,l =b (same as b' = b)

proof: exp, 1 def exp (11lnbd) = exp (Inbd) def b

1 1

exp, (—1) = A (same as b~ ! = 5) (Recall that b > 0)
def 3b 1 7 1

proof: exp, (—1) = exp(—11lnb) =exp ( In 2 =%

exp;z =1 (same as 17 = 1)

proof: exp; x  exp (zIn1) Z exp (z-0) =exp0 g

In (expyx) = xlnb for all  and all positive b

(same as Inb* = zlnb for all z and all positive b)

proof: In (exp, x) N (exp (z1nb)) L zlnb

expy, (z +y) = (expy ) (expyy) for all z,y and all positive b

(same as b*TY = b*bY for all z and all positive b)

proof: expy (z +v) e exp ((x +y)Inb) =exp (xlnb+ ylnb) 2 (exp (x1nb)) (exp (y1nbd)) e (expy x) (expp y)

€XPexp, » Y = €xpy (zy) for all z,y and all positive b

(same as (b*)Y = b™ for all z,y and all positive b)

proof:  eXpeyp, » ¥ def exp (yIn (expy x)) def exp (y1n (exp (z1nbd))) < exp (yzInb) def expy, (zy)

expy (—x) = for all x and for all positive b

expy T
1
(same as b= = " for all « and all positive b)

proof:

1 4 exp, 0 = expy(z+ (—x)) = (expy, ) (expy (=)

1
1 = expy T - (epr (—:L‘)) - €XPy (_‘T) = expy, T
b
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17. b)

18. a)

19. a)

expy. = (expy ) (exp, ) for all x and all positive b and ¢
(same as (bc)” = b*c” for all x and all positive b and c)

proof:
eXPpe L & exp (x In be) 2 exp (x(Inb+1Inc)) =exp(zxlnb+ zlnc) 2 (exp (z1nb)) (exp (zlnc)) & (exp, x) (exp, T)

expy (r —y) = 2};?)25 for all z,y and all positive b

(Same as b" 7Y = W for all ,y and all positive b )

1 expyz
CXPpY  €XPpY

16a 17a
proof: expy, (z —y) = expy, (z + (—y)) = (exp, x) (exp, (—y)) = exp,z

b =b-b-...-b for all positive b and natural number n
—
n times

proof: Writen=14+1+..4+1
N————

n times

b" =expyn =exp, (1+1+...4+1) o (expy 1) (expp 1) ... (expy 1) EN

n times

n times n times

Please note that a rigorous mathematical proof of this statement requires a proving technique called induction.

Let us use the usual notation: Let b” = exp,z and e* = exp .

19. b)

19. ¢)

20.

bt/m = /b for all positive b and positive integers m
1
proof: —+ —+4+ ..+ — =1
m times
1 1 1 1 1 1
(epr ) <epr ) <epr > 2 expy ( +—+ ...+ > =exp,l =0
m m m m m m
m times m times

1 1
By definition, b'/™ = exp, — is a positive number. By the computation above, exp, — is a number such that
m m

when it is raised to the mth power, the result is b. Thus, it is ¥/b.

pyr/m — %
1
proof: We write n_y <>
m

m

n 1 b 1 1 b m
p/m = €XPyp (E> = €xXPy (n <m>> E ©€XPexpy, n (m) = €XDPyn <m) E Vo

d
Let b > 0 be fixed. Then d—bx = b"Inb on its domain (—o0, c0).
x

proof: By the Chain rule,
d o def d

el %exp(:nlnb)gexp(xlnb)%(:plnb):exp(xlnb) Inb="5" Inb
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d
21. Let t be any real number, fixed. Then d—xt = tz'~! on its domain (0, c0).

x
proof:
t
%avt = % exp (tlnx) L exp (tlnx) e (tlnzx) = xté = t% = tx!~!

1
22.  pme/Inb — o for all positive z and all positive b with b # 1. That is, exp, ( na:) =z

Inbd
Inz\ def Inx 7
proof: expy <lnb> = exp <ln blnb) =exp(lnz) ==

23.  For all positive b with b # 1, b is one-to-one and has domain (—oo, 00) and range (0, 00).

proof: b = exp (xInb) is positive for all x since exp x has range (0, 00).

1
To show that the range is all of (0,00), let y > 0 be given. Let x = % Then b* = piny/Inb 2 y. the domain
n

of b* = exp (x1nb) is (—o0, 00) since that is the domain of exp x (see in 6).

Recall from 20 that —b* = b Inb. Since b® is positive for all x, the expression b* In b is positive for b > 1 and

x
negative for 0 < b < 1. Thus b” is strictly increasing if b > 1 (because its derivative is positive) and strictly
decreasing if 0 < b < 1 (becasue its derivative is negative). In both cases, the function b is one-to-one.

Definition: For all positive b with b # 1, we define log, ¢ to be the inverse function of exp, x.

24.  For positive b with b # 1, log, « has domain (0, c0) and range (—oo, c0).

proof: This follows from the definition of inverse functions and 23.

25.  For positive b with b # 1, b'°% = x for all positive z and log, b¥ = y for all y.

proof: This follows from the definition of inverse functions.

1
26. logyx = % for all b and z with positive values and with b # 1.
n

proof: Recall from 22 that b™%/b — 4 and take the base-b logarithm of both sides.

P bln z/Inb
Inz
1 - 1 (blnw/lnb) 2:5 e
ogy T 08y b
27. a) log, x = Inz for all positive =
proof: We start with 26:
2 Inx 12 Inx
log,.x = — = — =lnx

~ Ine 1
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27.

28.

28.

29.

29.

30.

1
b) log,z = fi i for all b, ¢, and x positive with b # 1 and ¢ # 1.
o

C

proof: We will use 26.

Inx
log.x 26 T1ne Inzlne Inz 9
= = =_—=1
log.b b Inclb Inb 7
Inc

a) log, 1 =0 for all positive b with b # 1.
roof: 1 26 Inl 2 0 B
prook: logy L =1 = g =
b) log, b =1 for all positive b with b # 1.
Inb
proof: log, b 2610
Inb
a) log, xy = logy x + logy y for all positive b, z,y with b # 1.
26 Inz  Iny Inz+Iny 3 Inxy 2
f: 1 1 = — = = log
proot losy T+ I8 Y = 1y T b~ b nb
b) log, 2! = tlog, = for all positive b, z with b # 1 and any ¢.
: £ 26 In z* ln(expt:c) 15tlne mi%;
proof: log, x Il b b tl 2 tlogy x

d
For all positive b with b # 1, logbw =

P its domain (0, c0).

proof: Recall from 26 that log,z = —.

n
d 2 d (Inx 1 d
1 nry - 2 %
dr BT T 4z <lnb> (Inz)

Based on a writeup by Michael Maltenfort.
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[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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