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Definition: We define the hyperbolic functions as

1 1 sinhx e*f —e ™™
inhy = = (e — e~ ® he = = (e —x tanh x = _
sinh x 5 (e e ) cosh x 5 (e +e ) anh x woshz _ o® FoF
1 2 1 2 h z -
cschz = — = sechz = = cothz = C?S r_°¢ te
sinh z er — e % coshr e +e sinh z er — e~ %

Theorem: |sinh0 =0 and cosh0 =1 ‘

Proof:
sinh():}(eo—e_o) :1(1—1):0 and coshOzl(eoJre_o) :1(1+1):1
2 2 2 2
Theorem: |sinhx and tanhx are odd, and cosh z is even. ‘
Proof: Let x be any real number.
1 1 1
sinh (—x) = 3 (e r— e*(*z)) =3 (e7% —e€") = ) (e —e™) = —sinhz
1 —x (_x) ]- x xT ]‘ T T
cosh (—z) = 5(6 +e )—5(6 +6)=§(€ +e ):cosh:U
sinh (—z) —sinhx
tanh (—z) = = = —tanh
anh (—z) cosh (—x) coshz anae
Limits
Theorem: | lim sinhx = o0 and lim sinhx = —o0
Tr—00 T—r—00
. . 1 _ . . . . .
Proof: lim sinhz = lim = | e®* —e ™ | = oo Since sinhz is odd, lim sinhx = —oo follows.
T—r00 T—00 1 1 T——00
[eS) 0
Theorem: | lim coshz = lim coshz = oo
T—r00 T——00
Proof: lim coshz = lim = | e*+ e ® | = oo Since coshx is even, lim coshz = oo follows.
T—00 z—o0 2 | | 1 T——00
o 0
Theorem: | lim tanhx =1 and lim tanxz = —1
T—r00 T—>r—00
Proof:
1 2 1 1
1 —
) ) et — 7% ] e* — 67 ) € ( e2:c> ) 1— 625'3
lim tanhx = lim —— = lim = lim = lim =1
T—00 z—oo el + e 7T T—00 T i T—00 . 1 r—00 14 L
€ e e 1 + eTaC €2$
Since tanh z is odd, lim tanhz = —1 follows.
T——00
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y =sinhz = — (e —e™ ")

domain: R
range: R

The grey graphs are
y=eand y = —e "

1

2

Graphs
1 _
y = coshx = i(e‘”—i—e )
domain: R

range: [1,00)

The grey graphs are

y =cschx = =

sinhz e*—e 7

domain: (—o0,0) U (0, 00)
range: (—o00,0) U (0, c0)
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y =sechx = =
coshz e +e™®
domain: R
range: (0, 1]

el —e™ %
y =tanhx = ————
et 4+ e %
domain: R
range: (—1,1)
y 6
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4 3 1 0 1 2 3 4 5 6
ef+e
y=cother = ———
em — e*ﬁ?

domain: (—o0,0) U (0, 00)

range: (—oo, —1) U (1, 00)

Last revised: October 30, 2012



Lecture Notes Hyperbolic Functions page 3

[dentities

Theorem: ’ cosh? x — sinh?z = 1 ‘ for all real numbers z. Also, |tanh? z = 1 — sech? z and coth? z = 1 + csch? z

Proof: Let x be any real number.

2 2
cosh? z — sinh? x = <; (em + e_x)> — (1 (e"” — e_x)> = i (eQm +e % 4 2) —— (62”5 +e 72— 2) =

We can derive additional identities from cosh? z — sinh? x = 1 by dividing by cosh?® z or by sinh? 2:

cosh?z —sinh?z = 1 cosh?z — sinh?z =1
cosh?z  sinh?z B 1 cosh?z  sinh?z _ 1
cosh?z cosh’z  cosh’z sinhi®z  sinh’z  sinhZz
1—tanh?z = sech?z coth?z — 1 = csch? z
1—sech’?z = tanh?z coth?z = 1 + csch? z

Theorem: (”double-angle” formulas) ’ sinh 2z = 2sinhz coshz and cosh 2z = cosh? z + sinh? z | for all real num-
bers x.

Proof: Let x be any real number.

2sinhxzcoshz = (623” — 6_2$) = sinh 2z

2
cosh?z + sinh?z = 1 (633 + e_x) i + 1 (ez — e_z) i = 1 (62:‘3 +e 2 4 2) + 1 (62$ +e % 2)
2 4
1
1

The double-angle formula for cosh z also has three forms. Recall that cosh? z — sinh?z = 1

cosh 22 = cosh? x +sinh?z = 1 + 2sinh? 2z = 2cosh?z — 1

From this, we can solve for sinh? z and cosh? z :

1 1
cosh? x = 3 (cosh2z +1) and sinh?z = 3 (cosh2x — 1)

(© copyright Hidegkuti, 2012 Last revised: October 30, 2012



Lecture Notes Hyperbolic Functions page 4
Derivatives
d . d )
Theorem: | — sinhx = coshx and — coshx = sinhz
dzr dr
Proof:
d d 1 x —x 1 x —x 1 x —x
ch:SIHh$_d<2(e —e ))—2(6 —(—e )):i(e +e ):coshx and
d d 1 x —x 1 x —x 1 x —x :
dxCOth:d:U<2(e +e )>:2(e +(—e ))25(6 —e ):smhx
d 2 d 2
Theorem: | — tanhx = sech“x and — cothz = —csch”x
dx dx
Proof:
i inh hx — sinh i h
d d (sinhzx dx S L | COSLL = SUI L dx cost T cosh z - coshz — sinh z - sinh =
—tanhx = — = =
dx dz \ coshzx cosh? cosh?
cosh? z — sinh? 2 1 9
= 5 = 5— = sech” x
cosh” x cosh” x
i h inh z — cosh i inh
d d (coshzx dx COSMLL JSIMAL = COSH L dx SU L sinh z - sinhx — cosh x - cosh z
—cothe = — | — = _
dzx dx \ sinhz sinh? sinh? z
sinh?z — cosh®’z  — (cosh2 x — sinh? x) -1 9
- — = — = —5— = —csch™x
sinh* x sinh“ x sinh”* x
d d
Theorem: . sechx = —sechx tanhz and e cschx = — cschx cothx
Proof:
d d d 1 1 inh
. sechz = . (coshz)™" = (=1) (coshz) 2 (dm cosh :c> - (sinhx) = ~osha ::)I;hi = —sechztanh x
d d d 1 1 h
o cschx = . (sinhz) ™' = (1) (sinhz) 2 <da: sinh a:) = (coshz) = ~ s :::h::: = —cschz cothz
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Antiderivatives

Theorem: / sinhz dz = coshz + C and / coshz dx = sinhz + C

Proof: These follow from the differentiation formulas.

Theorem: /tanhx dx =1In (coshz) + C and /cothx dx = In|sinhz| + C

Proof: We compute / tanh z dx first. Let u = coshz. Then du = sinhx dx and so

inh 1 1
/tanhx da:—/sm i da;—/ (sinhx da;)—/du—ln]u\+C’—ln\coshx]+C
coshz coshz u

Since cosh x is always positive, we do not need the absolute value sign.

/tanhx dx =In (coshz) + C

Now for / cothx dz: Let u = sinhx. Then du = coshz dx and so

h 1 1
/Cothm d$:/c_os ’ d:v:/ - (coshz d:z:):/du:1n|u|—|—C’:1n|sinhx]+C
sinh sinh x u
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Inverse Hyperbolic Functions

We can easily define sinh~! z because sinhx is one-to-one. For cosh™! z, we will need to restrict the domain of
coshz to [0,00). tanhz is also one-to-one, so tanh™! z is easily defined.

y =sinh 'z y=cosh ™tz y=tanh ™'z
domain: R domain: [1, c0) domain: (—1,1)
range: R range: [0, 00) range: R

Similarly, the domain of sech z needs to be restricted to [0,00). Since cschx and cothz are one-to-one, the inverse
functions automatically exist.

y 6 y 6 y 6

y=csch™ !z y=sech !z y=coth™tz
domain: (—o0,0) U (0, 00) domain: (0, 1] domain: (—o0, —1) U (1, 00)
range: (—o00,0) U (0, c0) range: [0, 00) range: (—o00,0) U (0, 00)
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Identities

_ .1
Theorem: |sech™! z = cosh™! =
T

Proof:
1 1 1
sech <cosh1 (>> = 1 = T =z
. cosh <cosh1 ()) —
x X
1
We consider x = sech (cosh_1 <>> and apply sech™! to both sides.
T
1 (1
x = sech | cosh -
T
-1 -1 -1 1
sech ™ x = sech (sech <cosh ()))
T
-1 !
sech ™ x = cosh <>
T
-1 =1 1
Theorem: |csch™ z =sinh™ —
T
Proof:
1 1 1
csch (simh_1 ()) = : =—g— =2
v sinh <sinh_1 ()) —
€T X
1
Now that we have x = csch (sinh1 <>>, we apply csch™! to both sides.
T
o1 (1
x = csch | sinh -
T
-1 -1 o1
csch™x = csch <csch <s1nh (>>>
x
—1 . -1 1
csch™ x = sinh ()
T
-1 1
Theorem: |coth™ xz =tanh™ " —
T
Proof:
=z

SIS

T

e ) e )

1
We consider z = coth <tannh‘1 <>> and apply coth™! to both sides.
T
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r = coth (tanh_1 (1>>
T
-1 -1 -1 1
coth™x = coth <coth <tanh <>>>
T

1
coth™'z = tanh™! ()
T

Derivatives of inverse functions

d 1
Theorem: | — sinh™ 'z =

dx V14 22

Proof: Recall that when we compose a function with its inverse, the result is the identity function:

f( @) =2
We will state that for sinh z and differentiate both sides.

sinh (simh_1 :v) = z
cosh (sinh_1 3:) % (sinh_1 x) =1
d 1
— (sinh~! - -
dx (sm $) cosh (sinh_1 x)

Recall that for all y, cosh?y — sinh?y = 1. Then coshy = 4++/1 +sinh?y. Since coshy is always positive, the
negative solution is easily ruled out. Thus

d .. 1 1 1
Tn (smh 1:) = ——7 = = >
x cosh (smh a:) \/1 + sinh? (sinhf1 x) Vit
1
Theorem: | — cosh™ lo = ———
dx 2 —1

Proof: Recall that when we compose a function with its inverse, the result is the identity function:

F(F @) =x

We will state that for cosh 2 and differentiate both sides. Recall that the domain of cosh™! z is [1,00) (since it is
the range of coshz). On that domain, sinh z is always positive.

cosh (cosh*1 a:) =
sinh (cosh_1 x) % (cosh_1 :c) =1
1
- -1 —
dx (COSh x) sinh (cos.h*1 x)

Recall that for all y, cosh?y — sinh?y = 1. Then sinhy = ++/cosh?y — 1. When y > 1, sinhy is positive, and so
the negative solution is ruled out. Thus
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a (cosh*1 a:) = ! = ! = !
dx sinh (cosh*1 iL‘) \/cosh2 (Coshfl a:) 1 Va2 —1

d 1 1
Theorem: . tanh™ =z = =22

Proof: Recall that when we compose a function with its inverse, the result is the identity function:

F(@) =2
We will state that for tanh 2 and differentiate both sides. Recall that the domain of tanh™! z is (—1,1).

tanh (tanh_1 ;1:) =
d
sech? (tanh_1 :U) T (tamh_1 :n) =1
T
d 1
— (tanh™'z) =
dzx ( ) sech? (tamh_1 x)
Recall that for all tanh?y = 1 — sech?y. Thus
d 1 1 1
— (tanh™'z) = = =
dx ( ) sech? (tamh*1 w) 1 — tanh? (tanhf1 x) 1 — 22
1
Theorem: i coth™lz =
dx 1 — 22

Proof: Recall that when we compose a function with its inverse, the result is the identity function:

F(F @) =2
We will state that for tanh z and differentiate both sides. Recall that the domain of coth™  is (—oo, —1) U (1, 00).

coth (coth_1 1:) = z
_ 2 -1 i -1 _
csch (coth x) . (coth x) =1
1
— (coth™'z) = —
dx (CO $) csch? (coth_1 a:)

Recall that for all coth? y = 1 + ecsch?y. Thus csch? y = coth?y — 1 and so
1 1 1 1

4 (Coth_1 z) =— = - = =
csch? (coth_1 $) coth? (coth_1 x) -1 2—1 1—22

dzx

1
There is another way to prove this. Recall that coth™ z = tanh™! ()

d g 4] 1 d (1 1 1 1 1 1 1
- —_ n — [ R — e _— [ _— — —
dz T T . <1>2 dr \ z . (1)2 2 l—i 2 2—1 1—22

X
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-1
Theorem: | — sech™ !z =

dx V1 —1?

Proof: Recall that when we compose a function with its inverse, the result is the identity function:

F(F @) =2

We will state that for sechx and differentiate both sides. Recall that the domain of sech™! z is [0,1) and range
[0, 00).

sech (sech_1 a:) = =z
—sech (sech_1 :U) - tanh (sech_1 :U) . % (Sech_1 x) = 1
d 1 1
il h—1 - _ —
dzx (sec 1‘) sech (sech_1 x) - tanh (sech_1 $) T tan (sech_1 x)

Recall that for all tanh?y = 1 — sech®?y. Thus tanhy = ++1/1 —sech?y. In this case, tanh (s.ech*1 x) must be
positive and so tanhy = \/1 — sech?y. Thus
1 1

i (sech_1 $) = = —

dx - a:\/l — sech? (sech_1 :c) V1 —a?

1
There is another way to prove this. Recall that sech™! z = cosh™! ()
T

d d 1 1 d (1 1 1 —1
—sech™'z = —cosh™ !} (2)= —— (= (=2 S (U
dx dzx T 1 dr \ x 1 x? 5 |1
1
-1 B -1

1 V1 — a2
x| x? <21)

T

1
Theorem: | — csch™ !z =

da 2 V1t 22

Proof: Recall that when we compose a function with its inverse, the result is the identity function:

F(F @) =a

We will state that for cschx and differentiate both sides. Recall that the domain of csch™ z is (—o0,0) U (0, 00)
and range (—o0,0) U (0, c0).

csch (csch_1 x) =
—csch (csch_1 :U) - coth (csch_1 l‘) . % (Csch_1 x) = 1
1 1

4 (Csch_1 ) = — = -
dx csch (csch_1 :L') - coth (csch_1 :B) x coth (csch_]L m)
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Recall that for all coth?y =14 csch®?y. Thus cothy = ++/1 + csch®y.

i (csch_1 $) = — 1 = — 1 = :til
dx  coth (CSCh_l $) +x \/1 + csch? (csch_1 a:) V1 +a?

looking at the graph of csch™! z, it is always decreasing and so its derivative must be negative. Thus

1

d
el h—! - -
(csc J:) = T

dx

1
There is another way to prove this. Recall that csch™! 2z = sinh™* <>
T

dx dx T 1\2 dxr \ x 1 x? 5 1

1
T a?
_ -1 _ -1
1 |z| Va2 + 1
lz[[22 |1+ —
T
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Formulas for inverse functions

A more direct formula for y = sinh ™'z exists.

Theorem: |sinh™'z = In (x +VzZ + 1) )

Proof: Consider y = sinh ™! z, same as sinhy = 2. We will solve this for .

z = sinhy
1

z = 3 (eV —e™Y)
1 1 .

r = =&V —— multiply by eY
2 ey
1 ., 1

Yo (V)2 2

xe 5 (e¥) 5

This is quadratic in e¥. We will solve for ¥ and then for y.

1 .5 1
Yo S (e¥)2_ 2
xe 2(e) 5
1 1
0 = = (e¥)?2 — pe¥— =
2(6) ve¥ — 3

Applying the quadratic formula,

1 1
)
+ 1
()
2
Since vz2 + 1 has a greater absolute value than z, z —v/x? + 1 is always negative and x++v/z? + 1 is always positive.

Because €Y is positive for all real y, we discard the negative solution and solve for y.

e = z+Va2+1
y = ln(x—l— x2—|—1>

We can differentiate sinh~! z using this form of it:

sinh™!

4 r = i1n(a:+ x2+1>—; <1+1(2x))—1 <1+x>
dx dx r+vVr2+1 2vVx? + 1 T+ vVx2+1 2 +1
1 <\/w2+1—|—x>_ 1

:13—1—\/302—1—1' 241 CVzZ+1

Similar computation yields for |cosh™! 2 = In (m +VrZ— 1) !
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Now for tanh ™' 2: Recall that this function has domain (—1,1).

y = tanh 'z
tanh y T
xr =
eYy +eY
:U(ey—i-e_y) = e¥—¢eY
1 1 .
ey +r— = e¥—— multiply by e
ey ey
z(e¥)? + (e¥)? -1
r4+1 = (%) —xz(e¥)?
41 = () (1-2)
1 + x 2
— (&Y
- (€”)
1+=z
Y =
¢ 1—2

Since e¥ is always positive, we discard the negative solution and solve for y.

1+z
Vo
¢ 1-2z
1+2z 1 1+ 1
y = In 1_x—21n<1_x>_2(ln(1+$)—ln(1—x))

We can differentiate tanh ™! z using this form of it:

* tanh e = dciB(ln(l—f—x)—ln(l—x))]:;(1ix—1i$(—1)>:;

14z
- ;(<1+i>_<f_x>+<1_i>+<f+x>> :;(W> :;<1—2x2>:1—1x2

Similar formulas exist for all inverse hyperbolic inverse functions:

sinh™lz = ( ) zeR
cosh™z = In ( ) lz| > 1
1 1 1
tanh 'z = 5 < —HU) 3 (In(1+2)—In(1-x)) lz| <1
N
sech ™tz = ( ! x> O<x<1
V1t 22
csch™tz = (1 1tz ) z#0
x
coth™lz = 1ln vriy _1 (In(x+1)—In(z—1)) |z| > 1
2 z—1 2
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Formulas
cosh?z —sinh?z = 1 sinh 2z = 2sinh x cosh x cosh 2z = cosh? z + sinh?
tanh?z = 1—sech?z =1+ 2sinh?z
coth?z = 1+ csch?z =2cosh?z — 1
d . .
s sinh z = cosh z coshx dx =sinhz + C
T
d . .
T coshx = sinh z sinhz dz = coshz + C
T
d 2 2
. tanh z = sech” z sech” z dx = tanhx + C
T
d 2 2
d—cothx:—csch T csch”x doe = —cothx + C
T
d
e sechxz = —sechx tanh z sechztanhz dx = —sechz + C
T
d
e cschx = — cschx cothx cschx cothx de = —cschax + C
T
/tanha: dr = In(coshz)+C
/cothw dr = In|sinhz|+C
—smhflx:# /1 dr =sinh 'z 4+ C
dx 22+ 1 Va?+1
—cosh_lz:; r>1 /1dx:cosh_1m+C r>1
dz 2 -1 V-1
—tanh ™!z = b x| <1 / ! dz =tanh~ 'z + C lz] <1
dx 1 — 22 1—x2
d 1 1
%cothfla:zl_aj2 |z| > 1 /1_x2dac:cothla:+C |z| > 1
isech_laz——# O<r<l1 /1——sech_1m+0 O<zr<l1
dx xV1—2? xV1 — 2?
d 1 1 / 1 1
—csch " v = ———F1— x#£0 — = —¢csch™x+C z#0
dx |z| V14 22 7 |z| V14 22 #

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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