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Suppose that f and g are differentiable and ¢’ () # 0 on an open interval that contains a (except possibly at a).
Suppose that

lim f (z) = 0 and liglg(m):O

T—a

or that
lim f (z) = £oo and lim g (z) = +00

r—ra Tr—a
. . 0 s
(In other words, we have an indeterminate form of type 0 or +—. Then
00

o L@ @)

e g(e) e g (2)

If the limit on the right side exists.
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Sample Problems - Answers

1 1
1) o 2) 0 3) 0 4 3 5.) oo 6.) 6 7) 0 8.) oo 9.) —3 10.) 1
2 1
11.) 32 12) —=  13) oo  14) oo
3 2
Practice Problems - Answers
3 4 20 1
L)oo 2) ¢ 3) 5 4)0 5) -1 6) 5 7)5 8)co 9)3 10) —5 1) oo
3 . . . 1 1
12.) 3 13.) oo This is NOT an indeterminate!  14.) 6 15.) 3
Sample Problems - Solutions
x
T—00 I
Solution: This is an i type of an indeterminate, so we can apply I’Hopital’s rule. We differentiate both
00
numerator and denominator: . .
lim — = lim —
T—00 T T—00 2%
X
lim — is an s type of an indeterminate, so we can apply I’Hopital’s rule again
T—00 I o0
et €
o a2 T
T
lim & is no longer an indeterminate because the numerator approaches infinity while the denominator
T—00
approaches 2. This limit is oco.
-1
2. lim —©
z—=0 T + Ssinx
. . cost—1 . 0 . . A
Solution: lim ———— is a — type of an indeterminate, so we can apply ’Hopital’s rule.
=0 x +sinx 0
m cosx‘—l ~ i —sinz 9 :@
z=0x +sinx +=01+4+cosz 2
3. lim —n”

z—n— 1 —cosx
Solution: This limit does not qualify for I’'Hopital’s rule because substituting 7 into the expression does
NOT result in an indeterminate.

sinx 0 0
li = B
ssm- 1 — cosz 1—-(-1) 2 [0]

If applied the rule, we would get an incorrect answer, —oco. So, it is very important to check for the
conditions of the rule.
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: sinz
4. lim ——
=0 x + 2sinzx
) ) sinx 0 . . A et 16
Solution: lim ————— a — type of an indeterminate, so we can apply 'Hopital’s rule.
z—0x + 2sinz 0
. sin x . CoS T
lim —— = lim —
z—0x +2sinx  z—01+ 2cosx
. CcoS T . . . 1 .
lim ———— is no longer an indeterminate: we get — when we substitute x = 0.
z—0 14 2cosx 3

. COS T 1 1
lim = =| =
z—=01 4+ 2cosx 1+2 3

sinz
=1 and then

Note that we didn’t really need L’Hopital’s rule to compute this limit. Recall that lir%
r— X

T
of course its reciproal approaches 1 as well: lir% - = 1. We can compute this limit by dividing both
z—0 sin x
numerator and denominator by sin x.
sin T . 1 1 1 1
im ———— = lim — = = = = _
z—0x + 2sinx 0 +2 lim +92 1+2 3
sin z—0 sinx

x 00
Solution: lim —— is an — type of an indeterminate, so we can apply I’Hopital’s rule.
z—oo Inx ©.¢)

T—00 ln i T—00

oy 2y 11
lim ~— = lim T—hm —I—Ilgroloi\f—
x

6. lim 2sinx — sin 2x

=0 x —sinzx
0
Solution: We substitute = into the expression and get a 0 type of an indeterminate. So we can apply
I’Hopital’s rule.
2sinx —sin2x . 2cosx — cos 2z (2) . 2(cosx — cos2x)

lim ———— = lim = lim
z—0 T —sinx z—0 1 —cosx z—0 1 —cosx

0
This is still a 0 type of an indeterminate, so we can apply I’Hopital’s rule again.

lim 2 (cos x — cos 2x) ~ lim 2 (—sinx + sin 2z (2)) — lim 2 (—sinx + 2sin 2x)

z—0 1 —cosx z—0 sin x z—0 sinx

0
This is still a 0 type of an indeterminate, so we can apply I’Hopital’s rule again.

. 2(—sinz + 2sin2z) . 2(—cosx+2cos2x(2)) . 2(—cosx + 4cos2x)
lim - = lim = lim
=0 sin z—0 CoS T 0 CoS X

This is no longer an indeterminate:

lim 2 (—cosz + 4cos2z) _ 2(-1+4) :@
2—0 cos T 1
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7.

10.

lim zlnzx
z—0+

0 00
Solution:  Although it doesn’t appear so, this is either a g oran type of an indeterminate after we
00

Inzx

re-write it:  lim is an —— type of an indeterminate and lim
z—07t o0 z—0t+ 1

.0 . .
is a 0 type of an indeterminate.

T Inz
We will use the first form because it seems to yield for slightly easier computation.

1
Inx o 1 x2
lim 2lnz = lim ——— = lim z = lim - [—-—— ) = lim (—2) =
20+ om0t 1 v x—>o+x< 1) m—>0+( )=[0]
2
x T

. 5t —1
lim
r—0 .1'3

0
Solution: This is a 5 type of an indeterminate, so we can apply ’'Hopital’s rule.

5% —1 (Inb) 5%
li = lim —%— =

. (In5)5" ) ) ) .. )
In hn%) — 5 the numerator approaches 1 while the denominator approaches zero and is positive. This

xT— X
limit is oo.
. cosz —1
lim ————
z—0 X

0
Solution: This is a 5 type of an indeterminate, so we can apply ’'Hopital’s rule.

Inx

lim 5
=1 x4 — 2

0
Solution: This is a 0 type of an indeterminate, so we can apply ’Hopital’s rule.

1

Inz 1
li —lm—2% =~ _[]
22— a2r—1 2-1
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11 lim 4x — sindx
z—0 1'3

0
Solution: This is a 0 type of an indeterminate, so we can apply I’Hopital’s rule.

. 4x —sindx . 4 —4cosdx
Iim ——— =1lim ———
x—0 .733 x—0 3.1,‘2

0
This is still a 0 type of an indeterminate, so we can apply I’Hopital’s rule again.

. 4 —4cosdx . 16sin4x . 8sindx
lim ————— = lim —— = lim
20 32 =0  6x =0 3z

0
This is still a 0 type of an indeterminate, so we can apply I’'Hopital’s rule again.

. 8sindx . 32cosdx 32
lim =lim ———— —| =
z—0 3x z—0 3 3

i —t 1
12. lim SInx anxr _
z—0 .CCS 2

0
Solution: This is a o type of an indeterminate, so we can apply ’'Hopital’s rule.
1

d
Recall that — tanx = ———
dx cos? x

1
. Ccos & — -2
. sinx —tanzx . 2 . cosz — (cosx
lim — = lim SOS L — lim (2 )
x—0 x x—0 3z x—0 3z

0
This is still a 0 type of an indeterminate, so we can apply I’Hopital’s rule again.

cosx — (cosz) —sinz — (—2) (cosz) > (—sinx) —sinz — 2sinz (cos ) ®

lim = lim = lim
x—0 31}2 x—0 6x z—0 ox
. 1 2 ] 2
S J— J— J— J—
. e cosd . sinz . cos3 z -1-2 1
= lim = lim lim =1. — =~ —|-Z
x—0 6x z—=0 I x—0 6 6 2

sinx
If we didn’t notice the limit lim in the expressions, we can still get the answer by applying I’Hopital’s

z—0 X
rule one more time.

. —sinz — 2sinz (cosz) >
lim =
z—0 6x

sin x (—1 — 2 (cos x)_3> CoS & (—1 — 2 (cos x)_3> +sinz (—2 (=3) (cosz)~* (—sin x))

- :};l—>mo 6x ::}:l—% 6

cosx | —1— 2 +sinxz | —6 S & 1- —1—2 +0- —69
— lim cosd x costz) 1 1) 1
250 6 a 6 2
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11 JE 1
—1 N - AT

13, G VI gy 21/57””: lim —2—— = lim 14‘/5 = lim 5
T—00 \/5 T—00 = —2/3 T—00 51'1/3 T—00 = —2/3 T—00 Z1/8

~[S

= 0

Solution: In case of this problem, it will take some work to determine whether we can use L’Hopital’s rule
for this limit. The numerator itself is an oo — oo type of an indeterminate. We first factor out /.

lim (vz—Inz) = lim \/5(1 - m)

T—00 T—00 \/,E

x 00
is an — type of an indeterminate. We apply ’'Hopital’s rule:
00

=

Inside the parentheses,

1
lim 1n—x: lim —4¥— = lim EM: lim l:O
T—00 \/E oo 1 rz—ooxr 1 T—00 /1
2z
This the numerator is
. . Inx . . Inx .
Jim (V5 ) = i v (1= 0] < i v i (12 02) = (i vE) (- 0) =0

00
Thus the numerator approaches co, and so we have an — type of an indeterminate. We apply I"Hopital’s
00

rule.
1 1
—1] 9 /& .
lim 7\/53 2% _ lim 721/5 v
T—00 \/,f T—00 7$72/3

We multiply both numerator and denominator by z :

LI Ve
lim 21/5733 — lim -2

00
This is still an — type of an indeterminate, so we apply I’Hopital’s rule again.
00

NG 1 1
5 NG TR 00—1/2-(=2/3) 9 2 1 9 1
T—00 2.1/3 T—00 123 T—00 123 T—00 4 z—o00 4 z—o00 4

9
.9,
= Jm gve=l=

[\

2
14. lim o +10
=01 —cosx
This limit can not be solved using I’'Hopital’s rule because it is not an indeterminate. The numerator
approaches 11, the denominator approaches 07 and so the quotient approaches co. If we apply I’'Hopital’s
rule, we will get a wrong result:
e +10 oy 2ze®”

. . . 2 .
lim —— = lim — = lim — -lim 2e™ =1-2=2 incorrect
z—01 —cosx z—0 sinz z—0sinx x—0

Before applying I’'Hopital’s rule, always check first whether the conditions for it hold.

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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