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Sample Problems

Part 1 - Polynomials

1. Consider f (z) = —2* + 42% + 2 on the interval [—3, 3].
a) Find all values of = for which f has a relative maximum.

b) Find all values of x for which f has a relative minimum. Q P (x,-x2+1)
¢) Find all absolute maximums and minimums of f.
2. Let P (z,y) be a point on the graph of y = —z? + 1 with / R S \ X

0 <z <1. Let PQRS be a rectangle with one side on
the z—axis and two vertices on the graph, as shown on the
picture next. Find the exact value of the greatest possible
area of such a rectangle.

3. One positive number plus the square of another equals 48. Choose the
numbers so that their product is as large as possible.

4. We have P meters of fencing and want to create three adjacent rectangular

enclosings as shown on the figure. What is the maximal area we can

enclose this way?

5. Arectangular box, open at the top, is to be constructed from a rectangular sheet of cardboard 50 centimeters
by 80 centimeters by cutting out equal squares in the corners and folding up the sides. What sides squares
should be cut out for the container to have maximal volume?

50

ool

6. Prove that for any real numbers a and b, if @ + b = 1, then a* + b* >

7. One thousand feet of fencing is to be used to surround two areas, one /_\
square and one circular. What should be the size of each area so that the
total area is

a) as large as possible b) as small as possible?

8. A Norman window has the outline of a semicircle on top of a rectangle,
as shown on the picture. Find the dimensions of the window that can be

built using 8 meters of wood and has the maximal area.

9. Find the point(s) on the arc of the parabola y = 2 nearest to the point (0, 2) .
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10. A company wants to manufacture cylindrical aluminum cans using
100cm? of aluminum. What dimensions would guarantee the maximal
volume?

11. We write a cylinder into a cone as shown on the picture. The cone is of
height 15cm and its base has a radius of 6cm. What dimensions of the
cylinder would guarantee the greatest volume?

12. Consider a sphere with radius 12 and all right cones we can write into it as
shown on the picture. Which one has the greatest volume?

Part 2 - Generalized Polynomials

1. We are designing a poster to contain 50in? of printing with a 4-inch wide
margin at the top and bottom and a 2—inch wide margin at each side. What
overall dimensions will minimize the amount of paper used?

2. Let a and b be positive numbers such that ab = 10. Find the lowest value of
a? + 4b%.

1. A closed box with a square base is to have a volume of 250 cubic meters. The material for the top and
bottom of the box costs $2 per square meter, and the material for the sides costs $1 per square meter. Can
the box be constructed for less than $300?

2. A company wants to manufacture cylindrical aluminum cans with a volume of 1000 cubic centimeters (one
liter). What dimensions would guarantee the minimal amount of aluminum needed to produce a can?

Part 3 - After the Chain Rule

1. A company determines that the if n is the number of items produced, they can all be sold at a price of
p(n) = /1200 — 0.2n. What is the greatest revenue possible?

2. A company has $120 000 to spend on the development and promotion of a new product. The company
21/23/2

00 000
items of new product will be sold. Based on this estimate, what is the maximum number of products that

estimates that if x is spent on the development and y is spent on promotion, then approximately

the company can sell?

3. An underground telephone cable is to be laid between two boat docks on opposite banks of a straight river.
One boathouse is 600 meters downstream from the other. The river is 200 meters wide. If the cost of
laying the cable is $50 per meter under water and $30 per meter on land, how should the cable to be laid
to minimize cost?

a) Find the lowest cost possible.

b) Use the second derivative test to prove that we found a relative minimum in part a).

c) Prove that the relative minimum we found in part a) is also an absolute minimum on the domain
[0, 600] .

d) Prove that if we define C' on the set of all real numbers, then the minimum we found in part a) is still
an absolute minimum.

Last revised: September 25, 2021



Lecture Notes Optimization page 3

120
4. The location function of an object is s (t) = T 20t where ¢ is time, measured in seconds. Where is the
e
object when it is moving with the greatest speed? When is that greatest speed achieved?
. . —2x
5. Consider the function g (v) = ——.
(2 +1)

a) Find all relative extrema of g.
b) Find all absolute extrema of g.

¢) Find all values of ¢ for which the function f (z) = + cx is increasing on its entire domain.

2 +1
6. Consider the problem of finding the length of the longest rod we can carry through a corner shown on the

picture.

a) For what values of y does the line segment P() have the shortest length? (Hint: minimize the square
of the length.)

b) What is the length of the longest ladder which can be slid along the floor from a corridor of with a to a
corridor of width b?

| _b_ b

1]
~
%}

Practice Problems

1. Consider f (z) = 2% + 32? — 92 — 12 on the interval [—4, 4].
a) Find all values of = for which f has a relative maximum.
b) Find all values of = for which f has a relative minimum.
¢) Find all absolute maximums and minimums of f.

2. Consider f (z) = 2® — 32* 4 6 on the interval [—1, 4].
a) Find all values of x for which f has a relative maximum.
b) Find all values of x for which f has a relative minimum.
c¢) Find all absolute maximums and minimums of f.
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b) Let B (x,y) be a point on the graph of
y=1—22with0 < 2 < 1. Let ABO be
an isosceles triangle with one horizontal side and

3. a) Let P (x,y) be a point on the graph of
y = 4 —2?>with0 < o < 2. Let PQRS

be a rectangle with one side on the x— axis and . . .
third vertex at the origin, as shown on the picture

two vertices on the graph, as shown on the picture ) .
grap p below. Find the exact value of the coordinates

low. Find th: lue of th i f P
below. Find the exact value of the coordinates o of B and of the greatest possible area of such a

and of the greatest possible area of such a rectangle. .
triangle.

Y

Part 1 - Polynomials

4. a) One positive number plus the square of another equals 15. Choose the numbers so that their product is
as large as possible.

b) Suppose that S > 0. One positive number plus the square of another equals S. Choose the numbers
so that their product is as large as possible.

5. We have P meters of fencing and want to create two adjacent rectangular
enclosings as shown on the figure below. What is the maximal area we can
enclose this way? What dimensions will guarantee this maximal area?

6. a) A rectangular box, open at the top, is to be constructed from a
rectangular sheet of cardboard 12 centimeters by 24 centimeters
by cutting out equal squares in the corners and folding up the

sides. What sides squares should be cut out for the container to =~  —~-—-—--———-——-

have maximal volume?

b) Suppose that A, B > 0. A rectangular box, open at the top, is to be constructed from a rectangular
sheet of cardboard A centimeters by B centimeters by cutting out equal squares in the corners and folding
up the sides. What sides squares should be cut out for the container to have maximal volume?

7. a) Find the point(s) on the line 3x + y = 12 nearest to the origin.
b) Find the point(s) on the line 3x 4+ y = 12 nearest to the point (2, 10).

8. a) Find the point(s) on the graph of y = % nearest to the point (0, 3).
b) Suppose that B > 0. Find the point(s) on the graph of y = x? nearest to the point (0, B).
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9. a) We write a cylinder into a cone as shown on the picture below.
The cone is of height 24cm and its base has a radius of 12cm. What
dimensions of the cylinder would guarantee the greatest volume?
b) We write a cylinder into a cone as shown on the picture below.
The cone is of height [/ and its base has a radius of 2. What
dimensions of the cylinder would guarantee the greatest volume?

1. Consider all right cylinders written into a sphere with radius R
as shown on the picture. What dimensions (height and radius)

will guarantee the greatest volume for the cylinder?

Part 2 - Generalized Polynomials

_______________
~
- .~

1. We are designing a poster to contain 60in® of printing with a '\ S
3-inch wide margin at the top and bottom and a 2—inch wide

margin at each side. What overall dimensions will minimize

the amount of paper used?
1. Let x and y be positive numbers such that zyy = 1. Find the lowest possible value of 23 + 233

2. We would like to construct an open box with a square base. We would like the box to have a volume of
200in®. What dimensions would guarantee that the box can be made using the least amount of material?

3. A company wants to manufacture cylindrical aluminum cans with a volume of 1000 cubic centimeters (one
liter). The material for the base costs 20 cents per cm? and the material for the sides costs 10 cents per
cm?. What dimensions would guarantee the minimal cost of producing such a can?
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Ny ’
"Q Answers

Sample Problems

1.

13.
15.

16.

19.

20.

a) —v/2,v/2 b) 0 c) absolute minimum: (—3, —43) and (3, —43); absolute maximum: (—+/2,6) and (v'2, 6)

4 P?
$ 3. 4and 32 4. 5 5. 10cmby 10cm 6. see solutions

1 1 1
a) Tmax = ? and Spmax =0 b) Tmin = 500 and Spin = OOZ 8. width: 7r7—§4 height: wi—le

(B)o(53) e i

4
Vinax = 80mem?, when radius is 4cm and height 5em 12, h = §R r= TR and V. = —7R3
9 inches by 18 inches  14. 40

no,the lowest possible cost is $300 when the box is to be 5m by 5m by 10m

500 5/ 000
r={/— 541926 and h =2} = 2r ~ 10.83852 17. $80000 18. 11691
m 7r

a) $26 000 when the cable is laid 450 meters on the ground b) see solutions c¢) see solutions d) see solutions

s=60whent=1n2 21. a) 7i,% L’%
V38 V38
3v3

3
©)cz—— 229 y=vab® +a b) (a2/3+b2/3)3/2: (W+W>

) relative maximum and a relative minimum < ) b) see solutions

Practice Problems

1.
2.

10.

13.

a) —3 b) 1 c¢) absolute maximum: (4,64) absolute minimum: (1,—17)

a) 0 b) 2 c) absolute maximum: (4,22) absolute minimum: (—1,2) and (2, 2)

a) P<2\[ 8) Area = 329f\/§ b) B(\[ 2) Area:%\/g

3 '3 3°3
2 P P P2
a) V5,10 b) g,gS 5. horizontal side: 1 vertical side: 5 Area: En
A+ B+ VA2 - AB + B2 18 6
a) 6+2V3 b) tot G + 7. a) (5,5) b) (4,0)

55 55
2) <_\/; 2) and (\[2 2)
1 1 1 1 1 1
b) If B < , then the origin is closest. If B > — 5’ , then <— B - §,B — 2) and ( B - §7B — 2)
. . 3 2 1 . 4 5
a) 8cm radius, 8cm height, Vi,.x = 512mcm®  b) §R radius, §H height, Vijax = 2—77TR H

23 V6 4\f R

h = TR and r = ?R Vinax = 11. 24/10 inches by 3v/10 inches ~ 12. 21/2 (when z = ¥/2)

. . 1. 2 2
base: v/400in by v/400in  height: 3 V400in 14, r = 5\/7cm ~ 4.30127cm and h = 0,./2 _ = 5.476 547cm
7r T\
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Sample Problems p% Solutions

1. Consider f (z) = —z* + 422 + 2 on the interval [—3, 3].
a) Find all values of x for which f has a relative maximum.

Solution: We differentiate f and sketch the derivative f’. All relative maximums will be where the derivative f’ changes sign
from positive to negative, provided that f is continuous there. Since f is a polynomial, it is continuous on its entire domain
and so we will find the maximum where f’ changes sign from positive to negative.

flx) = —a* 442?42

flx) = —42°+8z=—dz (2 —2) = —da (:1: + \/5) (33 - \/5)

We sketch the graph of the derivative f. v

Since the derivative f’ changes sign from positive to
negative at x = —v/2 and x = V2, f has relative

maximums there. PP PR > ;

b) Find all values of x for which f has a relative minimum.

Solution:  All relative minimums will be where the derivative f’ changes sign from negative to positive, provided that f is
continuous there. Since f is a polynomial, it is continuous on its entire domain and so we will find the relative minimum where
/' changes sign from negative to positive. We sketched the graph of f’ in part a) and so it is easy to see that f has a relative

minimum at x = 0.

¢) Find all absolute maximums and minimums of f.

Solution: If a function is continuous on a closed interval, it always achieves y
an absolute maximum and minimum. The candidates for these are the relative PR e U
extrema and the endpoints of the domain. Thus, all we have to do is to evaluate
fatz = —3,—v/2,0,/2,3. (Note that if we notice that f is an even function,
that can save us a few computations.) We compute that f(—3) = —43,
f(=v2) =6, f(0) = 2, f(V2) = 6,and f(3) = —43. Thus f
has absolute minimums (—3,—43) and (3, —43) and absolute maximums

(—v2,6) and (v2,6). =

2. Let P (z,y) be a point on the graph of y = —2% + 1 with 0 < 2 < 1. Let PQRS be a rectangle with one side on the z—
axis and two vertices on the graph, as shown on the picture below. Find the exact value of the greatest possible area of such a

rectangle.

Solution: Let P be the point with coordinates (a:, —x2 + 1) . For the rectangle to have
non-zero sides, 0 < & < 1. Using the notation described in the problem, the horizontal
side of the rectangle is 22 long, and the vertical side is —22 + 1 long. Thus the area of the Q P (x,-x2+1)
rectangle, as a function of z, is A (z) = 2z (—2? + 1) = —22® + 2z, on domain (0, 1).
The derivative is A’ (z) = —622 + 2. / R S \ x

A'(z)=—6x2+2:—6(x2—;>:_6<x+\}§) (‘“%)

Last revised: September 25, 2021



Lecture Notes Optimization page 8

s . . . 1 1 . .
which is a downward opening parabola, with z—intercepts at x = —% and r = ﬁ Based on the sign of A’, we determine
. .. 1 . . 1 . ..
that A has a relative minimum at z = —ﬁ and a relative maximum at x = ﬁ Howeyver, the domain of our function is

1
(0,1). If we sketch A on the domain (0, 1), it is clear from the graph that A (x) has an absolute maximum at © = —

V3

y

1
Thus the greatest area is A <\/§> . We compute this number:

()G )-

4v/3
And so the greatest possible area is T\f

3. One positive number plus the square of another equals 48. Choose the numbers so that their product is as large as possible.

Solution: Let us denote the numbers by a and b. We have a + b?> = 48 = a = 48 — b%. Then the product of the two

numbers is a function of b,

P(b) =1b(48 —b%) = b’ 4 48b

Since this is a cubic function, it does not have an
absolute maximum, only if its domain is restricted.
The domain is

b is positive => b > 0 and

a = 48 — b? is positive .

We solve 48 — b > 0 for b:

48— > 0
48 > b2
V48 < b< V48

So, a is positive when b is between —\ﬂ48) and ﬂ48), which means that both a and b are positive when b is between 0 and

/sqrt(48). Therefore, the domain of P is (0, v/48) .
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We can sketch P; it is a cubic polynomial with a negative leading coefficient, and its zeroes are at z = 0, —1/48,1/48 as its
factored form is P (b) = —b (b* — 48) = —b (b + V/48) (b — V43)

1507 Y

100

-100

-150

The picture shows that P will have a relative maximum on the interval (0, vV 48) that is also absolute maximum. We find its
x— coordinate by solving for the zero of the derivative.

P(b) = —b>+48b
P’ (b) —3b%> +48 = -3 (b>—16) = -3 (b+4) (b—4)

Thus the maximum is at b = 4. Then the other number a is 48 — b2 = 48 — 16 = 32.

4. We have P meters of fencing and want to create three adjacent rectangular
enclosings as shown on the figure shown. What is the maximal area we can enclose
this way? y Yy

Solution: Let = denote the small horizontal sides, and y the vertical sides.

P = 6x+4y :>y:Z(P_6x):_§x+Z
3 P 9 , 3P
A = 3xy3x<2x+4)2x +T9:

We compute the domain of this function. Both z and y must be positive. This gives us the following inequalities: x > 0 and

3 P
y=—-x+—>0

2 4
3 P
—ix + i > 0 solve for x
P - 3
1 2"
P P
5 > xr = domain: (0, 6)
i 9 , 3P . . . - .
The area function A (x) = ——a* + —u is a downward turning parabola, so its vertex is its maximum. We can find
it by completing the square or by differentiation:
9 , 3P 9 P 9 P\* P2 9 P\* P?
A 7_72 s Y 2 - _ _Z - - _ _ 2 - s
(@) =—32"+ 7 2 < 6x> 2 ((z 12> 144) 2< 12> 32

P P2
When x = —, then the maximal area is —.
12 32

5. A rectangular box, open at the top, is to be constructed from a rectangular sheet of cardboard 50 centimeters by 80 centimeters

by cutting out equal squares in the corners and folding up the sides. What sides squares should be cut out for the container to
have maximal volume?
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|
50 i 50-2x
|

Solution: The base of the box is a rectangle with sides 50 — 2z and 80 — 2z. The height of the box is z. Thus the volume of

the box, as a function of x is
V (z) = (80 — 22) z (50 — 22) = 4 (2® — 652 + 1000z)

The domain is not the entire number line, clearly all sides must be positive. after we solve the inequalities 80 — 2z > 0 and
50 — 2z > 0 and x > 0, we obtain the domain (0, 25). Since V is a cubic function with a positive leading coefficient, the
relative extrema at the smaller x—value is a maximum, and the extrema at the greater x—value is a relative minimum. The
domain is (0, 25).

V (z) =4 (2® — 652> + 1000z) = V' (z) =4 (32% — 130z + 1000)

We factor V' to find the zeroes of the derivative

V'(z) = 4(32°— 130z + 1000) = 4 (3z — 100) (z — 10)
100
Vi(z) = 0 = 21=10 Ty = o=

The relative maximum is at z = "~ _ ted to a domain of (0, 25).

So we should cut out squares with 10 centimeters long sides. Then the maximal volume is
V (10) = (80 — 2 - 10) (10) (50 — 2 - 10) = 18 000.
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6. Prove that for any real numbers a and b, if a + b = 1, then a* + b* > %
Solution: We will prove that the function f () = 2* + (1 — )" has an absolute minimum at - = %
f@) = 2*+0-2) =2+ @-1)"
fx) = 4 +4@-1)° :4<x3 + (z— 1)3)
We factor via the sum of cubes theorem.
ff(z) = 4@x+z-1) (m —x(z—1)+ (171)2) 42z —1) (2 —z+1)

1
= 8(x—2) (xQ—x—i—l)
In case of the quadratic fa(tor W complete the square (0 see wjn (\ (hat exj 6851051 )s negative.

8 T3 (1’ forl - = 4

We can now see that the quadratic expression is always positive. (This is always the case with the quadratic factor in the sum

1 1
or difference of two cubes.) Thus f’ will be negative on (—oo, 3 and positive on (2, oo> . Thus f is strictly decreasing

1 1 1
on (oo, 2) and strictly increasing on (2, oo) . This means that f has an absolute minimum at x = 5 We compute

1 1\* nN* 1
f (2) = <2> + <1 — 2) =3 (Note: this problem can be solved by elementary methods as well. One method involves

4 4
1 1
simplifying (2 + a:) + (2 — x) and completing the square.)
7. One thousand feet of fencing is to be used to surround two areas, one square and one circular. What should the size of each
area be in order that the total area be
a) as large as possible b) as small as possible?

Solution: Let us denote the radius of the circle by r. Clearly » > 0. If we denote the side of the square by s, we have an
equation for the total perimeter. We can solve that for s.

1000 = 4s+27r
100 = 277 5 . S_500—7rr
4 B N 2
We alsoneed s > 0
s > 0 500 > 7r
500 — 7r > 0 @ S
2 - T

500 —wr > 0

500
Thus the area-function, (yet to be set up) will have domain {0, } . The endpoints mean that all 1000 feet was used for the
s

square (in case of r = 0) or for the circle (in case of r = ——). The area, as a function of r is now
Vs

500 — 7r

2
_ 1 2).2
5 =|m+ 47r T 2507r + 62 500

A(r) =mr? + 8% = mr? + (
Since this is a quadratic expression with a positive leading coefficient, we know that the vertex is a minimum, both relative

and absolute. The vertex can be found by either elementary methods or by finding the zero of A’ (r).  Either way, we

500
This means that the circle will have radius r = —— and the square will have sides

ill get that 7rpin = .
will ge at r g g
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500 — T7min )
Smin = 5 =i since
500 500
L 500 = T _ P00 = (4+7r> 0 <4+7r> 44w 500 (4 + ) — 5007
e 2 N 2 N 2 4+ 2(44 )
_2000+500m —500m _ 2000 _ 1000 _,
2(4+4m) 2(4+m) w44 i

These dimensions give us the minimal area

) ) 500 \> (/1000 \? 50021 410002 50027 + (2 - 500)°
Amin = TTmin T Smin = T = 2 = 2
4+ T+4 (4 + ) (44 m)
50027 +4-5002  500% (m+4)  500% 250000
(44 m)° (4+7)° (d+m) 744

But what about the maximum? A quadratic expression does not have a relative maximum if its leading coefficient is positive.

500
The absolute maximum must be at one of the end-points of the interval [0, ] . We need to compare these areas. When
7

r = 0, all thousand feet was used for the square. The area is then
A(0) = 2507

or, using our expression for the area,

1
A(r) = <7r + 47T2> r? — 250mr + 62500 = A (0) = 62500

500
When r = — all thousand feet was used for the circle. Then the area is
™

2 2
500 500 500
A()zwrQZw() =
m m m

~ T9577.471545 5, _A(0)<:A_(5OO>
™

2
Since

y

-50 0 50 100 150 200 250

which means that the greatest area occurs if we use all thousand feet for the circle.
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8. A Norman window has the outline of a semicircle on top of a rectangle, as shown
on the picture below. Find the dimensions of the window that can be built using

8 meters of wood and has the maximal area.

Solution: Let 2 denote half of the bottom side. (Also the radius.) o
Let y denote the vertical side. Then 2z + 2y + 7z = 8. We solve for y and obtain f
T+ 2
= — 4 !
1= (7)o a
o . . . Y
The domain will be determined by the conditions z > 0 and y > 0. The domain :
8 i
is <0, ] .We set up the area-function: i
T+ 2 |
mz? T+ 2 ma? s 9 ..
Alx)=2zy+ — =2z — x+4 Jr—:(f——Q)x + 8z , ,
2 2 2 2 (PR . »
. . . 8 D . 8 . .
The vertex of this downward opening parabola is at z = —— which is in the domain. Then y = p— The dimensions
™ s
16 16
are: 2x = p—— wideand z + y = P tall.

2

9. Find the point(s) on the arc of the parabola y = x* that are nearest to the point (0, 2).

Solution: Let P (x, 1:2) be a point on the graph. The distance between P and (0, 2) is

dz\/(x—0)2+(x2—2)2:\/x2+x4—4x2—|—4=\/x4—3x2+4

It is a common trick to find the minimum of d? instead of d. Let f () denote the square of the distance between the point
(z,2?) and (0,2).
f(z)=2*—32>+4

3 3 3
We differentiate: f’ (z) = 42% — 62 = 4z <x2 - 2) =4z (m + \/;> (m — 2)

3 3
Since f’ is a cubic function with a positive leading coefficient, and z—intercepts at x = —\/; and z = \/; . We sketch the
graph of f’.

. . . . 3 3 . .
Based on the signs of f’, we determine that f has a relative minimum at z = — 3 and x = \/; and a relative maximum at

3 3
x = 0. We now evaluate f atx = —\/;O, \/g

We can now plot the graph of f.
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10.

3 3 33
The absolute minimum is at x = —\/; and z = \/; indicating that the points closest to (0,2) are (—\/;, 2) and

(V53)

A company wants to manufacture cylindrical aluminum cans using 100 cm? of aluminum. What dimensions would guarantee
the maximal volume?

Solution: Let h denote the height of the can, and r denote the radius of the base circle. The surface of a cylinder is A =
2712 + 27rh. We solve for h.

100 — 2772 50

100 = 277 4+ 27rh = h= T em 4 =

27r Tr

. . 9 . 100 — 27r? | . . . .
The volume of a cylinder is V = wr“h. We substitute h = —————— into this equation and obtain V' as a function of r.
wr
100 — 2772 100 — 2772
2 2
Vi(r) = ar (27rr> =r(2) :r(50—77r )

V(r) = —ar’+50r

The volume is a cubic function with a negative leading coefficient. We can also determine the domain of V' by stating that both
r and h must be positive.

h > Oandr >0
100 — 2712
L > 0 multiply by 27 > 0
2rr
100 — 2772 > 0
100 >

50

272
/50 /50
2 = —/=<r<4/— andr>0
™ ™ ™

The domain of the volume function is thus (O7 50) .
7r

\%

We differentiate V (7).

V' (r) = =3mr* 450 = 37 <r2 — ?5)0> =37 <T + O) (r — 50)
™ 3 37

/50 50 /50
The derivative is a downward turned parabola with x—intercepts at — 3. and 3. The positive one, r = 3. is where
Y s T

the volume has a relative maximum. We can now sketch the volume function V.

(W)
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11.

. . . . /50 .. . . .
If we restrict the function to its domain, (0, > , then it is clear that the relative maximum we found is also an absolute
™

maximum.
. . . . 50 50
So the maximal volume will be obtained withr = 1/ —. Then h = —r + —
T r
poo 30, 0[50 50 fsm  [50 [50° 8w
a T 50 T 7V 50 37 w2 50
"\ 3%
50 50 50 50 50 50 50
= A/ 9 =V o= o3 =2 = =2r
T T T s 3T s T

and so the maximal volume is V' ( 50) .

We write a cylinder into a cone as shown on the picture. The cone is of height 15cm
and its base has a radius of 6cm. What dimensions of the cylinder would guarantee the

greatest volume? What is the maximal volume?

Solution: The cone above the cylinder and the big cone are similar to each other. Let us h
denote the height of this cone by h and the radius of its base by r. Then the cylinder’s 4

height is 15 — h and its base has radius 7.

15 h 5
Since the two cones are similar, — = —. We solve for h and obtain h = 57”. We 1

T
can now express the volume of the cylinder as a function of r.

5 5
Veylinder = 7r? (15 — h) = 7r? (15 — 2r> =7 (—27"3 + 15r2> [ T

/\"
)k

It is also clear that 0 < r < 6 and so the volume of the cylinder as a function of 7 is

Vir)=mx <gr‘3 + 15r2> on domain (0, 6)
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12.

V (r) is clearly a cubic function with a negative leading coefficient and zeroes at 0 and r, since

V(r) =mr? (15— gr> = mr? (—2) (r—=6)= —gm«? (r—6)

We can see from the graph that there is a relative minimum at 0 and a relative maximum between 0 and 6 that is an absolute
maximum if the domain is (0,6). To find this maximum, we differentiate V' (r).

V) == <—2r3 + 15r2>

1 1
Vir) = =« <251"2 + 307’) = fé)m" (r—4)

5
The derivative has zeroes at 7 = 0 and » = 4. Thus the maximum volume is achieved when » = 4. Then clearly h = 57" =
5

3" 4 = 10. This is not the height of the cylinder; that is 15 — h = 15 — 10 = 5. Dimensions are in centimeters and so the

maximal volume is Viyax = 7 (4cm)? (5cm) = 80wem?® when the radius of the cylinder is 4cm and its height is 5cm.

Consider a spehere with radius R and all right cones we can write into it. Which
one has the greatest volume?

Solution: Let us denote the height of the cone by A and the base of its radius by
r. Consider now the picture shown below.

We can write the Pythagorean Theorem on the right triangle and get

R2 = (h — R)” + r2 from which we solve for r2 and get that

r? = R? — (h— R)* = R* — (R® + h* — 2hR) = 2hR — h*

1
Now the volume of the coneis V = gm’Qh. We substitute 72 = 2h R — h? into this and the volume becomes a function of h.

1 1
V(h) = gmr*h = gm (2hR — ) h = g (—h® + 2h°R)
This is a cubic function with a negative leading coefficient with a domain (R, 2R). We differentiate V" and factor V' to find its

ZErocs.

V() = 5 (30 +4hR) = 3 (=3) (hz B Mf) - (h : 45)
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4R
V' is a downward opening parabola with zeroes a h = 0 and h = 3

The greater one represents a relative maximum for f. On the restricted domain (R,2R), V has an absolute maximum at

¥y

4 L. .
h = =R so it is our solution. Then

4 4 \? 1 1 2v/2
r:\/QhR—hQZ\/2<3R>R—<R> :\/832_63223\/8_623 8 _2v2,

3 3 9 3 9 9 3
and
1 1 8 4 ™ 8 4 32
Vinax *h = “R| (zR| =% - -R’=—=nR’
ax = 3 3”(9)(3)393 81"
13. We are designing a poster to contain 50in? of printing with a 4-inch wide margin

at the top and bottom and a 2—inch wide margin at each side. What overall i
dimensions will minimize the amount of paper used? | 4

Solution: Let x and y denote the vertical and horizontal sides of the printed area.

Then the printed are is A, = xy = 50. We solve for y in terms of = and get

50
y = —. The dimensions of the entire paper is
x

A=(z+8)(y+4) = (z+8) (595%4) ,,,,,,,,,,

This is a function of z, and we are looking for the minimum of this expression.

50 50 400
A(z) = (z+38) (+4> =50+4r+8- — +32=82+4x + — =82+ 4x + 400z
z z z
400 422 —400 4 (2% — 100 4(x—10 10
Al(x) = 4—4002%=d— — =2 "2 — ( _ ) _ A )2($+ )
x x x x
Let us look first at the numerator. y = 4 (x — 10) (« + 10) is an upward opening parabola with z—intercepts at z = —10 and
10. This indicates a relative maximum at x = —10 and x = 10. How does the denominator 22 affects the behavior of the

function?

First of all, 22 is never negative and so it does not have any affect on the sign of A’. But 22 is zero at 2 = 0 which causes the
function A’ to be undefined at z = 0. However, our domain does not include zero. On our domain, (0, c0), the denominator
is always positive and the only critical number number is z = 10. There A’ changes sign from negative to positive indicating a
relative minimum.

50 50

So the optimal dimensions are associated with z = 10. Theny = — = 0= 5 and so that paper should be (z + 8) by (y + 4)
x

i.e. 18 inches by 9 inches.

We should also make sure that the relative minimum we found is also an absolute minimum. The fact that A’ is negative on
(0, 10) and positive on (10, o) indicate that A is decreasing on (0, 10) and increasing on (10, 00). That implies that A has an
absolute minimum on (0, 00).
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14. Let a and b be positive numbers such that ab = 10. Find the lowest value of a? + 4b2.

10
Solution: We solve foraintermsofb: a = 5 Then the expression a? + 4b? becomes

2
10 100
P(b) = <b> +4b? = 4b% + w7 = 4b* 4+ 10062

We differentiate this:
4 _
P'(b) = 8b+100(~2)b % =8b— 2% = %b&
80t —25)  8(b*+5)(®—5)  8(b*+5) (b+5) (b—V5)
B N b3 B b3

The critical numbers for P are —+/5, 0, and v/5. All relative maximums or minimums will be here. We can figure out when
P’ is positive and negative by sorting out the signs of each factor in the numerator and denominator.

b< V5| —V5<b<0|0<b<v5|b>+5
(b +5) + + + +
(b+v5) - + + +
6-v5 | - - - [
b - - + +
T 1 -1 = [ - T +]
Based on the signs of P’ only, P has a relative minimum at b = —+/5 and /5 and a relative maximum at 0. However, the

100
function does not have a relative maximum at zero. Looking at the formula for the original function, P (b) = 4% + PR

we see that there is a vertical asymptote and the graph shoots up toward plus infinity on both sides of the asymptote. Not to
mention tha fact that a and b must both be positive. Since b must be positive, we may consider P on the domain (0, c0). On
this domain, P is continuous and differentiable everywhere, is decreasing on (0, v/5) and increasing on (/5,00) and so P has
an absolute minimum at b = /5.

If b = /5, then

Thus the smallest possible value of a? + 4b? is 40.

? 2 100
) +4(v5) = 5 +4:5=20+20=40

Note: It is becoming more and more laborious to sort out when the derivative is positive and negative. Soon enough there will
be a point where this becomes difficult. In such cases, we can usually use the second derivative test.
The second derivative test states that if a function f is twice differentiable at a number a and
1) If f/ (a) = 0and f” (a) > 0 then f has a relative minimum at x = a.
2) If f' (a) = 0 and f” (a) < O then f has a relative maximum at z = a.
3) If f/(a) = 0 and f” (a) = 0, then the second derivative test did not yield useful information on the
behavior of f at z = a.
We can apply the second derivative test in this problem. P’ (\/5) = (0. We first compute the second derivative of P

P(b) = 4b*+100b2
P'(b) = 8b—200b~3
_ 600
P"(b) = 8-200(—3)b"*=8+ oy

We evaluate the send derivative at v/5 (although it already is obvious that P” ( \/5) is positive, given the formula for P"’)

bl RN oL 600600
P (\/5)—8+(\/S)4—8+ =32

Since P (v/5) = 0 and P” (v/5) > 0, the function P has a relative minimum at b = /5.
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15. A closed box with a square base is to have a volume of 250 cubic meters. The material for the top and bottom of the box costs

$2 per square meter, and the material for the sides costs $1 per square meter. Can the box be constructed for less than $300?

Solution: Let  denote the side of the square base, and h denote the height of the box. Then V' = ha? gives us

hz? = 250
250
h - ?

We now set up the cost function, C (x). The top and bottom each cost $2 per square meter, and have area z2. The four sides

250 250
each have area xh = « <2> = — and cost $1 per square meter. Thus
T T

2 1
C’(Cl?):2‘2'x2+4-1~ﬁ:4x2+@:4z2+1000z71
€T X

We are looking for the maximum of C' (x). We will differentiate C first.

1000 82 —1000 8 (¢ —125)

C' (x) = 8x + 1000 (—1)z~2? = 8z > 5 5

€T x T

The numerator can be factored via the difference of cubes theorem, which states that
A® - B®=(A-B)(A*+ AB+ B?)

where the second factor can not be factored further as it is a sum of two squares. We can see that by completing the square

B? B2 B\’
A2+AB+32:A2+AB+4—4+32:<A+2> -‘r%BZ

So we can factor the numerator in C" via the difference of cubes theorem

O (x) = 8 (z* —125) _ 8(z—5) (2 + 5z + 25)

2 2

Recall that the domain is (0, 00). On this domain, C’ is defined everywhere and has only one zero, at x = 5. Since both x2
and 22 +5x + 25 are positive for all values of 2, C’ will change sign from negative to positive at z = 5, indicating a minimum
of C. Thus, the lowest possible cost will be associated with x = 5. The actual cost is then

1
0(5):4-52+$:300

Thus, we can not construct this box for less than $300.

Please note that instead of factoring the difference of cubes, we can apply the second derivative test.

C(r) = 42®41000z~!
C'(z) = 8z — 1000z 2

_ 200
C"(z) = 8—-1000(-2)z % =8+ pe

Again, the formula for C” indicates positive values on all positive numbers, so C” (5) is positive. However, in case we didn’t

notice that,
2000
C//(5) :84_573 =24
and so C’ (5) = 0 and C” (5) > 0 indicates a relative minimum at x = 5. The advantage of factoring the sum of cubes is that

it is much easier to argue that the minimum is an absolute minimum.
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16. A company wants to manufacture cylindrical aluminum cans with a volume of 1000 cubic centimeters (one liter). What

dimensions would guarantee the minimal amount of aluminum needed to produce a can?

Solution: Let h denote the height of the can, and r denote the radius of the base circle.

1
r?h = 1000 h= 00
T
The domain is (0, co)
1 2
S(r) = 2mrh+2nr? = 2mr ( 0020> + 2mr? = 21 + 000
r r
2000  47r® — 2000
S'(r) = Admr— = =
2
drr — 020 0
r
2
drr = 020
r
7_[_7,,3 = 500 —— r = i/m ~ 5. 419 26
Vs
and
1000 1000 2.500 2. 500L/3 . /500
" N - = = 2¢/ — = 2r ~ 10.838521
( ] 500) 2 T (5002/3) (71-—2/3) (5002/3) (71.1/3) (7_‘_1/3) - r
7T —_—
0

But is this a minimum we found? We can still factor S’ (and we should to see that the minimum is an absolute one)

2000 500
3 _ 3_ 7
2000 dar® — 2000 in (r An ) A (T ™ )

S'(r) = dmr =

r2 r2 r2

—\ 2
™ ™ o

r2

The last, long factor in the numerator is always positive, and so is the denominator. So, the signs of .S are determined by the

41500 /500 /500
linear factor: S is negative before {/ — and positive after {/ —. This implies that S is decreasing before {/ — and
™ 71' T

. . . .. . .. 500
increasing after, and so we indeed found a minimum, in fact an absolute minimum at r = {/ —.
™

4000
3
Since S” is positive on the entire domain (recall > 0), S’ is strictly increasing on its entire domain. This means that S’ is

/500 /500
negative before its only zero at {/ — and positive after. This implies that S is decreasing before {/ — and increasing after,
s 0

and so we indeed found an absolute minimum.

This can also be done using the second derivative: S” (r) = 47 +
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17.

A company determines that the if n is the number of items produced, they can all be sold at a price of p (n) = /1200 — 0.2n
What is the greatest revenue possible?

Solution: If we sell all n products, the revenue is R (n) = n+/1200 — 0.2n Since the price should be positive, the domain of
this function is determined by n > 0 and 1200 — 0.2n > 0. We solve these inequalities and obtain the domain. (0,6000). We

will find the maximum of this function by finding the zeroes of the derivative.

1 0.1
R (n) = V1200 —02n+n——— (—0.2) = /1200 — 027 — ———t
24/1200 — 0.2n V1200 — 0.2n
_1200-02n 0.1n _1200-02n—0.dn  —0.3n+1200 _ —0.3 (n — 4000)
V1200 0.2n /1200—0.2n /1200 — 0.2n V1200 — 0.2n /1200 — 0.2n

The derivative has only one zero, at n = 4000. The denominator is positive for all n with 0 < n < 6000 and the numerator is
positive before 4000 and negative after 4000. Consequently, R (n) has a relative and absolute maximum at n = 4000. The
maximal possible revenue is then R (4000).

R (4000) = 40004/1200 — 0.2 (4000) = 4000+/1200 — 800 = 4000+/400 = 4000 (20) = 80 000

. A company has $120 000 to spend on the development and promotion of a new product. The company estimates that if x is

21/243/2

Y

400000
on this estimate, what is the maximum number of products that the company can sell?

spent on the development and y is spent on promotion, then approximately items of new product will be sold. Based

Solution: Since y = 120 000 — x, we can write the number sold as a function of x.

N (2) = ————2'/2 (120000 — z)*/?
(2) 100000° (120000 — x)

The domain is clearly [0, 120 000]. We differentiate N.

1 1 3
N’ = 1219 _ )\3/2 12 (2 (19 _ M2
(x) 100000 [2x (120000 — )" 4+« 5 (120000 — z) "~ (—1)
1 (1) [ (120000 — 2)*? 12
= = -3 120000 —
400000 (2) l NG Vel @)
1 12 —x (12 —x
N (z) = 0000 =2 (120000 = 2) _ 4 /= A55000 = factor out /120000 — z
800000 Vv
120000 = = (120000 — z) -3V bring difference to common denominator
800 000 N3
v/120000 — = /(120000 — x) 3T v/120000 — =z (120000 — =z — 3x
800 000 Nz vz) 800000 Nz
V120000 — = (120000 — 4z  —44/120000 — z (= — 30 000)
800 000 Nz B 800 000+/z
V120000 — z
= —————— [—4(z — 30000
s0000075 i@ )
v/120000 — z
N'(x) = —————— (—4)(x — 30000
(@) = Sooo00vz V@ )
V12 —
The first factor, V120000 ~ 2 is positive for all z in the domain, except for the endpoints. The second factor, —4 (= — 30 000)

800 000+/x
is positive before 30 000, zero at z = 30 000, and negative after 30 000, indicating an absolute maximum at z = 30 000. Then

y = 120000 — 30 000 = 90 000 and the maximal number sold is then

z/2y*/2 30000290 000/

400000 400000 ~ 11691. 342 95

N (30000) =

The integer nearest to this number is 11 691.
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19. An underground telephone cable is to be laid between two boat docks on opposite banks of a straight river. One boathouse is
600 meters downstream from the other. The river is 200 meters wide. If the cost of laying the cable is $50 per meter under
water and $30 per meter on land, how should the cable to be laid to minimize cost?

a) Find the lowest cost possible.

Solution: Let us denote by x - as shown on the picture below - the distance alongside the river of the part of the cable to be laid
under the water.

&
P SR K ceeereeeenrenanens P 600-x -+ ¥
M BOD +ovvererrmrremiienireiiens »

Then the length of the cable laid under water is v/200% + 22 and 600 — « on the ground. We can now express the cost as a
function of z.

C (x) = 504/200% + 22 + 30 (600 — 2z)  on domain [0, 600]

We find the minimum of C' by differentiating C'.

1 50x
C’ =50———(22)+30(-1) = ——— — 30
() 2v/2002 4 x2 (22) (=1 V2002 + z2

To find the extrema, we solve for the zeroes of the derivative.

C'(z) = 0 25z% = 9 (2 + 40 000)
50x _ 2 a2
50x
— = 30 1622 = 360000
2002 + z2

502 = 301/2002 + 22 2% = 22500

5x 3v/2002 4 22 x = £150
252> = 9(200% + 2?)

Since the domain is [0, 600] , the only possibility is = 150. Thus the minimum cost is C' (150).

C (150) = $504/2002 + 1502 + $30 (600 — 150) = $50 - 250 + $30 - 450 = $26 000
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b) Use the second derivative test to prove that we found a relative minimum in part a).

Solution: We already know that C’ (150) = 0. If C" (150) is positive, then C has a relative minimum at x = 150. If C" (150)
is negative, then C has a relative maximum at x = 150. If C”" = 0, the second derivative test is inconclusive.

@ = I W
2
2002 + z2 s
2
W) = mpia ( 200° + 27 - 2056”)
2

Since its second derivative is positive at x = 150, the function C has a relative minimum at = 150.

¢) Prove that the relative minimum we found in part a) is also an absolue minimum on the domain [0, 600] .

Solution: Since the function C' () is continuous on the closed interval [0, 600] , it achieves the ansolute minimum and absolute
maximum. To find these, we only need to evaluate the function at the relative extrema and the endpoints of the interval. We
need to compute C (0), C'(150), and C (600). These values are C' (0) = $28000, C'(150) = $26 000, and C (600) =
$10000+/10 = $31622. 776 602. Thus C has an absolute minimum at z = 150.

d) Prove that if we define C' on the set of all real numbers, then the minimum we found in part a) is still an absolute minimum.
Solution: Finding absolute extrema on domains others than a closed interval is often tricky. In this case, we can prove the

statement by looking at C”" more carefully.

2
O"(2) = 50 ( 00 T 7 — 22 > _ 50 (V2000 +2?)" P
2002 + z2 V2002 + 22 2002 + 22 V2002 4 22 V2002 + z2

B 50 2002 + 2% — 22\ 50 2002
© 2002+ 22\ V2002 22 ) 2002 + 22 \ /2002 1 a2

Since C" is positive for all x, C’ is increasing for all z. So the zero at z = 150 is the only zero of C’; C’ is negative on
(—00, 150) and positive on (150, c0). Consequently, C is decreasing on on (—oo, 150) and increasing on (150, 00), and so C'

has an absolute minimum at x = 150.

120
20. The location function of an object is s (t) = T 20—t where t is time, measured in seconds. Where is the object when it is
e
moving with the greatest speed? When is that greatest speed achieved?
Solution: 120 —t\—1
t) = ——=120(1+2
5 (®) 1+ 2 (1427
- 240e " et
v(t) = & (t)=120(=1) (14272 (27") (=1) = — 240
( ) ( ) ( ) ( ) ( ) ( ) (1 + 2€_t)2 (1 + 2€_t)2

We need to find the maximum of v which means we need to differentiate again. This time we will need to use the quotient rule.

(=) (14207’ — et (2) (14 2e7) (2¢7) (<)

e
a(t) = U (t) =240 = simplify by (1 4 2¢7?
() (1) T2 plify by ( )
TH(=1) (1 4+2e7) —e 1 (2) (27 (1
— 240° (=) (a+ (el )2 et)g( ) 27 (=1) factor out e ¢
+ 2e~
—(142e7t) + et —1— 2t 4 det 2t — 1
= gt ZULE2ED AT ot € Tl ggpet 2
(1+2e71) (1+2e7t) (1+2e7t)
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21.

240e~¢ and the denominator are always positive. The only way v’ (¢) = 0 is when 2e~*

— 1 = 0. We solve this equation for .

1

27t—1 = 0 —t:1n<2>

—t 1

2e = 1 t=—In|=)=In2

2
1
—t _ -
€T 3

Thus ¢ = In 2 is when the object is fastest. The location of the object is then

120 120 120
sUn2) = o = N -2 %
“ 142 ()
2
. . —2z
Consider the function g (z) = ———.
(2% +1)
a) Find all relative extrema of g.
Solution: We differentiate g using the quotient rule.
-2 (22 + 2 2z
g (x) = (x ) — (=2 )4 (#* +1) (20) simplify by 2% + 1
(% +1)
222 41) — (—22)2(2z) 222 -2+48z% 6222
(z2 +1)° (22 +1)° (22 +1)°
We now factor the numerator to see when ¢’ is positive and negative.
1 1 1
6 (22— 6lz+—)z——=
622 — 2 ( 3> ( 3> ( 3>
o (r) = - - VSIS

(22 + 1) (22 + 1) (22 + 1)

The denominator is always positive, the numerator is a quadratic expression with a positive leading coefficient, and so ¢’ is

1 1 1 1 1
ositive on | —0o,———= | U [ —=, 00 | and negative on [ ———=, — | . Consequently, g is increasing on [ —o0, ——— |,
b ( \/3)(\@) ; (\/5\/§> e g g( ﬁ)
1 1 1 1
decreasing on | ———=, — | , and increasing on { —, 0o |. That means that g has a relative maximum at x = ——— and a
£ NG \/31) S\V3 19 V3

relative minimum at x = —. We compute the function values at ——— and —.

V3 P NERRVE:

9 <_ 1) 2 2
o(-2) - Vi) B VB _ 2 9 3
V3 e\ (/1 2o/4\* V3 16 8
_ +1 -+1 =
V3 3 3
This is a good time to notice that g is an odd function
—2(—x) 2z
g(—z)= y g 9@
@—@ +1) (22 +1)
. . 1 3V3 o 1 3V3
and so g has a relative maximum: | ———, —— | and a relative minimum | ——, .
V3 8 V3 8
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b) Find all absolute extrema of g.

Solution: We will show that the relative extrema we found in part a) are in fact absolute extrema. This is not a fact that simply
follows from the signs of the derivative. For all we know, a decreasing, then increasing, then decreasing function may look like

an upside down cubic function that has neither absolute minimum nor absolute maximum.

1 3v3 3v3
Claim: ( f) is an absolute maximum, i.e. for all real numbers z, g () < Tf

V38
In part a) we determined that g is increasing on (—oo —1> decreasing on <—1 1) and increasing on (1 oo)
p g g T B) g 33 g 73 .

.. . 1
Because g is increasing on (oo7 -—— ),

V3
foralle < — =, g(x) < ( ! )
orallx < ——, x) < ——
B is decreasi (11)f11<1< <2 ()<(1)
ecause ¢ is decreasingon ( ——, —= |, forallz < ——= <2 < —, z) < ——
g g /33 3 3 g g /3
1 1
We only have to prove that for all z > ﬁ’ g(xz) <g (—\/§> is also true, but the increasing/decreasing behavior does
not help here, since g is increasing on <\/§’ oo). Luckily, there is a simple, elementary way to finish the proof. Recall that
-2 1
g(x) = 7562 It is easy to see that if z is positive, then g (x) is negative. Thus g is negative on <, oo) and so
(22 +1) V3
1 1 3V3 1
forallz > —, g¢g(x)<g <> = i Thus g has an absolute maximum at x = — ——.
V3 V3 8 V3
3v3

1 3v3
Claim: < —\[> is an absolute minimum, i.e. for all real numbers z, g (z) < ———

V38 8

. . 1 .
) , and increasing on <, oo) and positive on

V3

1 1
roof: a very similar argument could work. g¢ is decreasingon [ ——, —
p y g g g ( 33

1
( —00, — \/§> Another way to prove this is to use the fact that g is an odd function.

forallz, g(z) < % multiply by — 1
forallz, —g(z) > 737\/3 since g isodd, — g (z) =g (—x)
3V3
forallz, g (—x) > —T\[

and so g has an absolute minimum at x =

-
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¢) Find all values of ¢ for which the function f () + cx is increasing on its entire domain.

Tl
—2
Solution:  f () is always increasing if f’ (z) is always positive. f/(x) = ﬁ + c¢. We proved that the absolute
s+
—2z 3v3 3v3 —2
minimum of ’ 5 is — V3 and so if we set ¢ > i, then f'(z) = 7362 + ¢ will be non-negative for all z.
(x2+1) 8 8 (z2+1)
22. Consider the problem of finding the length of the longest rod we can carry
through a corner shown on the picture below. | b
a) For what values of y does the line segment PQ) have the shortest length?
(Hint: minimize the square of the length.)
Solution: Let x denote the horizontal side of the right triangle with hypotenuse 1
I
PQ. Using similar triangles, i d
1
— b
b T y—a
The square of the length is (by the Pythagorean Theorem) is on domain (0, o) b
by \* v\’
fy) = I2+y2< > +y2y2+62( ) P
y—a y—a :
2 ! 2 y !
y 2ab*y
flly) = (v +0° 7| =2 - 3 ;2
(y—a (y—a) |
Q
ffly)y =0
2 2
oy ab y3 _ 0
(y—a)
b? b?
2(1-—"—) = 0 — y=0o 1—-———=0
(y—a) (y—a)
b2
l—ai3 = 0 Va2 =y —a
(y—a)
b? .
e ; = 1 y=Vab?+a
(y—a)
ab> = (y— a)3

We need to make sure that y = v/ab? + a is indeed an absolute minimum.
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b) What is the length of the longest ladder which can be slid along the floor from a corridor of width a to a corridor of width b?
Solution: We simply need to evaluate L (y) = \/f (y) aty = Vab® + a = a'/3b?*/3 + q

e
f ) y T a y TR
2
f(al/302/3 +a) = (a1/3b2/3+a) . b = (a1/3b2/3+a)
(a1/3b2/3—|—a—a) a1/3b2/3)
b2 p2—4/3
_ 1/3 2/3 2/3 _ 2/3 2/3
= P (PP a) 1 = (P04 \/“2/3(1+ =)

b2/3 + a2/3 a2/3 (1 + ) b2/3 + a2/3) Va2/3 + v2/3

_ (2/3+b2/3) (sa2+3b2

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail questions or
comments to mhidegkuti @ccc.edu.
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