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Sample Problems
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Sample Problems - Answers

1 1 3 1
1.) Zln\x—Q\—Zln|$+2|+C’ 2) Zln\x+3\—ﬁln|3x+1]+c 3.) 2ln|x —3|—Injlz+1]+C

s 13 2 1 1 2
4.) %—x2+5x+gln|x+4]+gln]w—1]+C 5.) —gln]a:—l—l]—gln]w—2\+§ln\x—5\+0

9 1 2 —r—1
6.) 2lnjz -5 ———+C 7.) — - +C=———=5+C
) | | r =95 ) -1 (z—1)? (z —1)?
1 1 1
8.) ac—iarctanx—Zln]w—i—l]—i—zln\w—l\+C’ 9.) In|secx +tanz|+ C = —Inlsecx — tanz| + C

10.) Inle* —1|—In(e*+1)+C

Practice Problems - Answers

1 1 1 1 1
1.) gln\x|—§ln|x+3]+0 2.) gln|x+2|—gln|x—4]+0 3.) %ln|x—a|—%ln|x+a|+0
1 1 1 1
4.) Zln\x—2\+%ln|x+2|+0 5.) §ln(x2+4)—§tan_1§x+0
1 9 )
6.) x+11n|x—1|—11n]x+3]+0 7) x*—x—3lnlz —2|+Injz+ 2|+ C
2 v 2 -1
8.) 51n\x—3\+x—_3+0 9.) 2x—|—§ln(:c +1)+tan "tz 4+ C
10.) 21n\x—2|—1tan’1§+0 11.) x+lln|x—2]—lln]x—i—Q]—tan’lf—i—C
. 3 3 . 2 2 2
-1 2 1 3 9
12.) tan 'z +In(2?+1)+C 13.) gln‘x +6z|+ C 14.) —ln|x+3|—m+0

15.) In (2% +9) —tan_lg—i-C 16.) Injz|+Injz—1|—Injlz+1]+C
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Sample Problems - Solutions

Compute each of the following integrals.

1
1. /x2_4dx

Solution: We factor the denominator: 22 — 4 = (z +2) (x — 2). Next, we re-write the fraction

——— as a
z? —4

sum (or difference) of fractions with denominators x + 2 and « — 2. This means that we need to solve for A
and B in the equation

A N B 1
r+2 r—2 a2-4

To simplify the left-hand side, we bring the fractions to the common denominator:

Az —2) B(x+2)  Ar—-2A+Bxr+2B (A+B)x—2A+2B
(x+2)(z—-2) (z—2)(xz+2) x?—4 N x?—4
Thus we have
(A+B)z—2A+2B 1
22 —4 224

We clear the denominators by multiplication

(A+B)z—24+2B=1

The equation above is about two polynomials: they are equal to each other as functions and so they must be
identical, coefficint by coefficient. In other words,

(A+B)z —2A+2B =0z +1

This gives us an equation for each coefficient, forming a system of linear equations:

A+B = 0
—2A+2B =
: . 1 1
We solve this system and obtalnA:—Z and B = 1
1 1
So our fraction, ——— can be re-written as 4 + 4 We check:
z2 — x+2 x—2
1 1 1 1 1 1 1 1 1 1
—= - ——(r—2 = 2 ——(r—-2)+- 2 —= -+ - -
i, 4 _ 4(95 ) .\ 4(a;+) _ 4(50 )+4(a:+): FtstTts
r+2 x-2 (x4+2)(z—-2) (r—2)(x+2) (x+2)(x—2) (x+2)(z—2)
1
a2 —4
Now we can easily integrate:
1 1
1 1 1 1 [ 1 1/ 1 1 1
do = dr=—- dr+ - | —— de=|—=1 2|+ -Injz—-2|+C
/x24 v /1:+2+x2 v 4/:1:+2 v ) s s mpnle 2 ginfe =2+
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Method 2: The values of A and B can be found using a slightly different method as follows. Consider first

the equation
A B 1

x+2 + r—2 12-4
We bring the fractions to the common denominator:

Az —2) B(z+2) 1

@42 (2-2)  (@-2(z+2) -4

and then multiply both sides by the denominator:

Ax—2)+B(z+2) =1

The equation above is about two functions; the two sides must be equal for all values of z. Let us substitute
x = 2 into both sides:

A(0)+B(4) =
B =

] =

Let us substitute £ = —2 into both sides:

A(-4)+B(0) = 1

1
A = —
4

1 1

andsoA:—Z andB:Z.

2
2. / i dz
(x+3)(Bx+1)
2
Solution: We re-write the fraction i as a sum (or difference) of fractions with denominators

(r+3)3z+1)
z + 3 and 3z + 1. This means that we need to solve for A and B in the equation

A n B 2x
r+3 3r+1 (x+3)Bx+1)

To simplify the left-hand side, we bring the fractions to the common denominator:

A N B A(Bz+1) B(x+3)  A@Bz+1)+B(x+3) 34Ax+ A+ Bzr+3B
z+3 3z+1  (@+3)Bz+1) (z+3)Bx+1)  (z+3)Bzx+1) (z+3)(Bx+1)
(3A+B)z+ A+ 3B

(x+3)(3x+1)

Thus we have
(BA+B)r+A+3B 2z

(x4+3)Bz+1)  (z+3)Bz+1)

We clear the denominators by multiplication

(BA+B)z+ A+3B =2

(© copyright Hidegkuti, Powell, 2012 Last revised: February 24, 2013
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The equation above is about two polynomials: they are equal to each other as functions and so they must be
identical, coefficint by coefficient. In other words,

BA+B)x+A+3B=2x+0

This gives us an equation for each coefficient, forming a system of linear equations:

3A+B =
A+3B =
: . 3 1
We solve this system and obtain A = 1 andB:—Z.
3 1
So our fraction 22 can be re-written as A+i We check:
"(x+3)(Bz+1) r+3 3z+1 '
3 1 3 1 3 1 9 3 1 3
- —— - (3 1 —— 3 - (3 1) — - 3 - - — -z — -
i, 1 4(x+) . 4(ac+) :4(:c+) 4(x+):4x+4 i
r+3 3z+1 (x+3)Bzx+1) (r+3)Bx+1) (x+3)(Bx+1) (x+3)(Bx+1)

2x
(x+3) 3z +1)

Now we can easily integrate:

3 1

2 1 2 30 1 1 1 3 1
dz = dx = ° do— - dz =| 21 3— —In|3z 41|+ C
/(w+3)(3x+1) v /m—|—3+3x+1 o 4/a:+3 . 4/3x+1 v =|7Infe+3[— 5 n 3z + 1]+

The second integral can be computed using the substitution v = 3z + 1.

Method 2: The values of A and B can be found using a slightly different method as follows. Consider first

the equation
A B 2z

x+3+3x+1 - (x+3)(3x+1)

We bring the fractions to the common denominator:

ABz+1) B(z+3) 2

(x+3)Bzx+1) (x+3)Bzx+1) (r+3)Bx+1)

and then multiply both sides by the denominator:

ABx+1)+B(x+3) =2z

The equation above is about two functions; the two sides must be equal for all values of x. Let us substitute

1
T = —3 into both sides:

A(O)+B<—+3> = 2<—;)
=
B =

(© copyright Hidegkuti, Powell, 2012 Last revised: February 24, 2013
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Let us substitute £ = —3 into both sides:

AB(=3)+1)+B(-3+3) = 2(-3)

—-8A+B(0) = —6

-84 = -6

3

A = -

4
1
andsoA:zandB:—z

T+5
3. —_d
/m2—2x—3 v

Solution: We factor the denominator: 22—2x—3 = (z + 1) (z — 3). Next, we re-write the fraction P w—
x4 — 2w —
as a sum (or difference) of fractions with denominators = + 1 and = — 3. This means that we need to solve
for A and B in the equation

A B T+5

m+1+x—3*x2—2x—3

To simplify the left-hand side, we bring the fractions to the common denominator:

A(x —3) B(x+1)  Ar—-3A+Br+B (A+B)r—-3A+B
(x+1)(x—3) (z—3)(xz+1) x? —2x—3 N x? —2x—3
Thus
(A+B)z—3A+B _ x+5
2?2 —2x—3 22— 22— 3

We clear the denominators by multiplication

(A+B)x—3A+B=a+5

The equation above is about two polynomials: they are equal to each other as functions and so they must be
identical, coefficint by coefficient. This gives us an equation for each coefficient, forming a system of linear
equations:

A+B =
—34+B = 5

We solve the system and obtain A = —1 and B = 2.

5 -1 2
So we have that our fraction, _ TS can be re-written as + . We check:
22 —2x —3 r+1 x-3
-1 N 2 —1(x-3) N 2(z+1)  —(x-3)+2(x+1) -x+3+22+2  z=+5
r+1 z2-3 (z+1)(z-3) (x-3)(z+1)  (z+1)(x-3) 22-22-3  22-22-3

Now we can easily integrate:

z+5 ~1 2 1 1
22 —25-3 == o 2 [ ——de= -1 1|4+ 2In|z —
/x2—2x—3dx /x+1+$_3d$ /x+1dx+ /x_gd:r: —In|z+1]+2mn[e—3]+C|

Method 2: The values of A and B can be found using a slightly different method as follows. Consider first
the equation

A B T+5

x+1+x—3_x2—2x—3

(© copyright Hidegkuti, Powell, 2012 Last revised: February 24, 2013
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We bring the fractions to the common denominator:

A(x —3) Bx+1) x+5

(x=3)(z+1) (z—-3)(x+1) 22—-2x-3

and then multiply both sides by the denominator:
A(x—3)+B(zx+1)=xz+5

The equation above is about two functions; the two sides must be equal for all values of z. Let us substitute
x = 3 into both sides:

A0)+B(4) = 345

4B = 8
B = 2
Let us substitute £ = —1 into both sides:
A(-4)+B(0) = —-1+45
—4A = 4
A = -1

and so A = —1 and B = 2.
/1:4+:U3—5:U2+2633—21
2 4+3x—4

Solution: This rational function is an improper fraction since the numerator has a higher degree than the
denominator. We first perform long division. This process is similar to long division among numbers. For

dx

38
example, to simplify —, we perform the long division 38 +~ 7 = 5 R 3 which is the same thing as to say that

7
38 3
- = 5?. The division:
T - 2z + 5
> + 3 — 4 ) 2* + 23 — 522 + 26z — 21
—zt = 33 4 422
— 23— g2 + 26 — 21
2 4+ 622 — 8z
522 + 18z — 21
— 522 — 15z + 20
3z — 1
Step 1 3374 — 42 —1 (—2x3 — 622 + 8x) =223 + 622 — 8z
5 =
9 ( 2 g: 4) 44 33 _ 4y We add that to the original polynomial shown above.
x4 (x rz—4) ==z z° — 4x
; 52
— (z* + 323 — 42?) = —2* — 323 + 427 Step 3: % =5
T

We add that to the original polynomial shown above. 5 ($2 43— 4) — 522 4+ 152 — 20

—223
Step 20 —5— =2z —1 (522 + 152 — 20) = —52% — 15z + 20
—2x (xz + 3z — 4) = 223 — 622 + 82 We add that to the original polynomial shown above.

(© copyright Hidegkuti, Powell, 2012 Last revised: February 24, 2013
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The result of this computation is that

ot + 23 — 52 + 262 —21 N s
=" -2 —_—
224+ 3z —4 224+ 3x —4

very much like ? =5+ % Thus

4 3 _ 2 2 —21 —1 -1
/x e ST + 26z der = /x2—2x+5+3xdm:/x2—2x+5dac+/3xd:v

22+ 3z —4 22 +3x —4 22+ 3z —4
3
x 9 3r—1
= —— 5 C ——d
3 T~ + ox + 1+/x2+3x—4 x
. . 3x—1
We apply the method of partial fractions to compute [ ——— dz.
22+ 3x—4
3r—1
We factor the denominator: 22 + 3x —4 = (z +4) (z — 1). Next, we re-write the fraction ﬁ as a
x T —

sum (or difference) of fractions with denominators x + 4 and x — 1. This means that we need to solve for A

and B in the equation
A B 3r—1

x+4+:c—1:a:2+3a:—4

To simplify the left-hand side, we bring the fractions to the common denominator:

Az —1) B(z+4)  Ar—A+Bx+4B (A+B)z— A+4B
(z+4)(z—1) (z+4)(z—-1) 2+ 3x —4 B 2 +3x—4
Thus
(A+B)zx—A+4B  3zx—1
x? 43z —4 22 43z—-4

We clear the denominators by multiplication

(A+B)x—A+4B=3z—1

The equation above is about two polynomials: they are equal to each other as functions and so they must be
identical, coefficint by coefficient. This gives us an equation for each coefficient that forms a system of linear
equations:

A+B = 3
~A+4B = -1

1 2
We solve the system and obtain A = ; and B = £

13 2
, 3z — 1 _ = 5
So our fraction, ————— can be re-written as + . We check:
x? 43z —4 x+4 x-—1
13 2 13 2 13 2
— = — (z—1) —(z+4) —(x—-1)+ - (z+4)
5 .5 _ _5 L5 _ 5 5
r+4 z-—1 (x+1)(x—4) (x—4)(x+1) (x+1)(x—4)
B3 2 8 155
_ 5 5 '5°'5_ 5" 5 _  3dx-—1
(x+1)(x—4) 224+3x—4 2243x—4

(© copyright Hidegkuti, Powell, 2012 Last revised: February 24, 2013
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page 9
Now we can easily integrate:
13 2 13
3r—1 5 5
- dr = de = | —— 7d
/a:2+3x—4 o /x+4+ e :1:+/ o
= /d + - /dx—ln:v+4\+ Injz -1+ C
Thus the final answer is
/m4+x3—5:1:2+26:n—21
dx =
x2+3x—4
3 3r—1 3 13
- ”;)—x2+5x+01+/x2ngda;:x3—x 50+ O+ - Infa+4]+ ln|m—1|—|—02

3 13 2
- %—$2+5$+€ln]x+4\+gln\:1:—1\+C

Method 2: The values of A and B can be found using a slightly different method as follows. Consider first
the equation

A, B _ 30-1
x4+4 x—1 22+3x—14

We bring the fractions to the common denominator:

A(x—1) B(x+4) 3rx—1
(x+4)(z-1) (z+4)(x—-1) (z+1)(xz—4)

and then multiply both sides by the denominator:
A(x—1)+B(x+4) =3z —1

The equation above is about two functions; the two sides must be equal for all values of .

Let us substitute
z = 1 into both sides:

AQ1-1)+B(1+4) = 3z—-1
A-0+B-5 = 3-1-1

5B = 2

B - 2

5

Let us substitute £ = —4 into both sides:

A(=4—1)+ B(—4+4) = 3(-4)—1
—-5A4 = -13
L 13

4 11
andsoA:5andB:—.

5

(© copyright Hidegkuti, Powell, 2012 Last revised: February 24, 2013
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2 +x—3
g /(x+1)(x—2)(:£—5) du
2+x—3

Solution: We re-write the fraction as a sum (or difference) of fractions with denomi-
(x+1)(x—2)(z—5)
nators £ + 1, x — 2 and  — 5. This means that we need to solve for A, B, and C' in the equation

A B C 2 +x—3

x+1+x—2+x—5_(x+1)(:n—2)(x—5)

To simplify the left-hand side, we bring the fractions to the common denominator:

A n B N ¢ A(x—2)(z—5) B(z+1)(z—5) Clx+1)(x—2)
xr+1 -2 x-5 (z+1)(z—2)(x—=5) (z+1)(z—2)(x—=5) (z+1)(x—2)(x—05)
A (2% — Tz + 10) B (2? — 42 — 5) C(z?—z—2)

Gt @—-2 =5 @+)@-2@=5  (@+1)@=2)(z—5)
A(z? =Tz +10) + B (22 — 42— 5) + C (2? — v — 2)
(x+1)(x—2)(z—5)
Ax? —TAz + 10A + Bx? — 4Bz — 5B + C2% — Cx — 2C
(x+1)(z—2)(z—5)
(A+ B+ C)2?>+ (-TA—4B - C)z + 10A — 5B — 2C
(x4+1)(x—2)(z—5)

Thus
(A+ B4+C)a?+ (-TA—4B - C)xz + 10A —5B —2C 2 +x-3

(x4+1)(z—2)(z—5) S (z+ 1) (z—2)(z—5)

We clear the denominators by multiplication

(A+B+C)a* 4+ (—~TA—4B - C)x +10A—5B —2C =2° + 2 — 3

The equation above is about two polynomials: they are equal to each other as functions and so they must be
identical, coefficint by coefficient. We have an equation for each coefficient that gives us a system of linear

equations:
A + B + C =1
-7TA — 4B — C = 1
10A - 5B — 2C = -3

We solve the system by elimination: first we will eliminate C from the second and third equations. To
eliminate C' from the second equation, we simply add the first and second equations.

A+ B+C=1
—T7TA —4B — C =1
—6A — 3B = 2

To eliminate C' from the third equation, we multiply the first equation by 2 and add that to the third equation.
2A + 2B + 2C = 2
10A — 5B — 2C = -3
12A — 3B = -1

(© copyright Hidegkuti, Powell, 2012 Last revised: February 24, 2013
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We now have a system of linear equations in two variables:

—6A—-3B = 2
12A-3B = -1

We will eliminate B by adding the opposite of the first equation to the second equation.

6A + 3B = —2
12A — 3B = -1
184 = -3
A= -1

6

Using the equation 64 4+ 3B = —2 we can now solve for B.

1
6(—=)+3B = -2
()

~143B = -2
3B = -1

B = -1

3

Using the first equation, we can now solve for C.

1
= =1
2+C
3
¢ =3
1 1 3
ThUSA——E,B——g,aHdO—i
1 1 3
So we have that our fraction P +o—3 can be re-written as G + 3 + 2 We check:
(x4 1) (z—2)(x—5) r+1 x-2 z-5 ‘
1 1 3 1 1 3
- = ——(x—2)(z—5) ——(x+1)(z—-5) —(x+1)(z—2)
6 +- 3 4 2 _ 6 i 3 42
z+1 -2 x-5 (x4+1)(x—=2)(z—-5) (x+1)(x—2)(z—-5) (x+1)(x—2)(z—5)
1 1 3
—6(33— 2) (x 5)—g(x+1)(x—5)+§(a:+1)(x—2)
B (m+1)(x—2)(x—5)
1
s (@ = To+10) 2 (a2 4z —5) + 5 (2~ - 2)
B G NE-DE-
ilx2+zxi§ 12+é +5+3 fétrfg
_ 6" 6" 3 3" "33 2
(93 D (z—=2)(x—=5)
LB, (T4 355
_ 6 3 2 6 3 2 3 3
(z+1)(x—=2)(z=95)
22 +x -3

(x+1)(z—2)(x—5)

(© copyright Hidegkuti, Powell, 2012 Last revised: February 24, 2013
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Now we can easily integrate:

) 1 1 3

22+ a3 5 . 3 . 2
dr = d
/(w+1)(a:—2)(x—5) v /:U+1+x—2+$—5 v

1 1 1 1 3 1
N _6/$+1dx_3/az—2dm+2/x—5dx

1 1 2
= —gln]a:—i—l]—gln\w—2\+§ln\x—5\+0

Method 2: The values of A, B, and C can be found using a slightly different method as follows. Consider
first the equation

A B C 22 4+x—3

l‘+1+l‘—2+{l}—5_(l‘+1)($—2)(l‘—5)

We bring the fractions to the common denominator:

Az —2)(x —5) B(xz+1)(z—5) Cz+1)(z—2) 2+ -3

G D (@-2(2=5) @+l (@-2 (=5 @+ (@=2) (=5 (@+1)(x—2)(x—5)

and then multiply both sides by the denominator:
Alz-2)(z -5 +B@+1)(z-5)+Cx+1)(z—-2) =2 +z—3

The equation above is about two functions; the two sides must be equal for all values of z. Let us substitute
x = 2 into both sides:

A2-2)2-5)+BR2+1)(2-5+C2+1)(2-2) = 22+2-3
0A-9B+0C = 3
9B = 3
1
B = —=-
3

Let us substitute £ = —1 into both sides:

A(-1=2)(-1=5)+B(~1+1) (-1 -5)+C(-1+1)(-1-2) = (=1)>+(-1)-3

A(=3)(~6)+0B+0C = -3
184 = -3

A= 2

6

Let us substitute x = 5 into both sides:

ABG-2)5-5)+BGB+1)(5-5+C(B+1)(5-2) = 5°+5-3
A(0)+B(0)+C(6)(3) = 27
18C = 27
3
¢ =3

andsoA:—é,B:—l,andC:g.

(© copyright Hidegkuti, Powell, 2012 Last revised: February 24, 2013
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20— 1
o [ 2L
(x—5)

Solution: We will re-write the fraction

as a sum (or difference) of fractions with denominators = — 5

5)?
and (x — 5)2. This means that we need to solve for A and B in the equation

A B 2v —1

=5 (@57 (z-5)

To simplify the left-hand side, we bring the fractions to the common denominator:

A n B A(x-5) B  A(x-5+B Ar-5A+B

=5 @52 (-5 (@-5°  (z-5) (5

Thus we have
Axr —5A+ B 221

(@-5)7°  (z-5)

We clear the denominators by multiplication

Arx —5A+B =2z -1

The equation above is about two polynomials: they are equal to each other as functions and so they must be
identical, coefficint by coefficient. This gives us an equation for each coefficient, forming a system of linear

equations:
A = 2
—-5A+B = -1

We solve this system and obtain A =2 and B = 9.

2z — 1 2 9
So our fraction, 1:72 can be re-written as + 5. We check:

(z —5) =5 (z-5)

2 9 _ 2(z—-5) 9 _2x—10+9 2zx-—1

=5 (@ 57 (@5 (@52 (@-5% (-5

Now we can easily integrate:
2z — 1 2 9 1 1 9
—— dzr = + dx:2/dx+9/dm:2lnx—5—+0
/kx@Z /x—5 (z —5)° z—5 (z —5)? =53

Method 2: The values of A and B can be found using a slightly different method as follows. Consider first
the equation

A B 20— 1

i=5 " @5 @-5)

We bring the fractions to the common denominator:

A(x —5) B 20 —1

@—52  (@—57 (z—5)

(© copyright Hidegkuti, Powell, 2012 Last revised: February 24, 2013
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and then multiply both sides by the denominator:

A(x—5)+B=2x—1

The equation above is about two functions; the two sides must be equal for all values of x. Let us substitute
x = 5 into both sides:

A0)+B =
B =

NeliNe]

The other value of z can be arbitrarily chosen. (There is no value that would eliminate B from the equation.)
For easy substitution, let us substitute x = 0 into both sides and also substitute B = 9:

A(-5)+9 = -1
—5A4 = -10
A = 2

and so A=2and B =09.
7. /w—i—33 dx
(1)

Solution: We re-write the fraction as a sum (or difference) of fractions with denominators x — 1,

z—1)°
(x —1)% and (z —1)®. This means that we need to solve for A, B, and C' in the equation
A B C T+ 3
+ + =

r=1" (@-1° (@-1° (z2-1)

To simplify the left-hand side, we bring the fractions to the common denominator:

A B _ C _ A@-1? B(z-1) C _A@-1°+B@-1)+C
r=1 (-1 (z-1)° (@-1°  (2=1)°  (z—1)° (x—1)°
B A(x2—2x+1)+B(:IJ—1)+C'_Am2—2Ax+A+Bx—B+C
- (x—1)° - (z—1)°
A+ (—2A+B)z+A—-B+C
N (@ —1)°
Thus

Az? + (-2A+B)z+A-B+C  z+3
(z—1)° (¢ —1)°

We clear the denominators by multiplication

Az’ + (—2A+B)z+A-B+C=z+3

The equation above is about two polynomials: they are equal to each other as functions and so they must be
identical, coefficint by coefficient. We have an equation for each coefficient that gives us a system of linear

equations:
A =0
—-2A + B =1
A - B 4+ C = 3
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Since A = 0, this is really a system in two variables:

B
-B+C = 3
We solve this system and obtain B =1 and C = 4.
1 4
So our fraction, ———— can be re-written as 5 + 3. We check:
(x—1) (x—1) (r—1)
1 4 1(x—1) 4 r-1+4 x+3

-1 @1 @1 @1 @-1  (@-1)

Now we can easily integrate:

[ezm® = Jowt o op e oo™

1 4 1 1 2
= - — = +C=|- — +C
r—1 2 (z-1)° -1 (z—1)?
1z —1 2 e 1-2 a1
= (& 2)_ 7+ Sk 7 +C0= S 3 +C
(x —1) (x —1) (x—1) (x —1)

Both final answers are acceptable.

Method 2: The values of A, B, and C can be found using a slightly different method as follows. Consider

first the equation
A B C T+ 3

1 ) @) @)

We bring the fractions to the common denominator:

A(z—1?% B(z-1) C 43

(@-1)°  @-1° @-1° (@-1)

and then multiply both sides by the denominator:

Ax—12+B@xz-1)+C=2+3

The equation above is about two functions; the two sides must be equal for all values of z. Let us substitute
x = 1 into both sides:

A(0)+B(0)+C = 1+3
C = 4

There is no value other than 1 that would eliminate A or B from the equation. Our method will still work.
For easy substitution, let us substitute x = 0 into both sides and also substitute C' = 4:

Axz—-12+Bz-1)4+C = z+3
AO0-12*4+B0O—-1)+4 = 0+3
A-B+4 = 3
A-B = -1
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Let us substitute z = 2 into both sides:

A(z—1*+B@z—-1)+C = z+3
A2-12?+B@2-1)+4 = 2+3
A+B+4 = 5
A+B =1

We now solve the system of equations
A-B = -1
A+B =1

and obtain A =0 and B = 1. Recall that we already have C' = 4.

4
x
8. /x4—1d$

Solution: This rational function is an improper fraction since the numerator has the same degree as the
denominator. We first perform long division. This one is an easy one; the method featured below is called

smuggling.

ot at—1+1 2t-1 Lo, !

-1 x4 -1 2t —-1 zt-1 x4 —1
Thus
z 1 1 1
x4_1dm: 1—|—x4_1dm: 1dx+ x4_1dac:x+01—|— mdw

. . 1

We apply the method of partial fractions to compute / o] dx.
x —_—

We factor the denominator: 2! —1 = (22 + 1) (x + 1) (x — 1). Next, we re-write the fraction as a sum

4
4 —
(or difference) of fractions with denominators 22 + 1 and x + 1, and  — 1. In the fraction with quadratic

denominator, the numerator is linear. This means that we need to solve for A and B in the equation

Ax+ B C D 1

2 +1 +x+1+x—1_x4—1

To simplify the left-hand side, we bring the fractions to the common denominator:

AaH—B+ C n D (Az+B)(z+1)(z—1) C(z*+1)(z—1) D (2> +1)(z+1)
2241 41 2-1  @24+D)(@@+D@-1) @+D@@+)(=z-1) (@2+1)(=z+1)(z-1)
(Az+B)(z+1)(z—1)+C(2*+1)(z—1)+ D (2* + 1) (z + 1)
xt—1
(Az+B) (z* = 1)+ C (2®* —2*+2-1)+ D (2 + 2 + 4+ 1)
xt—1
Az® 4+ Ba? — Az — B+ Ca® — C2* + Cx — C + Da® + Da* + Dz + D
zt—1
(A+C+D)a3+(B-C+D)2?>+(-A+C+D)x—B-C+D
xt—1

Thus
(A+C+D)a*+(B-C+D)a*+(-A+C+D)z—B-C+D 1

xt—1 xt—1
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We clear the denominators by multiplication

(A+C+ D)+ (B-C+D)a*+(-A+C+D)z—B-C+D=1

The equation above is about two polynomials: they are equal to each other as functions and so they must be

identical, coefficint by coefficient. This gives us an equation for each coefficient that forms a system of linear
equations:

A +

B —

—A +

- B - C + D =

QQQ
+ o+ o+
SO
_ o O O

We will solve this system by elimination. First, we will eliminate A using the first equation. The second
and fourth equations do not have A in them, so there is nothing to do there. To eliminate A from the third
equation, we add the first one to it.

B - ¢ + D =0
2C + 2D = 0
- B - C + D =1

We now have three equations with three unknowns. We will use the first equation to eliminate B. In case
of the second equation, again, there is nothing to do. We add the first equation to the third one to eliminate
B.

2 + 2D 0
-2C + 2D =1

1
Adding the two equations eliminates C' and gives us 4D =1 and so D = 1 Next, we compute C' using the

equation

2C+2D = 0
0

1
ci2(1) -

20 = —
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Thus A =0, B——f C’——i andD—i
1 1 1
So our fraction, x41—1 can be re-written as arQ—El_xjc—1+a;f1' We check:
—% - % . % _ —é(x%—l)(m—l) - i(a}z—l—l)(x—l) . i(:ﬁ—i—l)(x%—l)
22+ 1 +1 z-1 2+ D) (z+1)(x—-1) @2+ (@+)(x-1) @@+ (x+1)(z-1)

—%(3:—1—1)(3@—1)—%(w2+1)(x—1)+i(x2+1)(a:+1)
(@2+1)(xz+1)(xz—1)
—%(wz—l)—1(x3—$2+x—1)+%(m3+x2+x+1)

_ 4
xt—1
LSPURE SR UPURS VPR RS NS UPINE PSS
——zt - -+ - —-zx+-+-+-z+-x+-
2" Tt Tyt Tty Tyt Tty
xt—1
SN WP U U U AN SAE A DS SS
o \TaTa)” 21" 1)" 174) Ty
B xt—1 Szt -1

Now we re-write the integral:

1 1

1
1 —3 1 1 1/ | 1/ 1 1/ 1

dr = - dr — —~ dr — - dr + - d
/:1:4—1 v /x2—|—1 :L“+1+x—1 v 21 1) v¥1 x—i—4 -1

1 1 1
= —iarctanx—Zln\x—i—l\#—zln\x—l\—i-C

Thus the final answer is

4
1
[aqar = [1es /dx+/x4_1

= l’—{—Cl—§al“CtaHIL‘—*1D|IL‘—|—1|—|—*1H|ZE—1|—|—02

1 1
= m—iarctanx—11n|x—|—1|+zln|x—l|—|—0

Method 2: The values of A, B, C, and D can be found using a slightly different method as follows. Consider

first the equation
Ax+ B C D 1

2241 x+1+x—1_x4—1

We bring the fractions to the common denominator:

(Az+B) (z+1) (z — 1) C(z*+1)(x—1) D(x*+1)(z+1) 1
@+D@E+)(@-1)  @+)@+)E-1) @+hE+)(@-1) @ +1)@@+1)(@-1)

and then multiply both sides by the denominator:

(Az+B)(z+1)(z—1)+C(2?+1) (- 1)+ D (2> +1) (z+1) =1
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The equation above is about two functions; the two sides must be equal for all values of z. Let us substitute
x = —1 into both sides:

(Az+B)(z+1)(z—1)+C(2*+1)(z— 1)+ D (z* + 1) (z + 1)
)+ D (1P 1) (D +D) = 1
)

(A(=1) + B) (-1 + D) (-1 = D+ C (-1 +1) (1) 1
(-A+B)(0)(-2)+C((2)(-2)+D((2)(0) = 1
—4C = 1
1
¢ =
Let us substitute £ = 1 into both sides:
(Az+B)(z+1)(z—1)+C(2*+1)(z—1)+D(z*+ 1) (z+1) = 1
AL +B)(()+1) Q-1 +C(1*+1)Q1-1)+D(*+1)(1+1) = 1
(A+B)(2)(0)+C(2)(0)+D(2)(2) = 1
4D = 1
p - L
4
. . . 1 1
Let us substitute £ = 0 into both sides and alsoC:—Z andD:Z:
(Az+B)(z+1)(z—1)+C (2> +1)(z—1)+D (2> +1) (z+1) = 1
(A0)+B)((0)+1) (0—1)+C(0*+1)(0—1)+D(0*+1)(0+1) = 1
(B)(1) (1) + C (1) (~1) + D(1) (1) = 1
-B-C+D =1
1 1
—B—<—4 +Z =1
Bty =1
1
_B = 5
B - _1
2
. . . 1 1 1
Let us substitute z = 2 into both sides and alsoB:—?C:—Z andD—i
(Ax+B)(m+1)(:Jc—1)+C(x2+1)(1‘—1)+D(m2+1) z+1) 1
(A2 +B)(2)+1)(2-1)+C(22+1)(2-1)+D(2°+1)(2+1) = 1
2A+B)3)(H)+C(B)(1)+D(B)(3) = 1
3(2A+B)+5C+15D = 1
6A+3B+5C+15D = 1

() enl) -

A-2 2422

I R R
—5+1

6A+65+5—1

(© copyright Hidegkuti, Powell, 2012 Last revised: February 24, 2013



Lecture Notes Partial Fractions page 20

4
6A+- = 1
+4
6A+1 = 1
6A = 0
A =0
1 1 1
andsoA—O,B——i,C’——Z,andD—Z
1 1+4sinz
9. /secx dr = -In|———— |+ C =ln|secx + tanz| + C = —In|secx — tanz| + C
2 1—sinz
Solution:

1 1 Ccos ¥ CcoS T CoS T
secx dxr = dx = . dx = 3 dxr = — dx
cosx COST COSZ cos? 1 —sin“x

Now let w = sinz. Then du = cos zdzx.

3 1 1 1
/cos‘a; da::/, 5 cosa:dx:/ du:/du
1 —sin“z 1 —sin®z 1—u? (1—u)(14u)

This integral can be computed by partial fractions:

A N B 1
l—u 14w 1—u?

The left-hand side can be re-written

A N B A(l+wu) B(l-u)  Au+A-Bu+B (A-B)u+A+B
l—u 1+u (I-u)(I+u) (Q4+u)(l-u) 1—u? B 1—wu?

So we have

(A-B)u+A+B 1
1—u? 1 —u?

We clear the denominators by multiplication

(A-B)u+A+B=1

The equation above is about two polynomials: they are equal to each other as functions and so they must be
identical, coefficint by coefficient. This gives us an equation for each coefficient that forms a system of linear

equations:
A-B =0
A+ B =
1
we solve this system and obtain A = B = 3 Indeed,
1 11—u+1+u_1 21
2 1+u (1—u)(1+u) 21—u2 1-—u?
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Now for the integral:

1 1 1/ 1 1 11 11
du = [ qu= = du = - du+ - d
/1—u2 " /(1—u)(1—|—u) “ /2(1—u+1—|—u> “ 2/1—u “+2/1+u "

1 1 1 1
= —§ln|1—u|—|—§ln]1+ul+C:§ln|1—i—u|—§ln|1—ul—i—C

1 1
= §1n]1+sinx|—§ln|1—sin$|+0

1
Note the — sign in T—w du = —1In|1 — u|+ C is caused by the chain rule. Aslo note that the final answer
—u

can be re-written in several forms:

1 1
§1n|1 +sinz| — iln\l —sinzx| =

1. |1+sinx 1. |1+sine 1+4sinzx 1. |(1+sinz)? 1. |(1+sinz)?
= —In|l—|==1In § . , =-hn|—=—|=;In|—F—
2 1 —sinz 2 1l—sinz 1+sinx 2 1 —sin“x 2 cos? z
(1 + sinz)? V2 (14 sinz)? 1+sinx 1 sin x
= In|[—— =In =In =In + = In[secx + tan z|
cos? x cos? x cos x CcoOST  COSX
So, our result can also be presented as ’111 |sec z + tanz| + C"
Another form can be obtained as shown below.
L a1 4 sing| — ~1n[1 - sinal
—1In inz] — =Iln|l —sinz| =
5 sinx 3 sinx
1 1+sinz 1 l1+sinz 1-—sinx 1 1 —sin?z 1 cos?
= Sln|p ot gy | SR R gy | TR T ;
2 |1—sinx 2 |l1—-sinz 1-sinz 2 |(1—sinx) 2 |(1—sinx)
cos? x 1/2 cos?x cos T 1
- h]. . o = h]. . o = ln | = ]n v
(1 —sinx) (1 —sinx) 1l —sinz 1 —sinz
CcoS X
1—sinz) ! 1 sinx |
= In|{—— =In — = —In|secz — tan x|
CcoS T COSL  COST

So, our result can also be presented as ’ —In|secx — tanzx| 4+ C ‘ Actually, there are more forms possible, but

we will stop here.
10. / cschx dx

Solution: This is an interesting application of partial fractions.

/cschxd:v:/gﬂxdx:/ 21dx
e —e L
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we now multiply both numerator and denominator by e*.

2 2e”
/ 1da;—/x§da:
ex—7x (6)_]‘

e

We proceed with a substitution: let u = e*. Then du = e*dz and so
2 . 2
/(ex)Q—l(e dazc)-/uQ_1 du

This is now an integral we can easily compute via partial fractions. We easily decompose
1 1

u—1 u—+1

2 1 1 1 1
/csc z dz /uz—ldu /<u—1 u+1>du /u—ldu /u+1du nju—1—-Inlu+1]+C

= ’ln]ez—ll—ln(ew—&—l)—l—C‘

———— as
w2 —
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[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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