Lecture Notes Integrating by Parts
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Sample Problems

Compute each of the following integrals. Please note that arcsin z is the same as sin™

as tan~ !z

ze® dx 5. arcsin x dx

arctanz dx

zcosx dx 6.

e*sinx dx

sin?z dx

Inz dx 8.
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Practice Problems
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14.

L4 and arctan x is the same

/ cos? x dx

/$26_3x dzx

/ zsin 2z dx

0
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Sample Problems - Answers

1 1
1.) ze® —e*+C 2.) xsinz +cosx + C 3.) —1—66_4w—1x6_4‘”—|—0 4) zlnx—z+C
1 1
5.) zarcsinz + V1 —22+C 6.) :Earctanx—§ln(3:2—|—1)+0 7.) iex(sinzv—cossv)+0
8.) 1( i +z)+C 9.) 1( + si )+C 10 —e e B
) g (=sinzcosz +z ) 5 (@ +sinzcosz ) —e 30 T 5Tt 5
11.) 11n( 2+2)+;+C
U 2?42
Practice Problems - Answers
1 227_122? _1—31_} -3z l_i 1
1.) 52e 7€ +C 2.) 3¢ 5%e +C 3.) = 2411[12 4.) 9
2% 1 2% 2z 2
5) — [z —— C 6.) — (22— =+ S C 7. i C
) o (x hnz)+ ) o (x 1n2+ln22>+ ) @sing +cosz +
2 : L o L 5 L 6 L 6
8.) a“sinz + 2xcosz — 2sinz + C 9.) 3% lnx—zx +C 10.) g% lnx—%w +C
11.) isinlOm—ia:colea;—i—C 12.) 6In9-38 13.) L 14)1
7100 10 ' 36 4
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Sample Problems - Solutions

1 1

Please note that arcsinx is the same as sin™" x and arctan x is the same as tan™" x.

1. /xe“” dr

Solution: We will integrate this by parts, using the formula

/f’ngg—/fg’

Let g (x) =« and f/' (x) = e® Then we obtain ¢’ and f by differentiation and integration.

/f’g = fg-— /fg’ becomes
/xex dr = xex—/exdx—
We should check our result by differentiating the answer. Indeed,
(xe” — e® + C) = e® + xze® — ¥ = ze”

and so our answer is correct.

2. /ZL’COSZL’ dx

Solution: Let g (z) =« and f’ (x) = cosz Then we obtain ¢’ and f by differentiation and integration.

f(x)=sinz |g(x)==x
f'(z)=cosz | ¢ (x)=1

/f/Q = fg—/fg' becomes

/xcosx dr = xsinx—/sinx dac:msinx—(—cosx):’xsin:c—&—cosx—&—C’

We should check our result by differentiating the answer. Indeed,
(rsinz +cosxz 4+ C) =sinx 4 xcosz — sinz = xcosz

and so our answer is correct.
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3. /xe‘lx dx

Solution: Let g(x) =z and f’(z) = e™*® Then we obtain ¢’ and f by differentiation and integration. To

d
compute f (z), we will use substitution. Let u = —4z then du = —4dx and so dx = —Z
d 1 1 1
f(z) :/6_49” dx:/e“ _—Z :4/6“ du:716”+C’:—16_4z+C
. 1 4
We will choose C'=0 and so f (z) = 1€ .
1 4
@)= gl =2
flfley=e* | g'(x)=1
/f’g = fg-— /fg’ becomes
1 1 1 1 1 1 1
/a:e_‘k” de = —Zace_“ - /—46_4’” dr = —er_“ + 4/6_45" dr = —Zace_“ + 1 (—46_45”) +C
_ 1 —4x 1 —4dx
= 1€ 6° +C
We check our result by differentiating the answer.
1 1 '
<—4x€4x — Eeizlx + C) =
1 —4x\/ 1 —4x\/ 1 4 _4 1 —4
= —q @) — e () =g (e ra(Ae™)) - e (—4e)
— 16—4:5 + $6_4z + 16—4m _ :L,e—4:c

and so our answer is correct.

4. /lnx dx

Solution: Let g(z) = Inz and f'(x) = 1 Then we obtain ¢’ and f by differentiation and integration.

Jw)=s [gl) =T
fa)=1d@=1

T
/flg = fg—/fg’ becomes

1
/lnxdx = mlnx—/m-xdx:xlnx—/l dx:’xlnx—x—i—C

We check our result by differentiating the answer.
p 1
(zlnz—z+C) =lnzx+zx-——1=Inzx
x

and so our answer is correct.
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5. / arcsin z dx

Solution: Let g (z) = arcsinz and f' () =1 Then we obtain ¢’ and f by differentiation and integration.

fz)=2 | g(x) = arcsinx

"2)=1|7¢ () = ——
/f’g = fg—/fg' becomes
/ ‘ d ‘ / 1 d . / :1: d
arcsinz dr = zarcsinz — | ¥+ ———— dx = zarcsine — | —— dx
V1— 22 Vv1—2z2
z
We compute the integral ——_ dx by substitution. Let u = 1 — 22. Then du = —2zdz and so
p g / =2 Y
d du
r=—".
—2x

x _ [ = _ 1 B —1/2
[ = o= 7z dumg [

1/2
- —%“T+C— Vit C=-1-a2+C
2

Thus the entire integral is

/arcsinac dr = rarcsinz — <—\/1 —a:2> +C :‘xarcsinx+ V1—22 —i—C‘

We check our result by differentiating the answer.

i
(a:arcsinx +vV1—22+ C’) =

/ 1 _
= (xarcsinz) + ((1 - x2)1/2) = arcsinz + x - = +5 (1-2% 12 (—27)
—x
. x € .
= arcsinx + - = arcsin

Vi—22 V1—22

and so our answer is correct.

6. /arctanm dx

Solution: Let g (z) = arctanz and f’ (z) =1 Then we obtain ¢’ and f by differentiation and integration.

f(x)=2z | g(x) =arctanx

flla)=1]4g(z)=

z2+1

/f’g = fg—/fg’ becomes

1 T
arctanz dr = wxarctanz — | x- dr = xrarctanx — dx
241 241
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d
T e by substitution. Let u = 22+ 1. Then du = 2zdx and so dx = o
2 +1 2

We compute the integral /

x zrdu 1 [1 1 1
/w2+1dx /u2x 2/udu 2n|u\+C 2n(ac—|—)—|—C

Thus the entire integral is

1
/arctanx dr =|xarctanz — 5 In (372 + 1) +C

We check our result by differentiating the answer.

1 /
<:L’ arctan x — 3 In (x2 +1) + C) =

1 1 1
z24+1 22241

(2)

= (rarctanz) — % (111 (3:2 + 1))/ =arctanz + x -

= arctanx + = arctanx

oz
24+1 2241

SO our answer is correct.

7. /ew sinx dx

Solution: This is an interesting application of integration by parts. Let M denote the integral [ e®sinz dzx.

Solution: Let g (x) =sinz and f’ (z) = ¢* (Notice that because of the symmetry, g (z) = e® and [’ (z) =
sinz would also work.) We obtain ¢’ and f by differentiation and integration.

fx)=¢€" | g(x) =sinz
f'(x)=¢"| ¢ (z) =cosz

/fgziw—/M'Mwms

/exsinaz dr = exsinw—/excosx dz

It looks like our method produced a new integral, / e® cos ¢ dx that also requires integration by parts. We

proceed: let g (x) =cosz and f'(z) =e*. We obtain ¢’ and f by differentiation and integration.

f(x)=¢€" | g(x) =cosx
ff(x)=¢"| ¢ (z)=—sinx

[ 9 = to- [ 14 becomes

/excosx de = excosa:—/ex(—sina:) da::excosa:—i—/exsinx dz

Thus /ewcosac da::excosx—i—/exsinx dz
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Now the result contains the original integral, / e’sinz. At this point, it looks like we are getting nowhere

because we are going in circles. However, this is not the case. Recall that we denote / e*sinx by M. Let

us review the computation again:

/exsina: dr = exsin:v—/excosx dz

/e‘”sinx dr = €%sinx — (ezcosa:+/ewsinx dx)

/exsinx der = exsin:c—excosx—/exsinw dx

This is the same as

M =¢e"sinx —e*cosz — M

This is an equation that we can solve for M.

2M = e*sinx —e*coszx

1
M = iex (sinx — cos )

1
Thus the answer is §6$ (sinz —cosz) + C'| We check our result by differentiation.

1, . '
3¢ (sinz —cosz) | =

1 1 1 1
5 (e”) (sinz — cosx) + 5636 (sinz — cosz)’ = gex (sinz — cosz) + iex (cosz + sinz)

1 1
5630 (sinz — cosz +sinz + cosx) = 56’” (2sinz) = e“sinx

So our answer is correct.

8. /sin2x dr

Solution: Note that this integral can be easily solved using substitution. This is because of the double

9 1 — cos2x

angle formula for cosine, cos2z = 1 — 2sin’z =  sin’z = ———"~. This solution can be found

on our substitution handout. But at the moment, we will use this interesting application of integration by
parts as seen in the previous problem.

Let M denote the integral /sinQ:c dx. Let g(x) =sinz and f’(z) = sinz Then we obtain ¢’ and f by

differentiation and integration.

f(z)=—cosz | g(z)=sinz

f'(x) =sinx

g (z) = cosx

/f’g = fg—/fg’ becomes

/SiHQZL‘ dr = —sina:cosa:—/(—cosx)cos:n da::—sinxcosx+/0052x dx

= —sina:cosa:+/1—sin2ac dxz—sinxco:ix—k/l dx—/sinQa: dx

= —sinxcosx+x—/sin2x dx
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We obtained

/sin2 T dx
M
2M

M

—sin:z:cos:z:+x—/sin2x dxr or

—sinzcosx +x — M we solve for M

—sinxcosx + x

(—sinzcosz+z)+C

page 8

2

—_

So our answer is

(

(—sinzcosz + )+ C| We check our result by differentiating the answer.

2

1

2

/
(—sinz cosz + z) +C)

(—sinz (—sinz) + (—cosz) (cosx) + 1)

N |

1 /
2(—sina:cosa:+x)+0)

1
2

(sim2 sinz 41— cos’z 2y

(2 sin® x) = sin

DN | =

.1‘—COS2£L'+1) =

sin? z

so our answer is correct.

. /cos2m dx

Solution: We do not need to integrate by parts (although it is good practice)

/ cos’ x dx

1
/1—sin2:c dx:/l da:—/sian dwzx—ﬁ(—sinxcosx+x)+0

1

1 1
§sin:ncos:r+—x—|—C:

5 (x +sinzcosx) + C

We check our result by differentiating the answer.

= COS2 x

2cos?
( )

N =

1 —sin®z + cos® z
—_————

N

(1 + cos® x — sin? x)

N =

/!
<; (r +sinzcosx) + C>

cos?

SO our answer is correct.
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10. /xze?"” dx

Solution: We will need to integrate by parts twice. First, let f(z) = e™3* and g (z) = 2. Then

F@) = =g [ g(@) = ?

F=c" |J@=2

/f’g = fg-— /fg’ becomes
1 1 1 2
/xQeS"” dr = —56731 (962) —/ (—3639”) 2xdr = —§x2e*3”” + 3 /xegmdw

f@)= =g 9@ =2
F@=c" [J@=1

/f’g = fg—/fg’ becomes
1 1 1 1
/xe_?’x dx = —ge_% () — / (—36_3x> dx = —gme_?’“ + 3/6_3xdl‘

1 1 1 1 1
= —gxe_?"” t3 (—36_3x> +C = —gzxe_?’x - §e_3x +C

This is the result we need to compute the integral / x2e73% dx. So far we had this much:

1 2
/$2e3‘” dx = —3332673‘% + 3 /:Ee3wdx

1 1
to this we substitute our result /a:e_?’“’ dr = —gm‘e—?"” — §e_3m +C:

1 2 1 2 1 1
/erBI der = —=z%e3" 4 3 /xe3xdx = —§x26735‘ + 3 (—39663’3 — —e 3T 4 Cl>

3
1 2 2
_ _§x26—3x _ §xe—3x o ?76_396 +C

1
Our result might look nicer if we factor out —e™3% or ———e~3%. Then the final answer is

27
—e 3% 13:2 + ga: + z +C|or —ie_?’z (9x2 + 6z + 2) + |
3 9 27 27
We check via differentiation:
1 ! 1
f(x) = (—276_3:0 (92” + 6z + 2)) =% (=3e73% (927 + 62 + 2) + e ¥ (182 + 6))
1
= 5 (e73" (—272% — 18z — 6) + ¢~ ** (182 + 6))
1
= —?76_?“ (—27:32 — 18z — 6 + 18x + 6) = g2e73

and so our solution is correct.
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3
11, /952 dx
(2 +2)

Solution: this integral can be computed using at least three different methods: substitution (try u = x?+2)
or partial fractions or integration by parts. We will present integration by parts here.

First, let [/ (z) = (2332)2 and g (x) = 2?. To compute f, we need to integrate (2362)2 We can do
T4+ e+
d
that by using substitution: Let u = 22 4+ 2. Then du = 2zdx and so dz = 2—u So
x
T r du 1 1 1 1 1
" _dr= === —du==(-Z)4+C=—— 1 C
/(g;2+2)2 v w22 2) @™ 2( u>+ 2(x2+2)+
T 1
Thus if ' (x) = ———, then f(2) = —————. Proceeding with the integration by parts, we write
F)= g e S ) = 50, ; aration by p
1
f (@) D) g(z) = a?
T
f’(ff):m 9 (z) =2z

/f'g = fg—/fg' becomes

T 1 1
/@24_2)2(362) dr = T32+2) (:UQ)—/—WM (2z) dx

x? +/ T d
= S — dx
2 (22 +2) 22 +2

and this second integral can be computed using the same substitution:

d
Let w = 22 + 2. Then dw = 2zdxr and so da::2—w
x
z x dw 1 1 1 1
dr= | —— == | —dw = =1 C=-In(z>+2)+C
/w2—|—2$ w 2dx 2/ww 2n|w[+ 2n(m—|—)+
and so the entire integral is then
3 2 2
T T z T 1
—— dr = — dr =|—-————+-ln(22+2)+C
/(x2+2)2 ! 2(m2+2)+/3§2—|—2 7= "3@rry Tam @Y

We check via differentiation:

z2 !
fz) = <_2(l’2+2)+;ln($2+2)+c>

12z (22 +2) —2% (22 1 1
- ( ) 3 (22) + 5= (2z)
B :n(x2—|—2)—m3 N r <x3+2$—x3>+ T

- (22 +2)° 22 +2 (22 +2)? 2% 42

2z T (ZUQ + 2) 2z + 23 + 2 a3

(@ +2)°  (@2+2)°  @2+2? (@242

and so our solution is correct.

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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