Lecture Notes Integrating by Parts

bage

Sample Problems

Compute each of the following integrals.

1. /mew dx 4. /ln:): dx
2. /xcosx dx 5. /sin_lx dx
3. /I6_4$ dx 6. /tan_la: dx

Practice Problems

(© copyright Hidegkuti, Powell, 2009

7. /exsinx dzx

8. /x2 sin bx dx

9. /se03$ dx

13. /ex sin 2z dx

w/4
14. /:L‘sin2x dzx
0

3
15. /332 dz
(22 +2)

16. /ln;v dx
T

17. /6536 cos 3z dx
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Sample Problems - Answers

1 1
1.) ze®* —e*+C 2.) zsinz +cosz + C 3.) —1—66_4””—1136_4:”—#0 4) zlnx—z+C
1 1
5.) wsin~laz++1-224+C 6.) xtanflx—iln(xQ—i—l)—i—C 7.) §ew(sin:c—cosx)+C
8)125—1—2'5+2 5z + C 9)1 t +11| +tanz| + C
. &7 cos 5z + oowsinbe + 1op cos e ) gsecztans + g lnsecz +tana

Practice Problems - Answers

1 1 1 1 7 1
1.) 5x62$—162m+0 2.) —§e_3m—§xe_3m+0 3.) i_ﬂhﬂ 4.) wcosla—v1—-22+4+C
2% 1 2% 2z 2
5) — [z —— C 6.) — (22— =+ S C 7. i C
) 2 (x ln2) + ) 2 (x m2 ln22) * ) zsine +cosz +
2 : L 5 L, L 6 L 6
8.) z®sinz + 2z cosx — 2sinx + C 9.) 3% lnx—zx +C 10.) g% lnw—%x +C
1) — sin 10z — — 10z + C 12.) 6In9—8 13) Letsin2z — Zetcos 2z 4 C 14y 2
) ——sinl0zx — — : n9— ) —ePsin2z — - -
Top Sin 10z — gz cos 10z e sin2z — cefcos 2z 1
15.) 11n(3v2+2)+7—|—0 16.) —L—ilnx—kC 17.) E(cos3:£)e‘r"’3+i(sin?m)e‘r’gc—l—C'
2 2 +2 3626 626 34 34
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Sample Problems - Solutions

1. /azez dx

Solution: We will integrate this by parts, using the formula

/udv:uv—/vdu

Let u =z and dv = e®dx Then we obtain du and v by differentiation and integration

du

dm:1andsodu:dacandv:/dv:/exdw:ew+0 we wil use C =0

We summarize these results in the table below:

— pT

dv = e*dx | du = dx

/u dv = wuv— /v du becomes
[ae s = aer— [erin—[act =i C]
We should check our result by differentiating the answer. Indeed,

p (ze® —e® +C) =e® + xe” — ¥ = xe”
x

2. /xcosx dx

Solution: Let u = x and dv = cosx dx Then we obtain du and v by differentiation and integration.

v = /dv = /cosa: dx =sinz + C (we will use C =0) and Z—u =1 = du=dx. We summarize these
x

results in the table below:

v=sinx u==x
dv = coszdz | du = 1ldx

/u dv = uv/v du  becomes

/xcosx de = xsinx—/sinx dx:wsina:—(—cosx):’xsina?+cosa?+0

We should check our result by differentiating the answer. Indeed,

d . . .
I (xsinz + cosx + C) =sinz + xcosx — sinz = rcos T
x
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3. /:Ue‘k’” dzr

Solution: During the computation, we will see some sort of a ”"good news-bad news” situation. The bad
news is that in the course of the computation, we will run into two integrals that require substitution. The
good news is that we only have to compute once because the two integrands are identical. This will happen
quite often when integrating by parts, especially when exponential equations are involved.

Let u = z and dv = e **dx Then we obtain du and v by differentiation and integration.

d
u=x =— duzl = du=1ldr and v:/dv:/e_“dx
T
o o dw dw
To compute v, we will integrate by substitution. Let w = —4x then — = —4 and so dx = —
dw 1 1 1
—4x _ w Y- w — LW _ _ = —4x
/e dac/e ) 4/6 dw 46 +C 46 +C
1
We will choose C' =0 and so v = —Ze*“. We summarize all this in the table below:
T
v = —16_4$ u=x
dv = e *dz | du = dz
/u dv = uv—/v du becomes
1 1 1 1 1 1 1
—4x _ 4 o4 — o4z - —4x — o4z I e ¥ 1
/:L"e dr = 4ze / 46 dzx 4:66 —i—4/e dx 4xe +4 < 46 > +C
1 1
= fzxe_‘lx — Ee‘“ +C

We check our result by differentiating the answer.

d 1 —4x 1 —4x _

1/d 4z 1 d _,, 1, 4 A 1 e
_ 4<d$(m4)>16dxe4 = e b () - (o)
_|_

4. /lnx dz

Solution: Let u =Inx and dv = 1ldx Then we obtain du and v by differentiation and integration.

u=lnr — du: 1 — du:ldac and U:/dvz/ldx:x
dr = T
We summarize all this in the table below:
V=20 u=Inxzx
dv=1dx | du = lda:
T

/u dv = uv—/v du becomes

/ln:vdx = mlnm—/w-ldx:a:lna:—/l dm:’xlnx—m—{—c
x
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We check our result by differentiating the answer.

1
i(JUIHJU—LE—f-C):lnﬂj—%l‘-*—l:lnl‘
dz x

5. /sinlx dzx

Solution: Let u = sin~! 2 and dv = 1dz. We obtain du and v by differentiation and integration.

1 du 1

T —_— = U= ——o-dr and v= v = ==z
dr /1 —z2 V1 — x?

We summarize all this in the table below:

u =sin~

I

vV=2x u=-sin""x
I
dv = 1dx | du = ——=dx
V1—2z2

/u dv = uv—/v du becomes

/sinlxdm = xsinlx—/m-ldx—xsinlw_/‘r dx
VI_a2 Va2

dw dw

dz by substitution. Let w = 1—22. Then — = —2z and so dz = “on
—2z

We compute the integral / \/% .

/wd _ /wd _/wdw__l/ld __1/ ~1/2 4
V1—a? v V1 — 22 v vw =22 2] Jw RS v
1 wl/2
= —5wT+C:—\/fu+0:—\/1—x2+c
2

Thus the entire integral is

/sin_lx dr = zsin 'z — (—\/1—1‘2) +C=|zsinte+V1—-224C

We check our result by differentiating the answer.

i (xsin_lac—l—M—i—C) =

dx
d d 1 1 _
= %(IESin_lx)+%(1_$2)1/2:Sin_1$+$'ﬁ+§(1_x2) 1/2(_2 )
= sin”! ° < =sin" 'z

T + — =
V1—22 V1— 22

6. /tan_lx dx

Solution: Let u = tan~!x and dv = 1dxz. Then we obtain du and v by differentiation and integration.

d 1 1
u=tan 'x =— a_ = du=————dzr and v:/dvz/ldaz:x
de 22+1 241
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We summarize all this in the table below:

vV=2x u=tan tx

1
dv = ldx du:$2+1

T
/u dv = uv—/v du becomes

1
/tan_lmdx = [Btan_lfﬂ—/l'-dx:ajtan_l;(;_/xdw
2 +1 22 +1

T
2+ 1
for dx, instead, we will take a bit of a shortcut.

d

dx by substitution. Let w = 22+ 1. Then dw = 2zdx. We will not solve

We compute the integral /

1
52z
x (2) 1 [1 11 1 1
———dr= | —4t— dx = - 2edr) = - [ — dw = =1 =-1 211
/:c2+1 x / o 2/x2+1(a::1:) 2/w w 2n\w[+C 2n(x+)+C

Notice that we did not need the absolute value sign because 2 + 1 is always positive. Now the entire integral
is

1
/tanla: dr = :ctan_lsc—§ln(:v2+1) +C

We check our result by differentiating the answer.

i (xtanlx—;ln(xz—i—l) —i—C) =

dx
d 1d 1 1 1
= %(xtanflx)—iﬁln(a?—i-l)zl'arctanx+x~x2+1—§$2+1(2x)
= tan 'z + - ° tan"!

2+1 2241

7. /e‘” sinx dx

Solution: This is an interesting application of integration by parts. Let M denote the integral / e’sinx dz.

Let w =sinz and dv = e*dx Then we obtain du and v by differentiation and integration.

. du
u=sngx =— d—:cosx = du=coszdr and v:/dv:/exda::ex
T

We summarize all this in the table below:

u=sinx

dv = e*dx | du = coszdx

/u dv = uv—/v du  becomes

/(sinx) (e¥) dx = (sinx) (ex)—/excosx dx:exsin:c—/excosx dx
Thus /exsinx d:v:e”tsin:n—/e‘vcosx dx
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It looks like our method produced a new integral, / e” cosx dr that also requires integration by parts. We

proceed: let u = cosz and dv = e*dxr Then we obtain du and v by differentiation and integration.

du . .
U =cCcosx =—> d—:—smx = du=—sinzdr and v= [ dv= | edz =¢"
x

We summarize all this in the table below:

v=-e U = COS T
dv = e*dx | du = —sinxdx

/u dv = uv—/v du becomes

/(cosx) (") de = (cosx) (ex)—/ex(—sinx) dx:excosx—i—/exsinm dx

Thus /excosx da:—excosa?—i—/exsinx dz

Now we obtained the original integral, / e’sinz. At this point, it looks like we are getting nowhere because

we are going in circles. However, this is not the case. Recall that we denote / e*sinz by M. Let us review

the computation again:

/exsina: dr = exsin:v—/excosx dz

/e‘”sinx dr = e*sinx — (ezcosa:+/ewsinx dx)
/exsinx de = exsin:c—excosx—/exsinw dx

This is the same as
M =¢e*sinz —e®cosx — M

This is an equation that we can solve for M.

2M = e*sinx —e*cosx

1
M = iex (sinx — cosz)

1
Thus the answer is 56"” (sinz —cosz) + C'| We check our result by differentiation.

(L i cosa))
dx 26 S xr COS T =

1/d 1 .d 1 1
= 3 (Clxe“”) (sinz — cosz) + iex% (sinx — cosz) = 5696 (sinz — cosz) + ie‘r (cosz + sinz)

1 1
= 56’” (sinz —cosz +sinx + cosx) = 569& (2sinx) = e sinz

(© copyright Hidegkuti, Powell, 2009 Last revised: August 15, 2012



Lecture Notes Integrating by Parts page 8

8. /:102 sin bx dx

Solution: We will need to integrate by parts twice. First, let u = 22 and dv = sin 5zdz. Then we obtain du

and v by differentiation and integration.
du

u=1> = d—:2x = du=2xdr and U:/dU:/Sin5xd$:—éCOS5x
T

We summarize all this in the table below:

1 2
v=—=cosSdHT | u==x

dv = sinbxdx | du = 2zdx

/u dv = uv— /v du becomes
9 . 9 1 1 1, 2
z°sinbx dr = (x ) — cosbr | — — cosbr | 2xzdxr = —gx cos dr + 5 z cos bxr dx

We compute the integral /:L'cos 5z dx by parts. Let u = zx and dv = cosbzxdx. We obtain du and v by

differentiation and integration.
1
u=x — du=dr and v:/dv:/cos5xdac:5sin5x

We summarize all this in the table below:

v = —sinbx u==x

dv = cosbxdx | du = dx

/u dv = uv— /U du becomes
1. L. I . 1[.
/J:COSE)m dr = (x) (5 Sln5CL‘> —/581n51: de = gxsmf):v - 5/s1n5m dx

1 11 1 1
= 5msin5ac— £ g(—cos5x)+C: 5msin5m+2—500s5x+0

Now the entire integral is

1 2 1 2 /1 1
/x2sin5x dr = —5a:2cos5x—|— 3 /xcos5a: dr = —gx2c055x+5 <5azsin5x—|—250085x+0>
1, 2 2
= | 5% cos5x+%xs1n5x+1—25c055m+0
We check our result by differentiating the answer.
d 1 2 2
T (—5x2 cos dx + %xsinf)m—i- 125cos5x+0> =
1d 2 d 2 d
= s (2 cos5:c)+2—5%(azsm5$)+ﬁd—cos5x—
1 2 2
= —% (2 cosbx + 2? (—5sinbx)) + % (1-sinbz + x (5cosbx)) + 125 (5(—sinbz))
1 2 2
= —% (22 cos bx — 5z sin 5z) + % (sin 5z + 5z cos bx) + ﬁ( 5sin bx)
2 5 + 52+ — sin5z + ~@cos5z — — sin5 %gin5
= —= in — sin — —sinbz = z°sin
—zzcosbe z%s x25sw5xcosx25sx:):sx
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9. /sec3w dr =

Solution: Let u = secx and dv = sec? zdx. Then we obtain du and v by differentiation and integration.

du
u=secr — d—:tanxsecm —> du =tanzsecxdr and v:/dv: sec?z dr = tanz
T

We summarize all this in the table below:

v =tanx U = secr

dv = sec? zdx | du = tan  sec xdx

/u dv = uv—/v du becomes

/secxsec2x dr = secxtanx—/tana:tanmseca: da::sec:ctanx—/tan2msecx dx

For the second integral, we will use that tan®z + 1 = sec? .

/tan2:z:secx dx:/(sech—l)secaj dwz/secSm—secx d:U:/secSa: dw—/secac dzx

Recall that / secx dr = In|secx + tan x|+ C. Thus we have that the second integral,

/taanseC$ dr = /Sec3$ dr — /Secx dr = /sec3x dr — In |[secx + tan x|
In summary, so far we have that

/sec3x dr = Secxtan:r—/tan2:1:sec:r dzr
= secxtanx — </se03x dx—ln]seca:+tana:|>

= seca:tanm—/secga: dx + In |sec x + tan x|

We now have an equation in / sec3 r dz that we can easily solve.

/sec3:v dr = secxrtanz — /sec3x dx + In [sec z + tan x|
2/sec3az dr = secxtanx + In|secz + tanz|
s 1 1
sec’x dr = isecwtanx+§ln\secx+tanx]

1 1
and so the answer is 3 secrtanx + 3 In [secx + tanz| + C

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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