Math 208 Limits of Sequences
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1. In each case, decide whether the sequence is convergent or divergent.

a) a, =5-—0.1" 3ntl

) o f) an= 92n+1
2—n

b = -1

8) an =503

nm

h) a, = nmcos (7)

2n
d =
) an n+1 i) a, =8/
) _ sinn ) _ Inn
) n = n 1) Gn = In2n

If convergent, find its limit.

o un (5 (-3

n!
D an = qom
5n
m) a, = ]
sinn
n) ap = (-1)" n2

0) an = lim ¥2n

n—oo

2. Assume that each of the following sequences are convergent and find the value of the limit.

a) ap =8 and ap11 =+a, +6
b) a1 =5 and ap41 = V2a, — 1

f) a1 =2 and ap41 =

a, + 1
2a, + 1

g) ay =+5 and ani1 = /5a,

¢) a1 =+v30 and apy1 =30+ a,

1

) a1 and ap 1 = 5= -

1
e) a; =1and apy1 = 3 (an + 12)

h) a; =1 and apq1 =

aZ +4
an + 2

i) a1 =10 and ap4+1 = 0.6a, + 8

1\" \"
3. Assume that lim <1 + > =eand lim <1 + ) = e and compute each of the following limits.
n—00 n n—r—00 n

¢) lim
n—o0o n

1 n+2 1 2n
a) lim (1 + ) b) lim <1 + )
n—o0 n
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n—00 n
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d) lim <1 - >
n—oo n
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Answers
1. a) converges to 5 f) converges to 0 k) converges to —
2
1 .
b) converges to -3 g) diverges

1) diverges to infinity
c) diverges h) diverges

m) converges to 0

d) converges to V2 i) converges to 1
e) converges to 0 j) converges to 1 n) converges to 1
2
2.0)3 b1 ¢ 6 d) v2—1 ) 6 f)\Q[ @5 h) 2 i) 20
2 5 1
3.a) e b) e c) e d) -
e
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Solutions

1. In each case, decide whether the sequence is convergent or divergent. If convergent, find its limit.

a) a,="5—0.1"

Solution: We separate the two parts via the difference rule.

lim 5—0.1" = lim 5— lim 0.1"

n—oo n—oo n—oo

The limit of the constant sequence is that same value. Since 0.1 < 1, 0.1"™ approaches zero as n gets large.

lim 5—-0.1"= lim 5— lim 0.1"=5—-0=5

n—oo n—oo n—oo
2—n
b —
) an 74+ 3n
Solution: 5 5
R S el S

“0+3 3

1 =
oo Thdn w0 T i Ty lim 3

n n—oo n, n—o00
) an=1"+(=1)"

Solution: The first few terms of the sequence are: 2,0, 2,0, 2,0, 2,0, 2,0....This sequence diverges.

2n
d —
) n n+1
Solution: lim 2
2 2 1 2
lim ”1=hm — n—oo T =1 =2
noeen Lo mmeoy L0 i 14 lim = b
n n—oo n—oo n

Since f (z) = /x is continuous at z = 2,

lim 2n \/ lim 2n V2

n—00 n—|—1: n~>oon—|—1:

Solution: Tis sequence converges to zero by the sandwich rule.

lim <—1> =0 and lim <1> =0
n—o00 n n—00 n

Since —1 <sinn <1, —
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3n+1

f) an= 92n+1

Solution:

lim = lim ——— lim =— lim — = - lim 1

n—oo 22n+1 n—oo 2 . 22n - 5 n—o00 (22)n - 5 noo 47 2 nsoo

3ntl 33" 3 3" 3 3" 3 <3>"

3 3\"
Since 1 <1, <4> approaches 1 as n gets large. Thus

37171
8) an =503

Solution:
1

n—1 — . 3" n n
1 1
lim o — Lim 3 lim o = g <3>

. 3 3\" .. P
Since 3 > 1, 3 diverges to infinity.

nm

h) a, = nmcos (7)

nm
Solution: cos (—) is 1 or —1, depending on whether n is even or odd. nm diverges to infinity as n gets

large. Thus a, = nwcos (%) has larger and larger absolute value but also alternating sings. A sequence

like that diverges.
i) a, =8/

Solution: f (z) = 8 is continuous on R.

lim 8Y/7 = g3/ _ g0 _ 4
n—oo
) B Inn
1) Gn = In2n
Solution: lim Inn =00 and so lim — =0
n—o00 n—o0 lnn
Inn . Inn . 1 B nh_{I;o 1 1

1

lim —— = lim ——— = lim - -
In2 1

n—oo ln2n n—ooln24+Inn nﬂooni_kl lim L+ lim 1 0+1

lnn n—o00 lnn n—00
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e (520 (-2

Solution:

n!
D) a, = Ton
Solution: This sequence diverges to infinity. Imagine that n is very large and look at how a,41 is related
to an. The denominator is multiplied by 10 (fixed) while the numerator is multiplied by n + 1 (indefinitely
large).
n+1

10

After n = 20, every term is over twice as large as the previous term. That is, in n > 20, then

Un4+1 = Qn *

21 20

Q21 = G20 10 > a0 10 a20
and
22
age = ag1 * — > 2a21 > 4ago
10
and

k
ago i > 2" ag

Then a1 > 2¥a, and so this sequence diverges to infinity.

57
m) Ay — g

Solution: This sequence converges to zero. Imagine that n is very large and look at how a,41 is related to
ap. The numerator is multiplied by 5 (fixed) while the denominator is multiplied by n+ 1 (indefinitely large).
If n > 10, then

5 1
ail = ﬁalo < Ealo = §a10
and
5 5 1 1
a2 = Eall < Toan = 56111 = Zalo
Thus

1\*
aro+k < <2> aio

1 n
Consider now the constant zero sequence and b, = <2> a1g.- Both sequences converge to zero and

1\"™
Oéam§<2> a10

So a, converges to zero by the sandwich theorem.
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Solution: Converges to zero by the sandwich theorem.

0) ap, = lim V/2n

n—o0

Solution : y
lim V2n = lim (2n)1/” = lim ™" = Jim (1/m)n(n)

n—oo n—o0 n—oo n—o0

Looking at the exponent,

1 In (2 In (2
lim —In(2n) = lim n(2n) = lim n (27)

n—oo0 N n—00 n T—00 T

00
This is an indeterminate of the form — so we can apply I’Hopital’s rule.
00

lim
N z—00 |

Since f (z) = €” is continuous on R, we have that

lim e(1/7) n(2n) Aim (1/n)In(2n) _ 0 —1

n—oo

=€

2. See sequences - part 3

n—o0 n——oo

1 n+2
a) lim (1—1—)
n—o0 n

Solution :

1 n+2 1 n 1 2 1 n 1 2
lim (1—|—> = lim <1—|—> <1—|—> = lim (1—|—> lim <1+> =e-l=c¢
n—o0 n n—o00 n n n—o0 n n—o0 n

1\" 1\"
3. Assume that lim <1 + > =eand lim <1 + > = e and compute each of the following limits.
n n

Solution 2:

In <1+1>
n

n+2 1 1
1 n+2 ln<1+> (n+2) In <1+> nli_)moo(n+2) ln<1+> nli_)moo —_—
lim (1—1—) = lim e n = lim e n) =e nj —e 1/(n+2)
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0
This is an indeterminant of the form — and so we can apply I’Hopital’s rule.

1 12 1
In{14+ — - Z -
. n( +x> . 1+x . 22+ . (x+2)2 2?4+ dr 44
hmi = hmizhmizhmi:hmi
T—00 1 T—r00 1 T—r00 T—00 $2+I T—00 xQ—i—x
x4+ 2 (33+2)2 (z+2)2
4 4
1+=-+—=
= lim L T =1
T—r00
1+ =
X

Thus the limit is e since

1 2n
b) lim <1—|—>
n—oo n

Solution :

1 2n 1 ny\ 2 1 n\ 2
lim <1+> = lim <<1+>> :<lim <1+>> = ¢?
n— 00 n n—00 n n— 00 n
1\*" 1 1
1 2n ln<1+> 2nln<1+ > nleMinn(1+>
lim (1—1—) = lim e n = lim e n/ —e n
n—o0 n

n—oo

Solution 2:

Looking at the exponent,

1
1 ln<1+ >
lim 2nln <1+> = lim S N LY/

n—oo n n—oo 1

. BRI
lim v = lim —L—— = lim —— =2
2x 212

Thus the sequence converges to e?.

c) li_}rn <1+5>
n—00 n
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Math 208
Solution :
5 n-o5
. 5\" . 1 . 1 . 1
lim (14 — = lim 1+ —- = lim 1+ - = lim 1+ —-
n—00 n n—00 e n—00 e n—00 e
5 5 5
n-5
1 5
_ : _ 5
= |dm (1w ‘
5
Solution 2:
5\" 5 5
5 n ln<1+> nln<1+> nlewnln<1+>
lim (1—|—> = lim e n) = lim e nj —e n
n—00 n n— 00 n— o0
Looking at the exponent,
1n<1+5> ln(1+5)
: 5 . n i x
Iim nln{1l+—) = lim ————% = lim
n x

1
b 5 T2
In(1+— z
. " ( + x) 1+ T . 5
lim = lim = lim —— =5
r—00 Tr—r00 Tr—00
- —= 14+ 2
x x
Thus the sequence converges to e”.
1 n
d) lim <1 - )
n—o00 n
Solution :
1\" 1\" 1\ 1\
lim (1—) = lim <1+) = lim (1—|—> = lim (1—|—> ]
n—00 n n—00 n n—00 —n n—00 —-n
Define m = —n
1 -n -1 1 m1—1
lim <1+> ] —[lim <1+> ] =e !
n—o0 —-n m——00 m
Solution 2: " )
1 _\" —= im n(l—=
lim (1_> = lim eln<1 ") = lim enln(l n) :enlaoonl (1 )
n—o00 n n—o00 n—o00
Looking at the exponent,
1 1
1n<1—> ln<1—>
lim nln{1——) = lim /. _ lim x
n x
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0
This is an indeterminant of the form 0 and so we can apply I’'Hopital’s rule.

Thus the sequence converges to e !

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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