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Theorem: (The Continuous Function Theorem for Sequences) Let {a,} be a sequence of real numbers.
If a,, — L and if f is a function that is continuous at L and defined at all a,, then f (a,) — f (L).
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n

Example 1. a)

1 1
proof: ntl — 1 and f (z) = \/x is continuous at x = 1. Thus ntl —V1=
n n

n?—1

c) 2/ —»20=1

of real numbers such that a,, = f (n) for all n > ny Then

if lim f(z) =L, then lim a, =1L

T—00 n—o0

Theorem: Suppose that f (z) is a function defined for all z > ng for some ng € N and that {a,} is a sequence

Then we can apply L’Hopital’s rule to find limits of sequences.
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Example 2. a) lim — =0
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proof: lim — = lim — = lim = =0
n—oo n T—00 I z—oo 1
1 n
b) lim <n+ ) = ¢2
n—oo \n — 1
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1\" 1 -1 0

proof: Ina, =In <n + 1) =nln <n * > = nl - This is an indeterminate of type o
n_

n
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Ina, — 2 and f (z) = e” is continuous on R. thus a, = e — €2

Commonly Occurring Limits. In each of the following, x is a fixed number.
by B 4. lim 2" =0 —l<z<l1
5. 1i (1 + x)n T )
el . lim -] =e any x
2 nlgrolo UYn=1 . n y
n
3. lim gt/m =1 x>0 6. lim — =0 (any x)

proof. 1) was done using L’Hopital’s rule.
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2) lim Yn=1

n—oo
proof: lim ¥n = lim n!'/™ = lim z!/* We will think of z1/% as e™(="/")
n— 00 n—0o0 T—00
1 1
lim In (xl/x) = lim —Inz = lim nr_ 0

f (z) = e” is continuous on R

In (xl/x) — 0 and so eln(ml/x) — e andso /T 1

3) lim a'/" =1 a>0

n—o0

proof: We will prove that lim a/* =1

T—00

. . 1/x .
lim ¢'/* = lim e®%'" = lim eY/*ne — 0 — 1
Tr—r00 T—r00 Tr—r00

4) lim z" =0 for all z with -1 <z <1

n—o0

proof: Let € > 0 be given. Since (by limit 3) li_>m e'/m =1 and |z| < 1, there exists N such that for all n > N,
n oo

e/ > |z| andso &> |z|" > 2"

T\ "
5.) lim (1 + —) =e® for any z
n

n—oo

1 n
proof: We will present two methods. In the first method, we will use the fact that e = lim (1 + ) .

n—oo

n—oo n
n ne<x n-z
n —x — —
n 1 1 )7 1 \* 1\t
im (14+5) = tim (145 ) = lm (145 | = lm {1+ = | tim |1+ — ¢
n—00 n n—00 e n—00 e n—00 e n—00 7
x x x x
Method 2: We will use the identity = = e™* and L’Hépital’s rule.
In (1 + %)
n . zyn : ey Jim ———
hm (1 =+ £>n = hm eln(1+%) = enli»moo 1n(1+n) = enhamoonln(l—‘rn) = e n = eM
n

n—oo

0
The exponent is now an indeterminate of the type 0’ so we may apply L’Hopital’s rule. We differentiate with

respect to n.

1 ( x ) 1 ( x )
) 2
1n<1+£> 1+x n nEe " n x n
M = lim nZ — lim n = lim n = lim . <——) ( n2) = lim
n—o0 l n—o00 _i n—o00 _i n—oo N + x n2 n—oo N + &
n n? n2

We may apply L’Hopital’s rule again or just divide both numerator and denominator by n to see that this limit

M = z:
. nx . T
lim = lim
n—oo N + T n— o0 1 4+ =
n

=x
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and so the entire limit is e

n

n'  1-2-3-..-omn 1-2:3-..-M-(M+1)-(M+2)-...-n
" "
< p—
= 1.2.3....M-M-M-....-M M MnM
" MM MM gn MM ;g \n
= MU-MM MM TN M T M (M)

) MM T\" z"
Since 2 s a constant and (M) — 0, so does e
If z <0, then we use the sandwich theorem:
z" z" x"
<<
’n! ‘ —n! 7 |n! ’

n n

x
— 0, we also have - = 0.
n!

and since

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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