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The Ratio and Root Tests

Theorem: (The Ratio Test) Let Z an be a series with positive terms and suppose that

. An+1
lim —F

n—0o0 QA

Casel: If p < 1 then the series converges.
Case 2: If p > 1 or p = oo then the series diverges.
Case 3: If p =1, the test is inconclusive and other methods need to be used to determine convergence.

proof: Suppose that the conditions hold.
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Case 1: lim &
n—00 (U,

(comparison test).

= pand p < 1. We will show that then Zan is less than a convergent geometric series

Let r be a positive number with p < r < 1. Let e =r — p. Since a4
for all n € N, if n > N, then

! converges to p, there exists N such that
n
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p—e< nt <p+t+e
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This means that

N

aN+1 ray
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AN+2 raN+1 < r-an

an+3 < Tan42 <ray

AN4m < TaN4m—1 <1"aN

Define ch as follows. Forn =1,2,...,N let ¢, = a,,. Forn > N, let

CN = GN, CN41 = TGN, CN42 = T2aN, ..., CN4m = 7"ay. This is (eventually) a geometric series with 0 < r < 1
and so it converges. Now for all n, a, < ¢, and so E an also converges by the comparison theorem.

a
Case 2: Suppose that p > 1 or is infinite. Then there exists N so that for all n > N, "+l - 1 which means that

n
an4+1 > an and so the terms of the sequence increase and thus fail to approach zero. The series diverges by the nth
Term Test.

. . An+1 . . . 1 1 1
Case 3: Suppose that nhﬁnrolo o 1. Consider now the series Z - and Z ol In case of Z e
1
1
lim a"“zlim n+1:1im i = lim ——— =1
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1
and in the case of Z —
n

1
ﬁ 9 2 2 1
n—oo  Qy, n—00 — n—00 (n_|_1) n—oo N 4+ 2n + 1 n%oon2 <1+2+1> n~>ool+7+72
n n n2 n n

The ratio test gives us the same limit for the ratio of consecutive terms, yet one series is convegrent and the other
is divergent. So, if the ratio of the consecutive terms approach 1, other tests of convergence must be used. W

Theorem: (The Root Test) Let Z an be a series with a, > 0 for all n > N (i.e. with eventually non-negative
terms) and suppose that

lim Ya, =p

n—oo

Casel: If p < 1 then the series converges.
Case 2: If p > 1 or p = oo then the series diverges.
Case 3: If p =1, the test is inconclusive and other methods need to be used to determine convergence.

proof: Case 1. Suppose that nhﬁngo Wan, = p < 1. Let € > 0 be chosen small enough so that p+¢ < 1. There exists
N so that for alln > N, a, > 0. Also, there exists M so that for alln > M, {/a, < p+e. Define K = max (N, M).
So, for all n > K, we have that
Va, <p+e = ap<(p+e)
oo
The geometric sequence Z (p+¢)" is convergent since p+ e < 1. By the comparison test, Z an converges.
n=K

Case 2. If p > 1 or infinite, then there exists M so that if n > M, /a, > 1 so that a,, > 1. This means that the
sequence fails to converge to zero, and so the series diverges by the nth term test.

. . . 1 1 1
Case 3: Suppose that nh_)n(r)lo a, = 1. Consider now the series Z - and Z ol In case of Z .

. .ol . 1 . 1 . _ . ~1/z . _
lim ¥a, = lim {/— = lim = lim = lim 27 * = lim e®® = lim e~ (1/x)Inz
n—00 n—00 n n—oo Yn T—00 \1/5 T—00 T—00 T—00
lim —(1/z)1 1 1 1
earmot /T ezooo 1 e
. 1
and in the case of E —
n
. .ol . 1 . 1 . -1 . -2/ . _
lim {/a, = lim {/— = lim —= = lim —= = lim (x2) /e _ lim e™® = lim e~ (?/z)Inz
n—o00 n—o00 n n—oo 1Y n2 T—00 4 562 T—00 T—00 T—00
lim —(2/z)1 1 1 1
_ e, ~(2/a)nz e = g =5 =]

The root test gives us the same limit for the nth root of terms, yet one series is convegrent and the other is divergent.
So, if the nth root of the terms approach 1, other tests of convergence must be used. W
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Sample Problems

1. In case of the following series, use the ratio test to determine convergence or divergence of the series.

= n! 231 4 = . (3n)!
S o Y 2 Q) Y onl 2 o Y
n=0 3 n=0 3 n=0 n=0 (n')
= 5 = 3n—1 S =
f h 1002—2n
b) ;(%)! d) n;) 5n ) ;(3n+4)5n ) ;”

2. In case of the following series, use the root test to determine convergence or divergence of the series.

a) i(n;l)” b) i(lir)n c) 25”2—2” ) §n1002—2n

n=1 n=1

3. Use any method we know so far (that is: direct limit of s,,, comparison test, integral test, ratio test, root test,
nth term test, or grouping of the terms) to determine whether the following series converge or diverge.

= nto e /1 1\" o = 27 (n+ 1)
a) ZW d) Zn2e g) Z(n_nQ> j) Z?)(nn')

n=1 n=1 n=1 n=1

n=1 n=1 " n=1 n
> n+1 ntl <1 X
¢ .
03 (5) ) 2 ) 2y
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Sample Problems - Solutions

1. In case of the following series, use the ratio test to determine convergence or divergence of the series.

o
|
a) Z ;—n diverges by the ratio test
n=0
(n+1)!
= lim & i 3 i (n+ 1) 3 = lim Fntln! (n+1)n! = lim (n+1) =
P n—o0o  Qp n—00 n! n—00 3n+1 nl n—00 3.3np! n—00 3
3n
o0 57’1
b) z;) @n)! converges by the ratio test
n=
5n+1
! 5-5" 2n)! 5(2n)!
p = lim anH:limw:lim (n) = lim (2n)
n—oo  a, n—00 5 n—oo \ (2n +2)! 57 n—oo (2n 4+ 2) (2n + 1) (2n)!
(2n)!
5
nooo (2n +2) (2n + 1)
e 93n—1
c) Z BT diverges by the ratio test
n=0
93(n+1)-1 +1
_ Qpyt . 31 . 23n+3-1 4 3" . 23742 4 ]
p = lim = lim —525——— = C = lim ——————
n—oo  Qp n—oo 291 +1 n—00 3-3n 23n—1 +1 n—o00 3 (23” 1 + 1)
3n
1
4 2571 - n -
1. 42741 1 ( +4> 1 8<8 +4> g . 847
= fhml —fhm1 1 = — lim T = — lim 1
3 n—oo 23n+1 3n—>ooi 23n+7 3 n—oo gn 1 - 371—)008”_'_7
2 2 2 2
1 1
8" (1
R G BTN LS T O
B 1 ave . 13 3
9.8n 2.8"
= 3" — 1
d) Z £ converges by the ratio test
n=0
3n+1 -1
T X . Vo S 3rtl—1 5\ g (3031 5"
P BT, i 3"—1  nbeo\ Bl 3n_1) nhoe\ 5.57  3n_1
5TL

1
=
/N
w
w
3
|
[a—y
~
|
=
w
N
w
3
|
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~
ol W
w
3
|
W=
ol W
w
3
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[a—
|
w
w —
3
~_

n—00 5(3”—1) n—00 3”—1_ n—00 3n <1_1>
3n
1 1
3. T 3.3n 3 3
= 51 —5lT5!
- 3n
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o
e) Z n! 217" diverges by the ratio test

n=0
1)n! 2
_ Ant1 I (n+1)! 21=(n+1) _ (n+1)n! ontl . (n+1)n! 2 n
po= n1~>nolo an o nglc}o n! 21—n B nlﬁnolo ol 3 B nlﬁnolo n! ’ on+1 ’ ?
' om
2" 1
— Jlim (1) g = lim P o
i 3n—1
f) 5, converges by the ratio test
= (Bn+4)5
3n+1—1
= lim & = im Bn+1)+4)5mH = lim CAN : (Bn +4)5"
Y T gn-1 e \ Bt ) )5t gl
(3n+4) 5"
4
. 14+ —
, 3" (3n + 4) 5  3Gnt4) O 3"( +3n>
= lim ] = lim ——= = lim
n—oo | (3n+3+4)5-5" L ogn n—oo 5 (3n +7) naoo5.3n(1+7>
3 3
14+ —
= P im 3 2323
D n—00 1 l 5 )
3n
> !
n)! diverges by the ratio test
) Z (::Ll)fi g y
n=0 :
B(n+1))!
e _ (D) (Bt 1) (3n)! , (Bn+3)!  (n)’
p = lim —— = lim W:hm 3 3 = lim RER Ty
n—oo @y, n—00 n)! n=oo \ (n+ 1) (n!) n—oo \ ((n 4 1)!) (3n)!
(nl)?
_ oy [Bn43)(Bn42)(Bn+1) (3n)! n)*\ o (Bn+3)(Bn+2) (3n+1) (n!)?
n—roo ((n+1)n!)? (3n)! n—00 (n+ 1) (n))®
~ tm 3(n+1)(Bn+2)(3n+1) 3 b (3n+2) (3n+1) 3 b In? +9n + 2
n—00 (TL + 1)3 n—00 (TL + 1)2 n—oo n2 4 2n 4+ 1
1 2 1 2
= 3 lim =27 lim — 92 _97.1-97>1
n—00 2 1 n—00 2 1
TL2 1+ —+ ) 1+—+ -
n o n n o n
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o0
h) Z nt002=27  converges by the ratio test

n=1

1
100 6—2n,
100 100 —2n— (n+1)"72 <>
= lim Gntl _ lim (nt1) 2 ey = lim (n+1) "2 = lim
p n0o @ | mesoo 1 1009—2n et 5 1009—2n et 5 1009—2n

1 100
1 _
1. (n+1) 1 <n+1>100_1<, n+1>100 1] ”<+n>
=2 N n)

T i S A
: li 1+1 . 1 1<1
= — 1m — e . — —
4 \n—oo n 4 4

2. In case of the following series, use the root test to determine convergence or divergence of the series.

oo n
1
a) E <n + ) converges by the root test

3n

n=1

1
n|l+—
\" 1 < ) 1 1 1 1
p= lim a, = lim "(n+ > = lim n3—|— :limin:§lim <1+n>:3-1:3<1

n—00 n—00 3n

oo n
1
b) E (1—1—71) converges by the root test

n=1

. C " . 1
P =i, Van = i, (Hn) STl
o0
c) Z 572727 diverges by the root test
n=1

n /5" [(5\" 5
— 1; n — 1; no—2n — 1i r — 1 nl = [
p—nhm Yay, —nhrn V52 = nhm " nhm <4) 1 > 1

o
d) Z nt002=27  converges by the root test

n=1

n [ nt00 1, 1 1 100
p = lim a, = lim Vnl002-2n = Jim " fim - /R10 = 2 lim !0 = 2 lim (nl/”)
n—00 n—00 n—00 4n n—00 n—00 n—o00
1 100 1 1 1
_ li l/n) —Z.qloo 2 g2
7 (Jim AR L &
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3. Use any method we know so far (that is: direct limit of s, comparison test, integral test, ratio test, root test,
nth term test, or grouping of the terms) to determine whether the following series converge or diverge.

0 10
a) Z % converges by the ratio test
n=1
7(71 + 1)10 10 10 10
1 10m 10m 1 1
p = lim Gntl _ g ngl: lim (n+1) " 107 — lim M: lim (n+1)"
n—o0o @y n—00 n n—00 10n+1 nlo0 n—oo 10 -10™ nl0 n—oo 10nl0
10
1 10
1 e 1 I+ = 1 1\ 1 1\
— — lim ("+ ) — — lim nl == lim <1+> :<lim (1+)>
1 1
-~ qlo_ 1
10 10 <
The root test also works:
10
. . nln N T .. 0 1 /. 101 1
_ nm LA = Yo10 — & n N z = .10 - —
= Jim, = Jim g = Jim, g Vo0 = g Jim (V)" = g5 (Jim, V)= 511 = g <
b) Z ﬁ converges by the ratio test
n=1
(n+1)!
. Gpy1 RGeS ) (n+1)! n" . (n+1)nln" ) +1)n"
p = lim = lim ————=lim ( ———"~" = lim ~————=lim —
n—oo @y, n—00 no n—oo \ (n 4+ 1)" n! n—=o0 (n 4 1) ! nooo (n41)"
nn

. (n+1)n" . n' ) n \" . n+1\"1\" ) n+1\" "
= lim = = lim ——— = lim = lim = lim
n—oo (n 4 1) (n+1) n—oo (n 4+ 1) n—oo \ n + 1 n—00 n n—soo n

(n+1\"\ ! 1 1
= lim = 7=-<1
n—00 n 1 e
14—
n

lim
n—oo

e} 2n+1
1
c) g (37:1—:_ 1) converges by the root test

n=1

2n+1 (2n+1)/n
p = lim tay=lim §f (211 — lim (1 _ i el(HD)/@Gntn)Erto/m
n—00 n n—00 3In+1 n—oo \ 3n + 1 n—00
— im l@rF)/mln[(n+1)/(3n+1)] — 0 [GrA ) /nln((n41)/ (3nt1)]

n—oo

The exponent is

2 1 1 1 1 1 1
X = lim n -lnn+ = lim 2+ — -lnn+ = lim 2+ — |- lim lnn+
n—00 n 3n+1 n—00 n 3n+1 n—00 n n—oo 3n+1

© copyright Hidegkuti, Powell, 2012 Last revised: April 25, 2013



2

Math 208 Series 3 page 8
and so
1
p nh_)nolo Va, =e 9 <1
o0
d) Z n%e™™ converges by the ratio test
n=1
1
2e (=
. Gpy1 . (n+1)re (D) L (n+ 1)2e 1 o (n+1)7e (e) 1 (n+1)
p = lim = lim 5 = lim 5 — = lim 5 =— lim ———
n—00 (U n—oo n<e—"n n—oo n<e—"n n— oo n<e—"n e n—oo n
1 1\* 1 1\°
= - lim <"+ ) — - lim <1+> —-<1
€ N—00 n € N—00 n e
o (-2)" 2
e) Z ™ converges because it is a geometric series with r = —= and —1 <r < 1.
n=1
1
f) Z —aFT converges by the root test
n=1
% n % n % —(n+1)/n % Inn—(r+1)/n _ nli_)moo(lnn—(n-&-l)/n)
p=Jim, Y= lim {f e =l Jm e 6
The exponent is
1 1
lim (lnn_("+1)/") = lim (_n—i— lnn) = lim <_n+ > lim Inn =—-1-0c0 = —00
n—o00 n—00 n—oo n n—oo

thus

p=lim Ya,= lim e*=0<1

n—oo T—r—00
Rl converges by the root test
9 3 (5 comersen by

~ lm v — Lm 1 1\" , 1 1
P Beo VIn =0\ \n "2 Tabse\n w2
o0
1 2
h) Z w converges by the ratio test
n!
n=1
(n+1)+1)((n+1)+2)
. An+1 . (7'L+ 1)‘ .
p = lim = lim = lim
n!
: (n+2)(n+3) n! . n+3
= lim . = lim ———~ =
n—00 (n+1)n! n+1)(n+2) n—oo (n + 1)
3
I+ —
= lim — - lim n =0-1=0
n—oo N n—o00 2 1
I+—+—
n
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(n+2) (n+3)

) -0

2

(n+1)!

nl
’m+1ﬂn+m>

n+3

3
n <1 + )
. n
lim

1

2 ton+1 9

n o0

1—|—*+72
n n

n—oo
n2 (
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e n
i) Z (;)2 diverges by the root test
n=1

l / / n

n2"(n+1 .
Z 3l converges by the ratio test
n!

(n+1) 2" ((n+1) + 1)!

. Qngl : 3+l (n 4+ 1)! , (n+1) 2" (n +2)! 3"n!
p = lim = lim - = lim .
n—o00  Qy n—00 n 2 (n =+ 1)' n—00 3n+l (n + 1)' n 2" (n =+ 1)'
3nn)
I (n+1) 2-2"(n+2)(n+1)! 3"n! . (n+1) 2(n+2) n!
= lim : = lim .
n—o0 3-37(n+1)! n 2" (n+ 1)! n—o0 3 n (n+1)!
. (n+1) n+2) n! . (n+1) 2(n+2) 1
= lim = lim .
n—+00 n (n+1)n! n—+00 3 n (n+1)
= lim <2 "+2> 2 i <1+2)_2<1

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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