Lecture Notes

Integrating by Substitution

page 1

Compute each of the following integrals.
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Assume that a and b are positive.
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Sample Problems - Answers

I 11 3 Lo 4 208 cosz 3
1) 1€+ 2.) 1 1¢ 3.) o1 (28 —62)""+C  4) —e T4 C 5) e—1
1 1 1 1
6) T 5 6 + C 7) ln (3334 + 1) + C 8) 56_3$2+8x + C 9) 564 — 5

4(x?2+1)

1 1 2
10) Stanwtoln(@® +1)+C  1L) In(e" +)+C  12) osine+C 13) g(m+1)3/2—2(:1:+1)1/2—|—0

14.)

19.)

23.)

27.)

31.)

35.)

1
36 15.) In <63 T 63> ) 16.) 2In(yz+1)+C 17.) % + 5

4 1 1 1 1
§(1+\/.¥)\/1+\/:E+C 20.) —2cosy/z+C  21.) 51m(ac2+2)+962+2+0 22.) gtmrl §:1:—|—C’
1 _1/(a 1, . —1 2 \/g . 7 : 6
s tan (Ex) +C 24.) 3 (sintz)"+C  25) T 26.) 6(sinx+1)' —7(sinz+1)"+C
1
2In2 28.) Injsecx|+C  29.) Inlsecx + tanz|+ C 30.) 3 sin™! (2 —1) +C
z 1 1 9
tan~" (e”) + C 32) sin”!' (Z)+C 33 - 34.) —
an™ (<") ) sin <4) ) S swims oM 6
1 1. ™ 2
5% — 4 sin 20+ C 36.) 5 37.) 7r
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Sample Problems - Solutions

1

Compute each of the following integrals. Please note that arcsin z is the same as sin™ " « and arctan x is the same

as tan~! z.

1. /64"’ dx

1
Solution: Let uw = —4x. Then du = —4dx and so dx = —Zdu. We now substitute in the integral

1 1 1 1
4 _ u - _ = u . T,u _ = 4x
/e dx/e 4duf 4/6 du = 46 +C = 46 +C

8

2. /64”” dx

0
Solution:

8
_ 1 (6—4(8) _ 6—4(0)) _ 1 (6—32 _ €0) _ _i (6—32 —1) = % _ 46%

3. / (22— 2) (% — 62)” da

1

Solution: Let u = 2° — 6z. Then du = (3:52 — 6) dxz and so dxr = mdu. ‘We now substitute in the
72 —
integral
/ (x2 — 2) (mg — 6313)207 dr =
1 1 1 1 /208
2 207 2 207 207
= -9 — du= —92 — du=- du = = [ ——
/(x Ju Bz2—6)"" /(m Ju 3(2—2)" 3/“ “T3 (208) +C
_ 1 ong _ i 3 208
= 624u +C—624(m Gm) +C
4. /ecosxsina: dx
1
Solution: Let ©w = cosz. Then du = —sinxzdz and so dz = g du.
inx

-1
/ew”sinx dr = /e“sinx ——du = —/e“du =—-¢e"+C=—-¢e"""+C
sinx

w/2

5. /(ew”sin:ﬂ) dz
0
Solution:

o (ecos(w/Q) o ecosO) _ (60 _ 61) —e—1
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3
6 [ 2
@+ 1)

10.

1
Solution: Let u = 22 + 1. Then du = 2zdx and so dx = Q—du.
x

3x 3x 1 3 1 3 3u6 1
L N R T T T Ry, JUN Sy, PR S
/(x2+1)7 )W 2™ 2/u7 " 2/“ S R 20 " @2

1223
— _d
/3x4+1 .

1
Solution: Let u = 3xz* + 1. Then du = 1223dx and so dz = mdu.
x

1223 1223 1 1 \
/3x4+1dz:/ u mstZ/udu:lnluW:ln(Sw +1)+C

. /(—396 +4) e 3T 48T gy

1
Solution: Let u = —3x? + 8x. Then du = (—6x + 8)dxr and so do = ———————du.
(—6z +8)
/(—3x+4) R /(—3x+4) gy /( 3x +4) e ;du = 1/6“ du
(—6x + 8) 2(—3z+4) 2
1 1
—_ §eu_’_C:§€73x +8.’E+C

2

: /(—395 +4) e 3T 48T gy

0
Solution:

2
(6—3(2)2+8(2) _ 8—3(0)2+8(0)) _

DN | =

2

/ —3x +4 —32248z de = %e—3x2+8x
0

0

/a:+5 d
241

Solution:

r+5 T 5 T 5
/?ﬂ+1it /<x%+{+ﬂ+4) o /??+1 m+/xl+1l

These two integrals can be computed via very different methods. For the first integral, let v = 2241. Then

du = 2xdx and so dz = —du.

T z 1 1 1 1 1
dr= | = —du== [ = du==1 =_—In(z2+1
/x2+1 T /uqu 2/u u 2m|u|—i—C 211(3:—1—)—1—0

and the second integral is

5 1 -1
/x2+1dx:5/x2+1d:c:5tan z+C
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5

11.

12.

13.

14.

(© copyright Hidegkuti, Powell, 2009

and so

T+95 T 5 1 ) .
I e e e L R R

= %ln(a:2+1)+5tanfla:+0

X
/ € dzx
et +1

1
Solution: Let u=¢* +1. Then du = e*dx and so dx = —xdu.
e

/ C _dr= edu:/duzln\u|+C:ln(ex+1)+C
u

et +1 u ev

/ cos x sin® x dx

Solution: Let v =sinz. Then du = cosxdx and so dx = du.

COsT

1 1 1
/cosxsin5:c dx:/cosx u? du:/u5 du=-uS+C==sin®z+C
Ccos T 6 6

[
——— dx
r+1

Solution: Letu=2+1. Thendu=dxr and z=u—1

/ T dr = u—1 du:/(u—l)u_1/2 du:/uu_l/Q—u_l/2 du:/ul/Z—u_l/2 du
x4+ 1 Vu

_ §u3/2 o2 4= %(x F 12 _2z+ )24 C

15

/ $ dx
z+1

0

Solution: We worked out the indefinite integral in the previous problem.

/ Y g = <§(:c+1)3/22(x+1)1/2> :

0

= (Bas+u 2054 07?) - (204102 - 20+ 1))

- <§ (163/2> —2 (161/2>) - <§ (13/2) —9 (11/2)> - <§ (64) — 2(4)) - (; - 2)

128 2 126
= - - = 2 = — — =
3 8 3 + 3 6 = 36
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3

T _ ,—T
15. /ee da
et +e %

0

1
Solution: Let u=e*+e™*. Then du = (¢* — e *)dx and so dz = ﬁdu. Also, when x = 0, then
et —e
u=e"+e =2 and when x =3, then u = e3> +¢3
3 eS4e3 ed4e=3 3, _3
r __ ,—T r __ ,—T 1 1 e +e
/eed;);: / S du = / — du = In |u| =In(e® +e %) —In2
et +e® u (e* —e™7) u 9
0 2 2

1
16 /ﬁ(ﬁﬂ)d‘”

1
Solution: Let uw = /z + 1. Then du = —=dz and so dz = 2\/zdu.
T

2V

1 1 1
/\/Wdx:/m2ﬁduz2/udu:2ln|ul+C:2ln(\/5+1)+C'

1

z+1
17. d
/ 241 v
0
Solution: We will first work out the indefinite integral. (For more details, pease refer to problem #10.)

r+1 T 1 1 9 -1

and so the definite integral is.

L 1

z+1 1 2 -1 1 2 -1 1 2 -1
/1324_1 de = (2ln(x +1) + tan x) . = <2ln(1 +1) +tan" 1) — §ln(0 —|—1) +tan™" 0
0
1 s 1 s
= (21n2—|—4) -0= 511124-1
1
18. /a:e_312 dx
0
Solution: We will first work out the indefinite integral. Let u = —3z2. Then du = —6xdx and so
1
dx = ——du. We will also have to substitute the limits of the integration: when z = 0, then u = 0 and
x
when z = 1, then u = —3.
. y 1 17 1 10 1 1 1
/xe?’mz do = /we“ <_6xdu> = —6/6“ du = 6/6“ du = ge“ B =35 (60 —673) =5 (1 - e3>
0 0 0 -3
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19.

20.

21.

22.

/wdx:;‘(1+ﬁ)m+o

1
Solution: ~We will use substitution. Let u =1+ y/x then du = ——=dx and so dx = 2y/zdu
x

2Vx
/VI\/E\/% = /£2ﬁdu:2/\/ﬂdu:2<§)u3/2+C’:§(1+\/§)3/2+C’
= §(1+\/§)\/1+\/§+C:§\/1+\/§+§\/5 14+Vz+C

/ sin+/x s
NG
1
Solution: Let u = +/z. Then du = —=dz and so dz = 2/zdu.
2\/x
sin y/x sinu .
dr = 2v/zdu =2 | sinu du = —2cosu + C = —2cosv/z + C
NZ3 VvV

3
i
(z? +2)

Solution: This integral is an interesting case of substitution. Let v = 2% + 2. Then du = 2zdz and so

d
dr = o and also, z2
3 3 4 1 2
/“dx:/l’u:/l’du
(22 4 2) w2 20 2 ) u?
It looks like we are ’stuck’ with both x and u in the integrand. However, we can get rid of 2% because it is

=u—2.
2 Y
u—2.

1 [ 22 1 fu—2 1 /71 2 1 1 1 1
S du== | ——du== | === du= =1 4+ C=-ln(z2+2)+ ——+C
2/u2 Y 2/ w2 2/u 2 duv=ghnful+ o+ (@ +2) + 5o+

Note that because z? + 2 is positive for all values of x, the expression In |$2 + 2’ could be simplified to
In (m2 + 2).

1
—d
/ 249 v
Solution: The idea here is that we will "get rid’ of the 9 by factoring it out. If we used a substitution that
1 1

92+9 9 w2+1

would turn 2?2 into 9u?, then the integrand would be We will pursue this substitution:

2 =9u? =— 1z = 4+3u. We select one of these.
1 1
Let u = gx Then du = gda: and so dx = 3du.

1 1 3 1 1 1 T
/Mdl‘:/wgduzg/m du:§arctanu+C:§arctan§+c

(© copyright Hidegkuti, Powell, 2009 Last revised: December 7, 2013



Lecture Notes Integrating by Substitution page 8

23.

24.

25.

26.

1
/a2x2 + b2 dx

Solution: We need a substitution under which 222 = b?u2. This would be convenient because then
1 1 1 1

222 + 02 b2 +02 b2 w2 +1

. . . . . . a
So we will pursue this substitution. We solve a’?z? = b%u? for a possible value of « and obtain u = 7%

b
Then du = %dac and so Edu =dx.
1 1 b 1 1 b b 1 1
- _dx = — | Zdu)= [ = Cdu=— | ——— du= —tan~!
/a2x2+b2 o /b2u2+b2 <a “) /b2 w2+l o™ ab2/u2+1 u=ptanutl
1 1[0
= %tan (gl’) +C
sin~ !z
— dx
V1—22
1
Solution: Let u = sin~'z. We differentiate both sides and obtain that du = ———— dx and so dzr =

vV1—zx2
vV1—122du

.1 2
sin” " x U U 1 2
_— da::/ \/l—xQdu:/udu:—l—C: sin~'z)" + C
V1—z2 V1—zx2 2 2( )
w/3
/ sin 2z sin x dx
0
Solution:
/3 w/3 w/3
/sin2xsinxd1::/(QSinxcosx)sinxd:p:2/sin2xcosazd:c
0 0 0

From here we will use substitution. Let v = sinz then du = cosxdx. We will also need to compute
T
the limits of the integral using u instead of x. When x = 0, then v = sin0 = 0 and when x = 3 then

V3

. T
U =sin—- = —.
3 2

/3
2/sin2xcosx dr =2 u? du =
0

/42 coszsinz (sinz + 1)° da

du

Solution: We will use substitution. Let w = sinxz 4+ 1. then du = cosxdzr and so = dx. Also,

. COS T
u—1=sinzx.

d
/4QCosxsinx(sinx+1)5dm‘ = /42cos:1:(u—1)u5 “ :42/(u—1)u5 du:42/u6—u5 du

7 6
= 42(”7—u6>—{—Cz6u7—7u6—|—C’:6(Sinx+1)7—7(sinx—|—1)6+0
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27.

28.

29.

30.

e2

/ ! dx
xln/x

e

Solution:
62 62 62 82

/ll\Fdx:/lldm:/fdx:Q/lldx
zln /T x()lnx zlnz zlnz

€ € a € €

2

1

Let w =1Inz. Then du = —dx. We will also have to substitute the limits of the integration: when x = e,
x

then ©w = Ine = 1 and when z = €2, then u = Ine? = 2.

e? e2 2 2
e

1 11 1 1
2/ dr =2 d$:2/du:2/du:2ln|u]
zlnx u

Inz x
€

/tanx dx

Solution: Let u = cosz, then du = —sinz dx and so dx = —

/tanx dx

2
=2(In2—-1Inl1)=2In2
1

u

du

sin x

. : 1
/sm:z: dx:/smac <— du > :—/du:—lnu|+C’:—ln|COS$|+C
cos u sinx u

= ln‘(cosx)fl) +C =lInlsecz|+C

/sec T dx

. secx + tanx sec? x + secztan
Solution: /secx dr = /sec:n —— dx = / dx
secx + tanx secx + tanx

From here we will use substitution. Let v = secx + tanxz. Then du = (secxtanx + sec? 37) dz and so

du
dr = 5
sec x + secxrtanx
2 2
sec“x +secxrtanx sec“x +secxrtanx du 1
dx = 5 = [ —du=lu+C
secx + tanx U secx +secxtanx U

= Inlsecx + tanz| + C

2
/ :U dx
1— (23 —1)°

d
Solution: Let u = 22 — 1. Then du = 3z2dz and so dz = Y

322
d 1 1
Y = —arcsinu + C = 3 arcsin (x3 - 1) +C

/\/F:jﬂ“:/% (5) =3 ] = =3
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e:r

Solution: Let u = e*. Then du = e*dz.

T 1 1
[ mrite= [ g e = [y du= et € = axctan () + €

1
32. / — dx
V16 — 22
1
Solution: The basic integral we see here is / e
& V1—22

of the 16 in the denominator. Let use substitute u so that 22 = 16u?. Then = = 4u and dx = 4du

sin~! u+C = sin~! (Z)—i—C

dr =sin~' 24+ C We will use substitution to get rid

1 1 4 1
dx:/ 4du :/du:/du:
/\/16—%’2 V16 — 16u? (d4cu) V161 — u? V1—wu?
y 1
33./ sdx
| dzlnz [In (Inx)]

Solution: Note that In®Inz is short for [In (Inz)]*. We will substitute v = In (Inz). Then du = s’
nxr x
We also substitute the limits of the integral: if + = 4, then v = In(In4) and if x = 5, then v = In (In5).

1

Then
5 1 5 1 1 Inln5 1 1 Inln5
I = / 3dl‘:/ 3< d£C>: / —du =~ / u3du
4rInz [In (Inx)] 4[In(lnz)]” \zlnz 4u 4
4 4 Inln4 Inln4
B 1“7_2 Inlnb B _1 < 1 - 1 > B 1 - 1
4 -2ume 8 \(Inln5)? (Inln4)?)  8In?(In4) 8In?(In5)
w/3

34. / sinx (cosx — cos® :L') dx
0
Solution: We first simplify the integrand.

/sinx(cosx—cos3x) dx:/sinxcos:p(l—coszx) dmz/sinxcosxsian dx:/singxcosx dx

Let w =sinxz. Then du = coszdz. We will also need to compute the limits of the integral using w instead

of x. When z =0, thenu:sinO:Oandwhenx:g,thenu:sing:\gg.
/3 V3/2 V3/2 4132 o 4 Lo 0
/sin?’xcosxda::/u3 cos xdx = /u3du:u =—-|—=] =-===
4|, 4\ 2 4 16 64

0 0 0

35. /sian dx
2

Solution: Recall the double-angle formula for cosine and solve it for sin® .

2 2

1
cos2z =1—-2sin“z = sin $:§(1—COSZCL‘)

(© copyright Hidegkuti, Powell, 2009 Last revised: December 7, 2013
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1 1 1
/sin2xdm:/2(1—cos2:z:) dl‘:2/1—0082$dl‘:2</1d$—/€082$d1’)

For the second integral, we substitute u = 2z and du = 2dzx.

d 1 1 1
/cos2x dx:/cosu;ZQ/cosu duzisinu+C:§sin2m+C

Thus the entire integral is

/sin2xdac = ;(/1dx—/0082xdx):;<x+C1—<§Sin2x+CQ>)I;(w—;sin2x+03>

1 1

1
36. /\/1 — 22 dx
-1
Solution: Let us first notice that the function is even and the limits of the integral are opposites.

1 1
/\/1—3:2 dacz?/\/l—x2 dx
21 0

This will make the computation somewhat easier. The following method is called trigonometric substitution.
Let 6 be so that # = cosf. Then 6 = cos™' . The substitution § = cos™! 2. means that = cosf and
that 6 is in the interval [0,7]. This is important to know because on [0, 7] sinf is non-negative and so
|sin@| = sinf. We differentiate the statement z = cosf and obtain dr = —sinfdf. We will also need
to substitute the limits of integration. When 2 = 0, then § = cos™!0 = T and when x = 1, then

0 =cos 11=0.

1 0 0 0
2/\/1—:62 dx = 2/\/1—c0320 (—sin6) d0:—2/\/sin29 sin 6 d9:—2/\sin0| sinf df
0 /2 /2 /2
0 ™/2
= —2/sin29 d9:2/sin29 do
/2 0

In the previous problem we have computed the indefinite integral:
1 1
/sin2u du = i Zsin2u+C

Thus the definite integral is

o (L~ Lanod)| = Lo 2 (7 1‘2(5) 0- Lsin2(0)
St — g sin2u ) = |u—gsin2u ) =5 gsin2(5 5 Sin
T 1 . 1 . (7 1 oo
= <2—281H7T)—<0—281H0>—<2—2(0))—0—2

(© copyright Hidegkuti, Powell, 2009 Last revised: December 7, 2013
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0
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37.

Thus

2

1 1
/\/1—$2d$:7r = 2/\/1—$2d3::7r
21 21

This is one of the definitions of 7 in modern mathematics. Also notice that we have just proved the area
formula for the unit circle.

2/\/7’2—3;2 dx

Solution: First we notice that this function is even and the limits of integration are opposites:
T T
2/\/7"2—3:2 d:c:4/\/r2—:r2 dx
—r 0

We will apply a trigonometric substitution under which 2 = r% cos? . This will be useful because V72 — 22

will become
V2 — a2 =/r2 —r2cos?0 = /r2 (1 — cos? ) = Vr2V/sin2 0 = r |sin 6|

So, we solve for a possible value of § in z? = 72 cos? 6.

22 = r?cos’0
r = rcosf
T
— = cosf
r

/T

cos 1(—) = 0

T

So our substitution is = cos™! <E> That is the same as cos# = — and @ is in the interval [0, 7] (the range
r r

of the function cos™!). This is useful to know because on the interval [0, 7], sine is always non-negative and

x
so |sin @] can be simplified as sinf. We also differentiate both sides of the equation cos§ = — and obtain
r

d
that —sinfdf = ar and so dr = —rsinfdf. We will need to substitute the limits as well. When x = 0,
r

0
then 6 = cos™! () =cos 10 = g and when x = r, then 6 = cos™! (f) =cos~'1=0. We are now ready
r r

to integrate:

r 0 0
I = 4/\/7‘2 — 22 dw :4/ r2 —r2cos?6 (—rsinfdf) =4 / —rsin0+/r2 (1 — cos?0) df =
0 /2 /2
0 0 0
= 4/—rsin9r\/sin29 d6’:4/—r251n9|sin9] d0:—4r2/sin€'sin9 do
/2 /2 /2
0 /2
= 4 / sin? 6 df = 4r? / sin? 0 df
/2 0

We have already computed the antiderivative of sin? @ in problem 35:

/sin20 dezée—ism%Jrc

(© copyright Hidegkuti, Powell, 2009 Last revised: December 7, 2013
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w/2

I = 4r? / sin? 6 df = 4r> (%9 — %sin 20)

/2
=72 (20 — sin 26)

w/2

0 0

= g2 [(2 (g) _sin2 (%)) —(2(0) —sin2(0))] 2 — sinm) — (0 — sin0)] = 2 [(; — 0) — 0] = 772

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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