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Definition: Let f be a function with derivatives of orders 1,2, ...,n in some interval containing a as an interior
point. Then the Taylor polynomial of order n generated by f at = a is the polynomial

@
2!

Py (x) = f(a) + f'(a) (x —a) +

Example 1. Find the Taylor polynomial of order 6 generated by f (z) = e* at x = 0.

2 x?; $4 1‘5 $6

Xz

Definition: Let f be a function with derivatives of all orders throughout an interval containing a as an interior
point. Then the Taylor series generated by f at x = a is

> (k) " (n)
S @i @0+ T e e T oy
k=0 ’ : !
The Maclaurin series generated by f is
O #(k) " (n)
e R O R AL L R e T
— ! ! !

the Taylor series generated by f at x = 0.

1 1
Example 2. Find the Taylor series generated by f (z) = — at a = 2. Where does the series converge to —?
x x

fl@) = a7t f)y=-2?  fa)=22" [fD@)=-6" @) =(1"na" "

1 1 2 1 3
2) = 271==Z "(2)=—972 = __ "(9)y=9.973 -2 _ = B ()=—¢.974=_2
7 2) L) L) =7 /9@ X
The Taylor series is
"9 (n) (9
f(2)+f’(2)(x—2)+f2(' )(:):—2)24—....4—fn'()(x—2)"
1 1 1 1
— 5_1(95—2)+§(gc—2)2+....+(—1)“%1 (x—2)"
1 _
Since this is a geometrical series with first term 3 and common ratio r = —xT, it converges absolutely for
1
-2 9 1 1
z < 1 and its sum is 2 = = —.
2 10872 242-2 1
+ 5

It is easy to determine radius of convergence but unfortunately, when a Taylor series generated by f converges, it
may or may not converge to f. One example is the function

0 if =0
f(l’)_{ e—l/a}2 if x#o
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This function has derivatoves of all orders at # = 0 and £ (z) = 0 for all n. Thus the Taylor series at 2 = 0 is

0+0-24+0-22+ ...

which is clearly convergent for all  but does not converge to f (z).

+0-z"

+ ...

Theorem: (Taylor’s Theorem) Suppose that f,f",f",....,
Then for all positive integer n and all z in [

™) are continuous on an open interval I containing a.

"(a () (g
f@=f@+f@e-a+ T D e T gy g @
forh) (c) n+1
n = N\ - .
where R, (z) (x —a) for some ¢ between a and x
(n+1)!
If R, (x) = 0 as n — oo for all z € I, we say that the Taylor series generated by f at x = a converges to f on [
and write
— /¥ (a) k
Example 3. Find all values of x for which the Taylor series generated by f (z) = e® converges to its generating
function.
22 23 4 "
By Taylor’s theorem, =1+z + — + a7 + a0 + .+ ] + R, (x)
where the remainder term is
(n+1)
Ry (z) = mxn+1 for some ¢ between 0 and x
n !
R (l‘) — e’ mn—|—1
"  (n41)!
c n+1
lim R, (z) = lim (eﬁznﬂ — ¢ i (33+ 3 =
n—00 n—oo (N n—oo (N
and so the Taylor series converges to e” for all x.
Important Taylor series:
2 3 4
z _ ror . r
e = 14+x+ +3|+4l+ on R
3 5 7
simx = x— x——i—x— m——i—.. on R
3 51T
2 4 6
cosr = 1-— x—+% %—i— on R
1
- = 1+z+a2®+a2°+ 2t + on (—1,1)
1
= l-a+22 -2 4+a2t+ on (—1,1)
1+z
2?2 2% ot
1 1) = z2——+—5—— -1,1
n(r+1) x 2+3 4+ on (—1,1]
tan 'z = $_£3+£5_£7+ on [—1,1]
3 5 7
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Sample Problems

1. Find the Taylor series generated by each of the following functions.

a) f(r)=xsinx b) f(z)=¢% c) f(z)=2%tan o

2. Use a Taylor series to determine the sum of each of the following series.

1 1 1 1 1
1——4+ ===+ -..... = )"+t
2) 237175 > (1 n
n=1
1 1 1 = 1
b) 1—1+4=—=>+— =N (-1)" =
) +2 6+24 Z( )n!
n=0
3 5 7 o0 2t
c) - 37T + 57T 7 Z Il
37 3.3 T35 3om P S g 1)
oo
d) —1+ 2z — 322 +42® — 52%.... :Z(—l)nna:"*1
n=1
x  xz a3 = gn
1+—-—4+—=—4+—4+....=
) l+g+g+ T nzonﬂ

d) f(z)=sinhx

3. Use the Taylor series generated by f (z) = ztan~! z to determine the value of f(20%) (0).

4. Consider the Taylor series generated by f (z) = e*.

a) Let i be the complex number with i?> = —1.Simplify the expressions 2, i

b) Write the Taylor series generated by f (z) = e® and evaluate it at z = 6 to prove that e = cosf+isiné

c¢) Use the result € = cosf + isin to compute €™
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Solutions - Sample Problems

1. Find the Taylor series generated by each of the following functions.
a) f(r)=xsinx

Solution: We take the Taylor series generated by sinz and multiply it by z.

2> 2
sinx = x_ﬁ—i_a_ﬁ—i_"" on R
4 6 8
- _ o2 r T T
rsine = x i + i 7 + ... on R
b) f(z)=e>
Solution: We take the Taylor series generated by e® and substitute 3z into it.
2 3 4 x ..n
¢ _ ror T T
¢ = l4a+ ittt Zn! on R
n= 0
(32)° | (32)° ( o~ (30)"
T = 1+ (3z) + 51 + 3l + Z on R
B 9 27 5, 81 4 =3 o
= 1+3x+§x +§ +j + .= Zn' on R
n=0

c) f(zr)=2%tan"'x
Solution: We take the Taylor series generated by f (r) = tan~! 2 and multiply it by z2.

3 5 7 oo In+1
x x x x
tan~! = —_—t = —4+...= " -1.1
an~ ' x x 3+5 7+ nz:;]()Qn—l—l n [—1,1]
5 7 9 0o 2n+3
2 -1 3 z L n
t = —_—t - — 4. = —1 -1.1
rtan” " x x 3+5 7+ ngzo( ) 1 n [—1,1]

d) f(z)=sinhx

Solution: We will find the Taylor series directly from the derivatives f(™ (0). Recall that a, = f(”:l'(())
f(z) = sinhz = f(0)=0 = ao—fé?):(l):()
f'(x) = coshx — f(0)=1 E— a f’l('O) - % -1
f"(z) = sinhz — f"(0)=0 = as = f”2('0) = g =0
[P @) = coshe = [PO)=1 = a= f(g;(o) = é
fB) = simhe = fPO)=0 = a= f‘4i.<°> = % =0

and so on, as the derivatives repeat, we have an easy pattern, and so the taylor series for sinh z is

P

Slnhx—az—f—?—i———l—?—i— .......
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2. Use a Taylor series to determine the sum of each of the following series.
o0

11 1 1 1
l——+-—- 4. = —1)"t =
) 1-g3t3-1%5 nz_:l( -
Solution: We start with the Taylor series for In (1 4 x)
2 3 4 5
ln(l—l—a:):x—%—i—%—%—i—%—.... on (—1,1]
Let z =1
TEE E E S &
In(l+1) = 1l—-—4———+——..
n(l+1) 5 + T 1 + 3
P U S
stg—gtg
Thus the sum of the series is In 2.
SRR SIE N SV S o P
2 6 24 T &~ n!
Solution: We start by the Taylor series generated by e” and evaluate it at x = —1.
w2 23 ot =z
x _ _ _ P — -
et = 1+x+2!+3!+4!—|—....—z%n! on R
n=
2 3 4 o0 n
1 )" =) (=1 N (D
e = () g e e =)
n=0
Thus the sum of the series is —
e
. 3 0 T o0 a2n+l
¢) 333y TR A +“":Z(_1)nﬁ
3 3.3 3.5 3.7 o 32n+1 (2n + 1)!

T
Solution: We start by the Taylor series generated by sinx and evaluate it at x = 3

' o S D o . p2n+l
simmxr = x_g"i‘g)'—,?"f—:’r;)(—l) m OHR
(7r 3 T\ 5 T\ 7
- 5 G G R
- = == - —— 1)
e T S TR T T HZ:%( e )
3
Thus the sum of the series is sing = \2[
o0
d) —1+42z — 322 + 423 — 52t = Z (=1)" nan1
n=1

Solution: Notice that if we integrate the series term by term, we get

—r a2ttt - = Z (=" 2"

n=1

This is a geometric series with first element —z and common ratio —z. Thus this series converges if |z| < 1

to th —* v
(0] € sum = — .
1—(—x) l1+x

—rta?—adpat—abl =~ on (—1,1)
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Differentiating both sides of this we obtain

1
—1 422 — 322 + 423 — 52t = — 5
(x+1)
. 1
and so the sum is - for all -1 <z < 1.
(x+1)
2 3 o0 n
Tz T x
1+—-—4+—=—4+—+....=
) 1+ +5++ nzo’”l

Solution: Notice that when we multiply this series by x and differentiate it, we get

v x? a3 S
v x? ad = "
xf (x) = $<1+2+3+4+...>:x<n§;0n+1>
2 3 4 o _ntl
xf (x) = x+g+g+z+....:§§+l
%(xf(x)) = 1+x+x2+x3+....:n§)x”
d 1
L) = o (1)
xf (x) = /1_Ida: on (—1,1)
zf(r) = —In(l—2z) on (-1,1)
f(x) = —éln(l—x) on (—1,1)

3. Use the Taylor series generated by f (z) = ztan~! z to determine the value of f(20%) (0).

Solution: We start with the Taylor series generated by g (z) = tan~! 2.

We then multiply that by x

o B S 00 p2nt1
tan 'z = -+ — 4. = —1)" -1,1
an” x 3+5 7+ 7;)()271—#1 on [—1,1]
A 8 8 o 220 +2
tan 'z = 2’ -+ - +..=) (=) ~1,1
ptan @ = wo gty ot nzo()znﬂ on [=11]
Let us now focus on the 208 degree term
FE®)(0) o0g — (—1)08 2?0
208! 207
f(208) (0) 1
208! 207
208!
208 (0) = —=— = —208- 206!
F7(0) 507
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4. Consider the Taylor series generated by f (z) = e*.

a) Let i be the complex number with i> = —1.Simplify the expressions i2, i3, i4, i, ¢, ....
Solution:
i = (Y)i=(-1)i=—i
it = (P)i=(—-i)i=—"=—(-1)=1
P° = (i4)z: (L)i=1
¢ = (P)i=(@)i=1i=-1
In general, if n is an integer, then
i = (¢4)" =1"=1
jntl = :(24) q=1"4=1-1=1
,L'4’I’L+3 — (Z4)n 7;3 — 1n 7;3 — (—Z) — —’l
b) Write the Taylor series generated by f (z) = e® and evaluate it at = = 6 to prove that e = cos+isin @
Solution:
2?2 23 a2t = "
T — J— J— E— E—
€ = ltat gt pte=)
n=0
C N2 .3
0 _ oy, (@0)7 (i) (19
= 14 (i) + g g+ —Z n,
n=0
-2 )2 303 -4 n4 X npn
0 140 °0° 170 B "0
e = i+ -+ o+ +...._nZ:% —
2 3 4 n AN
0 0 "0
0 . v v v _
eV = 14146 51 23!—1—4'—1- o
n=0
92 94 96 03 5 o 9277, o 927‘L+1
0 . n n .
c < ST >+<Z LTI ) nzo( ) (2n>'+;)( S e
02 94 96 93 95 o0 92n 0 92n+1
0 n . n
¢ ( TR )J”( 3T > 2, (1) (2@!“2( " e
n=0 n=0
e’ = cosf+isinf

c¢) Use the result e = cosf + isinf to compute €™

Solution: €™ =cosm +isinm = —1

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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