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Sample Problems

Compute each of the following integrals. Assume that ¢ and b are positive numbers.

8. /cscx dx

1. /sinx dx

cos bx dx

cos zsint z dz
csc? z dx
tanx dx

cotx dx

secx dr

— S Y — Y~~~

1. /cos3x dx
. /sin <4a:— E) dx
5

. /secHtanQ df

[\

w

sec2 6 do

o

— — —

T tan (acz) dzx

cot (2z — ) dx

7. /00523: dx
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9.

10.

11.

12.

13.

14.

10.

11.

12.

13.

14.

— — Y S~ Y~

Practice Problems

— S S S S S~

sin z dx

cos? (2z) dx
cos® x dx
costx dx

cos® x dx

sin z cos® x dx

3

sin® z cos® = dx

tan? x dx

15

16

17

18

19

20

15

16.

17.

18.

19.

[,

w/3

. /\/1+COSQ$ dzx

0

w/2

. /\/l—cosx dzx
0

. /tan3x dzx

sin 7x cos 3z dx

sin 10x sin4x dx

|
|

/6

. /\/1 — cos b6z dx
0

/ sin 2a cos 8a da
/ cosbcos11b db
/ sin 60 sin 146 d6

/cos 11msin 3m dm
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Sample Problems - Answers

1 1
1.) —cosz+C 2. gsin5x+C 3.) 3sin5x+C 4) —cotz+C  5.) —In|cosz|+C =lIn|secz|+C

1 1
6.) In|sinz|+ C 7.) In|secx + tanz| + C 8.) —lIn|cscx + cotzx| + C 9.) 2%~ Zsin2m+0

1 1 1 3 2 1
10.) = cos®x —cosx + C 11.) —=sin2x + —sindz + -z + C 12.) —cosx—l—gcos?’x—gcos‘r’x—i—(}’

3 1 32 8
13.) %tanfl (Zm) +C 14 sin”! (2) +C  15) 2Injsec(v7) +tan (vz)|+C  16.) \f

1 1 1 1 1
17.) 2v2-2  18) 5sec:2:c+1n\c<)s,:cy+(3 19.)—2—000510x—§cos4:c+(] 20.) ﬁsin6x—%sin14x+0

Practice Problems - Answers

1.) ésin?):v—&—c 2.) —icos(4x——>—|—0 3.) secf+C 4.) tanf0+C 5. %ln|sec(:r2)‘—|—0

1 1 1 1 1 1
6.) 51n|sin(2a:—7r)]—|—0 7.) §x+zsin2x—|—0 8.) §x+§sin4x+(§' 9.) Sinx—gsin3x+0

3 1 1 1 2 1
10.) §m+1sin2x+3—2sin4x+0 11.) gsin5m—§sin3x+sinx+0 12.) —6C086J}+C

1 1 2 1 1
13.) —Ecos6x+§cossx+0 14.) —z+tanz+C 15.) \3[ 16.) ECOSGG—%COSIOCL—FC

1 1 1 1 1 1
17.) 20 sin 100 + o sin12b+ C 18.) 6 sin 86 — 0 sin 206 4 C 19.) 16 o8 8m — 28 o8 14m +C
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Sample Problems - Solutions

1. /sin:c dx

Solution: This is a basic integral we know from differentiating basic trigonometric functions. Since

d d
— cosx = —sinz, clearly — (—cosx) = sinz and so /sina: dx :.
dx dx

2. /cos5:r dxr

Solution: We know that di cosz = —sinz + C. We will use substitution. Let v = 5z and then du = 5dz
T

1 1
/005533 dx:/cosu <d5u> :5/cosu du = gsin5x+C

Note: Once we have enough practice, there is no need to perform this substitution in writing. We can just

1
simply write /cos S5 dr = 3 sin bz + C.

and so d?u = dx.

3. /cosxsin4x dx

Solution: Let w =sinz. Then du = cos zdzx.

1
/cos:z:sin4:v dx:/sin4m (cosxdm):/u4u:5u5—|—C: —sin®z +C

4. /CS02$ dzx
2

d
Solution: We need to remember that . cotx = —csc” .
T

/CSCQJJ d:L‘:—/—CSCQSL‘ d$:

5. /tana; dx

Solution: Let ©w = cosz. Then du = —sinx dx.
sinx 1 . 1 1
/tanx dr = / dx :/ (sinzdu) = / (—du) = —/ du=—Inlu|+C = —In]cosz| +C
CcoS T u U U

= ln‘(cos:c)fl‘+C: In |secz| 4+ C
6. /cota: dz

Solution: Let v =sinz. Then du = cosx dx.

1 1
/cotx d$:/c?sx d:U:/ (cosxdu):/duzln\u|+(7: In [sinz| + C
sin x u u
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7. /sec:c dx

. secx + tanx sec® x + secztanx
Solution: /secx dr = /sec:n —— dx = / dx
secx + tanx secx + tanx

d d

From here we will use substitution. Recall that d—secx = secztanz and — tanx = sec?z. Let u =
T T

secx + tanx. Then du = (sec:):tanx + sec? :1:) dx.

2

t 1 1

/sec v secrtany dx:/ (se02x+secxtanx)dx:/ duzln]u\+C’=’ln\secx+tanx!+0‘
secx +tanz U U

8. /CSC:B dx

cscx +cotx csc? z + cscx cot
Solution: /cscx dz = /CSC$ . esex +cotr dr = / + dx
cscx 4 cotx cscx + cotx

d d
From here we will use substitution. Recall that — cscx = —cscxcotx and — cotx = —csc?z.  Let
T T
2 x — cscx cot x) dz.

02 t 1 1 1
/CbC T toscaxcotr o _ / (cchJ:—chcxcot:c)d:c:/ (—du):—/ du=—Inlu|+C
" u

cscx + cotx

u=-cscx +cotx. Then du = (— csc

= ’—ln]cscx+cotx]+0‘

9. /sian dx

Solution: Recall the double angle formula for cosine, cos2z = 1 — 2sin? . We solve this for sin? z

1
Zr= 5(1—00823:)

1 1 1
(1 — cos2z) dm—2</l dm—/cos2x dx) —2(x+Cl—2sin2x+Cg>

sin

N | =

/sian dr = /
1

1
= §x—zsin2x+C

10. /sinB:E dx

Solution:
/sin3x dr = /sinxsin%v dx = /sin:c (1 — cos? :1:) dx
Let w = cosx. Then du = —sinxdx
/singx de = /sinx (1- cos? z) do = / (1- cos? z) (sinzdr) = / (1- u2) (—du) = / (u2 —1)du

1 1
= §u3—u+C: gcos?’:r—cosm—l—C

11. /sin4$ dx
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Solution: We use the double angle formula for cosine to express sin? z.

cos2r =1—2sin’z = sin®

1 2 1 1
/sin4a:dx:/(sin2:c)2 d:c:/<2(1—c:052x)> dx:4/(1—cos2x)2 dx:4/(1—200823:+cos22x) dz

We use the double angle formula for cosine again to express cos? 2z.

1
x = 5(1 — €08 2x)

1
cosdr =2cos’2x —1 = cos’2z = 3 (cosdx +1)

1 1 1
/sin4x dr = 4/(1—20082x+00522m) d:):_4/<1—200$2x—|—2(cos4x+1)> dx
1 1 1 1 1 1 3
= /<4—200821’+8COS41’+8> dx:/<—200821‘+8cos41‘+8> dx
1/1 1/1 3 1 1 3
= —3 <2> Sin2z—|—8(4> sin4x—|—§x—|—C’: —Zsin2x—|—§sin4m+§x—|—0

12. /sin5x dx

Solution: This method works with odd powers of sin z or cosxz. We will separate one factor of sinx from the
rest which will be expressed in terms of cosz.

/sin5x dr = /sinxsin4x dr = /sinxsin4:c dr = /sinx (sin2 x)2 dr = /sinx (1 — cos? :(:)2 dx
= /sinaj(l—20082m—|—cos4x) dx
We proceed with substitution. Let © = cosz. Then du = — sin xzdx.

/sin5 xdr = /sin:p (1- 2 cos?® x + cos’ z) dx = / (1-2 cos® x + cos’ z) (sinazdz)

= /(1—2u2+u4) (—du):/(—1+2u2—u4) du:—u—k%u?’—%uf’—kC

2 1
= —cosx+§cos3x—gcos5x+C

1
5. [ i

Solution: The basic integral here is / dr = tan~'2 + C. We need a substitution under which

241
a?x? = b2u?. This would be convenient because then
1 1 1 1

222 102 bl b2 b2 w1

a
So we will pursue this substitution. We solve a?z? = b?u? for a possible value of u and obtain u = gx Then

du = gd:ﬁ and so édu = dx.
b a

1 1 b 11 b b 1 1
[amrwt = [pare () =[5 mm o= [ a vo= g wee
1
= | —tan~! <bx>+0
ab a
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14.

15.

16.

1
/\/a2 — 2 da

Solution: The basic integral here is / sin~'x 4+ C. We need a substitution under which

! d
N dr =
V1—22
2 2,2

z¢ = a“u”. This would be useful because then
1 1 1

1
Va2 =22 Va2 -2 Ja2(1—u?)  av1—u?

So we will pursue this substitution. We solve 22 = a?u? for a possible value of v and obtain # = au and
dx = adu.

(adu — =sin" ' u+C =|sin"! (—) +C

1 1 a 1
S P S S Y T S
/\/@2 —z2 /\/@2 — a?u? ) /a\/l —u? /\/1 —u?

sec (V)
NG

1
Let w = +/z. Then du = —=dx.
et u=+/z en du 2\/51’

dr

sec\(ﬁ;/a?) s

sec (v/) 1
= Z/M dsz/sec(\/:?) (Mda:) :2/secu du = 21In [secu + tanu| + C

= |2In|sec (v/x) + tan ()| + C

w/3

/ vV 1+ cos2x dx

0
Solution: We will yet again use the double angle formula for cosine, this time to eliminate the square root.
cos2r =2cos’x —1 = 2cos’z = cos2z + 1

/3 /3 /3 /3
/\/l—i-COSQLL' de/V2C082$ dx:\/i/\/cos%c dxz\/i/]cosx] dx
0 0 0

0

T
Since f (z) = cosx is positive on [0, g] , we can simplify |cosz| = cosz

w/3 /3

\/§/|COS:L‘| dm:\@/cosx d$:\/§<sinx
0 0

|G

0

7T/3> = \@(Sing —sinO) =2 <\/§ —0) =
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17.

18.

19.

w/2

/\/1—00533 dx
0

Solution:
cos20 =1—2sin’ =— 2sin’60 =1 — cos?26

T
We substitute 8 = 5 into this and obtain

2 X

2sin? = =1—
S11 9 COST

/2 w/2 /2

/vl—oosx dx:/w/2sin2§d:z:\@/‘sin;‘ dx
0 0 0

Since f (z) = sin — is non-negative on [0, 5} , we can simplify ‘sm 5‘ = sin —

2
/2 2 2 w/2 2 w/2 T
V2 / sin= dr = V2| —-2cosZ =—-2v2 [ cos= = —-2V2 (cos— — cosO)
21, 21, 4
0
2
= —2\/§<\2[—1> =—2+2V/2=[2v/2-2

/tan3 T dx
Solution: Let ©w = cosz. Then du = —sinxzdzx

3 sin® x . sin? x 1 —cos?x . 1 — u? u?—1
tan®x de = s—dr= [ sinz———dr= [ ———— sinxzdr = 5 (—du) = 5— du
cos3 cos3 cos3 u u

2 —2
U 1 1 _3 U 1

1
= In|cosz]| +§sec2:p+0

/ sin 7x cos 3z dx

Solution: We wil use the product-to-sum identities to trasform this product into a sum.

formula for the sum and the difference of these two angles.

sin1l0x = sin(7x 4 3z) = sin 7z cos 3z + cos Tz sin 3z

sindr = sin(7x — 3x) = sin 7z cos 3z — cos Tz sin 3z
We will add the two equations

sin10x +sin4x = 2sin7xcos3x

1
3 (sin10x +sin4z) = sinTzcos3z

1
We can very easily integrate 5 (sin 10x + sin 4x)

We write the sine

1 1
/sin?xcos?)x de = /Q(Sin 10z + sindz) dz = 2/sin 10z + sin4x dz
1/1 1/1 1 1
= 3 (10> (—cos10x) + 3 (4 (—cos41:)> +C = —gg 8 10z — §C084$+ C
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20. /sin 10z sin4x dx

Solution: We wil use the product-to-sum identities to trasform this product into a sum. We write the cosine
formula for the sum and the difference of these two angles.

cosldx = cos(10z + 4z) = cos 10x cos 4z — sin 10z sin 4z

cosbr = cos(10x — 4z) = cos 10x cos 4z + sin 10z sin 4z
We will subtract the first equation from the first one

cosb6x —cos1l4x = 2sin10xsindx

1
— (cosb6x —cos14z) = sinlOzxsindz

1
We can very easily integrate 5 (cos 6x — cos 14x)

1 1
/sin 10z sindzr de = /2 (cosbx — cos 14z) dx = 3 /cos 6x — cos 14z dx

1/1 1/1 1 1
= 3 (6) (sinbx) — 3 (14 (sin 143:)) +C = ﬁsin6x — %sin 4z + C

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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