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. sinx
Theorem 1: lim =1
x—0 X

Proof: This theorem and the next one are necessary for differentiating sin x and cos xz. Recall a theorem: Let r be the radius

067“2

of a circle. If «v is measured in radians, then the area of a sector with a central angle of v is Agecior = - (Notation: AB
will denote the length of line segment AB.)

Let = be a very small positive angle, measured in radians, drawn into a unit circle as shown on the picture below. Let B be
the point where the unit circle intersects the ray determined by x. We then draw a tangent line to the circle at point B. Let A
be the point where the tangent line intersects the x—axis. We also draw a vertical line through B. Let D be the point where

this vertical line intersects the x—axis. Finally, let us denote by E' the point with coordinates (0, 1)

C D}EA

The proof will be based on the following fact: because they include each other, the following three areas can be easily
compared:
Area of triangle CDB < Area of sector CEB < Area of triangle ABC

Area of triangle C DB: the horizontal side, CD = cos x and the vertical side, DB = sinz. Since this is a right triangle, the

areais: Acpg = gsin:ccos:c
122 =z

Area of sector CEB: Agector = - =3

Area of triangle ABC': there is a right angle at point B because the tangent line drawn to a circle is perpendicular to the radius

1 _ _
drawn to the point of tangency. So the area is Agpc = iAB - BC'. Clearly BC' = 1. To compute AB, in triangle ABC,

AB —
tanz = =D and so AB = tan z.

tanx sin x
or
2 2cosx

1
Area of triangle ABC": 3 (1) (tanzx) = . So now
Area of triangle CDB < Area of sector CEB < Area of triangle ABC

translates to .
sinz

1 . < T <
—sinzcosz < —
2 — 2 7 2cosz

.. . sinz . .. sinz
Let us divide all three sides by ——. Because x is small and positive,

is positive and so we do not need to reverse the
inequality signs.

1
<

cosr < — <
sinx — cosx
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Suppose now that x approaches zero. Then both cos x and

approach 1. By the sandwich principle, _i, the quantity
cos T sin x
locked in between those two must also approach 1.

T 1
cosr < - <
sinz cos T
! 3
1 1
If 'x approaches 1, so does its reciprocal, S
x
sin x
So far, we have proven the statement for positive values of z, that is, lim+ —— = 1. A similar argument works for negative
z—0 X
values of x.
. cosz —1
Theorem 2: lim ——— =0
z—0 X
Proof:
cost — 1 . cosz—1 . cosr—1 cosx+1 . cos?xr —1 . —(1—c082x)
im— = lim—— 1= 1lim . =lm—=lim ————*
=0 @ =0 T z—0 x cosz + 1 a—0z (cosz +1) 220 z(cosz + 1)
. —sin?zx . sinx —sinxzk . sinx . —sinx
= lim — = lim . = lim lim ——=1-0=0
s=0z (cosz+1) 2=0 z cosz+1 220 z a2—0cosx+1
Sample Problems
. sinxzx . . ..
1. Recall that hr% = 1. Use this fact to compute each of the following limits.
r— x
inb . 1l—cos3zx tanf — 1
a) lim d) lim —— 2% g lim 7~
=0 z—0 x 0—m/4 9 —
1-— t
b) lim — 2% e) lim 2t
z—0 €T z—=0 X
. 1—cosz . sinbx . v1—coszx
¢) lim — lim — g) lim ——
z—0 x z—0 sin 6z z—0 T

2. a) Find the perimeter of a 15—sided reguar polygon written into a circle with radius 10m.
b) Find the perimeter of an n—sided regular polygon written into a circle with radius . Use radians to measure angles.
c) Find the limit of the perimeter of an n—sided regular polygon written into a circle with radius R as n approaches
infinity. Use radians to measure angles.

3. a) Find the area of a 15—sided regular polygon written into a circle with radius 10m.
b) Find the area of an n—sided regular polygon written into a circle with radius R. Use radians to measure angles.

¢) Find the limit of the area of an n—sided regular polygon written into a circle with radius R as n approaches infinity.
Use radians to measure angles.
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Compute each of the following limits.

sin bx

1. lim
r—0 xT

2. lim
z—0 xT

i
3 91—133) 0

4. lim
z—0 X

5 tan 46
. lim
6—0 50

sin 4x

im —
z—0 sin 3z

I
el—rf(l) sin 30

1. a) 5 b) 0

2sinzx cosx
cos 36 sin 360

sin 2z + sin4x

1

C)§

10.

11.

12. lim

13.

. lim

Practice Problems

sin?

z—0 3x2

sin («92)

" 950 Atand

tan 6z

lim
z—0 3z

sinz tanx

lim 5

z—0 T

sin 2z tan 3x

z—0 $2

. 0 sin 26
im—mM""—
0502 — 2cos26

14. lim

xT

z—0 sin 2x

15. i

16. lim

tanx

m
z—0 tan 4x

6x

z—0 sin4x + sin 3z

17. 1

18. lim

r=T/2 e T

19. 1

Answers - Sample Problems

2. a) 300sin (115) m ~ 62.3735m

P 1 P
3. a) 750sin (17;) m? ~ 305.0525m*  b) JnR?sin T nR?
n

11. 1 12. 6

© Hidegkuti, 2022

9
d
) 2

b) 2nRsin l
n

g2

(o203t

el f)

c) 2rR

h) undefined

Answers - Practice Problems

4 4 1
15 ! 16. g 17. 4

262

im ——
6—0 1 — cos @

sinx — 1
T

fsin 6

im ——
6—0 1 — cos @
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Sample Problems - Solutions

1. Recall that lin%) SR _ 4 Use this fact to compute each of the following limits.
r— €T
in 5
2 lim sin bx
z—=0 X
lim sin bz i sin bz 1 = lim sin oz ‘ 5 ~ i sin bz 5 — 5 lim sin bz
z—=0 T z—=0 T z—0 X 5 z—0 bx z—0 bx

Let y = 5. As x approaches zero, so does y. So the limit becomes

5 .
51im o2 _5im Y —5.1=5
z—0 bx y—0 y
1—
b) lim — 2%
x—0 X
. 1—cosx . 1l—cosx 1+cosz . 1—cos?zx . sin? x . sinx sinx
Iim —— = lim . =lim————=llm ——— = .
a0 X =0 T l+cosx 20z (l+cosx) =z—0x(l4cosz) 2—-0\ x 1+cosz
— lim 2 g T 0=
=0 I z—01 4 cosx
1 —cosx
lim ————
C) wl—rf%) z?2
. 1—cosx . l—cosx 1+4+-cosx . 1 —cos?zx . sin? z . sin? z 1
lim ———— = lim . =lim———-=Ilm——————-=1im .
a0 a2 a0 12 1+cosx 2-022(l4cosz) 2022 (1+cosx) 2—0\ 22 1-+cosz
.. 9 . 2
1 1 1 1
= limSm x-limiz limsm$ dim——— =122 ==
=0 x2 22014 coszx 20 T z—0 1+ coszx 2 2
1-— 3
d) lim —— 2%
x—0 X
. 1 —-cos3x . 1—cos3x 1+ cos3x . 1 — cos? 3z . sin? 3z
lim ——— = lim . =lim————-=1llm ———-—
=0 z? =0 x? 14+cos3z 22022 (1+cos3z) 2022 (1 + cos3zx)
. sin2 3z 1 _ sin?3x 1
= lim . = lim - lim =
=0 x2 1+ cos3x -0 x? z—0 1 + cos 3z
. sin?3x 9 . sin? 3z . 1
= lim c—)-lim ——— =9 lim - lim
z—0 T2 9 z—0 1 4+ cos 3x z—0 9x2 z—0 1 4 cos 3x
.2
3 1 1 9
g 3 g, g L0
=0 (3z)% 201+ cos3z 2 2
t
e) lim ot
x—0 x
sinx
t i i 1 i 1
lim 2 _ iy €8z BT g (Slm- >:nm ST im —1.1=1
0 T 2—0 T z—=0xcosx  z—0 T cos T z—0 x 20 CcoST
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sin bx

im —
z—0 sin 6x
sinx

Solution: We will bring this limit to a form where appears.
. sinbx . sinbx =« . sin bx x . sinbx . x
lim — = lim | — - — | = lim - — = lim - lim —
z—0 sin 6x z—0 \ sinbx x x—0 x sin 6x z—0 X z—0 sin 6
. sinbx 5 . x 6 . sin bx . 6x 1
= lim - — |- lim | — -— | = lim -5 - 1lim [ — -
z—0 x 5) z—0\sinbx 6 z—0 5x z—0 \ sin6x 6
UL L L S .
z—0 Dbz 6 z—0 sin 6x 6 6
. tanf —1
lim —
O—m/4 9 _ _

0
This is clearly a 5 type of an indeterminate. To simplify the denominator, we will introduce a new variable. Let

x=0-— % As 0 approaches %, x will approach zero. Also, solving x = 6 — % for 6 we get § = x + % So our limit

becomes

T
tan(z+—) —1
lim %:lim 4

0—-m/4 9 — i xz—0 x

. .. . T .
Now the denominator is simple, but the numerator became more complex. We will expand tan (w + Z) using the sum

formula for tangent.

T
tanx + tan Z

T —x — 1 tanz + 1 tanzx+1 1—tanxz
tan(:v—l——)—l 1 —tanztan — — 1 —
. 4 1 4 . l—tanx-1 . l—tanx 1—tanx
lim = lim = lim = lim
r—0 X x—0 x x—0 i z—0 x
.1 tanx+1—(1—tanz) . 1 tanx+1—-14tanz . 1 2tanz
= lim — - = lim — - =lim-—-+——
z—0 T 1—tanx z—0 T 1—tanx z—=0x 1—tanx
. tanx 2 . tanz . 2
= lim . = lim - lim =1-2=2
z—0 X l1—tanx =0 x z—01—tanx

. V1—cosx
h) lim —

z—0 T

0
This is also a 0 type of an indeterminate.

Solution 1: We will start by multiplying both numerator and denominator by /1 + cos z.

y V1 —coszx 5 V1—cosx +/1+cosz 5 V1 —cosxy/1+ coszx 5 \/(1—cosx)(1+cosa;)
im—" = lim . = lim = lim
z—0 T z—0 €T vV1+4cosx x—0 /1 + cosx z—0 zv/1 4 cosx

V1 —cos?x _ Vsin? . |sin x|

= lim

= lim = lim ———
z—=0 /1 +cosx z=0xy/1+cosx =—0xy/1+4+cosz

sin x . . . sinzx
————, then we would be in a good shape, since lim
v/ 1+ cosx =0 T

ignore that we have the absolute value of sin x. We get rid of the absolute value sign by considering the sign of sin z.

= 1. But we can not

If the expression was simply
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Case 1. If z > 0, then also sinz > 0 and so [sin x| = sinx

V1 —cosz . |sin x| . sin x . sinz . 1 1 1

lim —— = lim ———— = lim —————= = lim clim ——— =
z—0+t T z—0+ /1 4+ cosx  z—0t xv/1+cosx z—=0t T z—0t+/1-+cosx \@ \/5
Case 2. If z < 0, then also sinxz < 0 and so |sinx| = —sinz
V1 —coszx ) lsinz| —sinz . sinz 1

= lim =—1lm —- lim —— =

1
_ — = lim ——— —1—=
20— x 20— z/1+cosx  a—0- 2v/1+ cosa 20— T 20— \/1+ cosx V2

Since the left-hand side limit and the right-hand side limit are different, the two-sided limit is undefined.

Sl

]_ _
Solution 2: Recall that sin? g = % and so 1 — cosz = 2sin? g

2sin? =
. v1—cosx . ﬂsm
lim ———=lim———— = lim —=

x—0 x z—0 x x—0 x

We will need to be a little bit careful because of the absolute value. If z is positive (recall it is also very close to zero)
x x
then so is sin 5 If x is negative, so is sin 5 We will separately evaluate the left-side and right-side limits. Let us

. . x
introduce the new variable y = —:

2
\[ sin — ’ \/§ sin z sin E sin z sin E sin z
limi2 = limizzﬁlim \fhmJ:\@hm \[hmf :c2
a—0t T a0tz -1 20t @ - a0t 2 N D)) a0t 2 L
Ty 2 2
V2 . siny V2 V2
= — lim =—1=—
2 y—ot oy 2 2
The other side goes similarly:
\f ‘mn ‘ \@ (7 sin f) sin — sin — sin —
lim = lim 2 V2 lim 2 _ —v2 lim 2 _ —V2 lim T 2
20~ T o z-1 20t T - om0t 2 e—0t L g
2 2
T
1 sy 2 2 2
= —V2 lim = x2—f£lim Slny—fi-l—f£
z—0+ bl 2 y—ot oy 2 2
2

Since the right-hand side limit and the left-hand side limit are different, the two-sided limit is undefined.
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2. a) Find the perimeter of a 15—sided reguar polygon written into a circle with radius 10m.

N i g 24°

o

The angle at the center of the circle is = 24° If we draw the altitude belonging to side =, we create a right triangle

ol s

with an angle of 12°. From this right triangle, sin 12° = = L Sox = 2rsin12°. We convert the angle to
r r
radians and substitute 10m for 7. The perimeter is the sum of all 15 sides:

P = 152 = 15 (27 sin 12°) = 30 (10m) sin (%) = 300sin <115) m ~ 62. 373508m

b) Find the perimeter of an n—sided regular polygon written into a circle with radius R. Use radians to measure angles.

2
Solution: We will perform the same steps as in the previous problem, only in the abstract. z = 2Rsin <27r> =
n

2R sin (E> And so the perimeter of the polygon is
n
P =nx =n2Rsin (f) = 2nRsin (E)
n n

¢) Find the limit of the perimeter of an n—sided regular polygon written into a circle with radius R as n approaches
infinity. Use radians to measure angles.

lim (ansm f) — 2R lim nl 2R lim L —2 | =27R lim
n

n—o0 n—0o0 n—oo

Define z = ~ . Asn — 00, clearly x — 0. Thus
n

9rR lim n | — 9rR lim <Smx> —97rR-1=27R

3. a) Find the area of a 15—sided regular polygon written into a circle with radius 10m.

Solution: One can compute the altitude of the right triangle using right triangle trigonometry, and compute the area
that way. However, we will use a moe efficient technique. Recall that the area of a triangle can be computed as

1
A= iab sin y where 1y iis the angle between sides a and b. Then we can immediately compute the area of the isosceles
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1
triangle: §R2 sin 24°. So the area of the polygon is
1 15 2 2
A=15 <2R2 sin 24°> = - (10m)*sin (17;) = 750 sin (;57) m? ~ 305. 0525m>

b) Solution: We will perform the same steps as in the previous problem, only in the abstract.

A=n 1RQSin 27 :}nR2sin 27
2 n 2 n

¢) Find the limit of the area of an n—sided regular polygon written into a circle with radius R as n approaches infinity.
Use radians to measure angles.

2 . 27 . 27

1 271’ S — Sl — Sl —

lim [ =nR%?sin=— ) = lim | R>—2 | = lim | 7R*—2 | = 7R? lim n
n—oo \ 2 n n—00 2 n—00 27 n—o0 27
n n n

2
Definez = —~ . Asn — o0, clearly x — 0. Thus
n

2T
S1in — .
7R lim | 2 | = 7R lim (Smx> —7R?>-1=nR?
n—oo r— X
n

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.

E-mail questions or
comments to mhidegkuti@ccc.edu.
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