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Compute each of the following integrals.

X

1
1. ——d
/\/902—1-4
2. /\/1—$2 dx

T

1
3. —_—d
/\/x2—9

Compute each of the following integrals.
previously seen methods.

1
1. — dx
/\/m
x
2. ——dz
/ V2 —25

2
T
3. ——dzx
/ V2 —25

4. /\/:L'2 — 25 dx
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Sample Problems

x? 20
4. — dx 7. —— dx
/\/16—x2 /\/1—3314
5. /\/xQ +4 dx

22
6. —— dx
/ Va2 +9

Practice Problems

Please note that some of the integrals can also be solved using other,

5. /\/16—962 dx 9. /\/x2—|—1d:):
1
6. [ ey do [
V16 — 22 10. [ ——— da
16— VaZ+ 1

x
7. /dw
V16 — 22 11. /x dx
Va2 +1

. /ﬁm

' V16 — 2 12/ x? d

.| ————dx
vz2 41
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Sample Problems - Answers

1 1
1.) ln)x+\/x2+4‘+0 2.) isin_1x+§x\/1—x2+0 3.) ln)x—kvx?—g‘—i-C

1 1
4) 8sin~! (%) ~ seVI6—a? 4+ C 5.) Sova?+4+2mn ‘x +VaZ T 4( +C

1 1
6.) 5x\/:):2 +9— gln ’x +Va? + 9‘ +C 7.) ?sin_1 (") +C 8.) T

Practice Problems - Answers
1.) 1nm+M’+C 2) Vaz-25+C 3. %xm+22—51nx+\/M‘+C
4.) %mm — 2?5 In ‘x + \/m, +C 5.) 8sin~! (%) + %am/ﬂ—&— C 6.) sin™! <%> +C
7) V16— 22+ C 8.) 8sin~! (%)—%merc 9.) %x\/m—i—%ln‘erm’—i—C

1 1
10) In|z+VaZ+1|+C 11) Va?11+C 12.) Ex\/a;Q—i—l—iln‘x—l—\/mQ—l—l‘—l—C

(© copyright Hidegkuti, Powell, 2012 Last revised: February 6, 2016



Lecture Notes Trigonometric Substitutions page 3

Sample Problems - Solutions

Trigonometric substitution is a technique of integration. It is especially useful in handling expressions under a square
root sign.

Case 1. The substitution x = atanf. This is useful in handling an integral involving v z2 + a2.

x
Let £ = atan 6 where —g <0< g (That is the same thing as stating that § = tan~! ~. The interval between —g
a

T
and — is the domain of the inverse function tan=! z.)

The picture below shows the reference triangle we use for this substitution.

Using this triangle, we do not have to do heavy duty algebra because we can read (up to sign) the trigonometric
functions of 6 in terms of x and a.

1
Example 1: Compute the integral / dz.
P b # ) Varra

Solution: We will use a trigonometric substitution. We start with a reference triangle where the hypotenuse is the

™ T
denominator. Using the substitution = = 2tan6, (where —3 <0< 5) we will transform the integral into one in 6.

From the triangle, x = 2tanf. Then dx = 2sec?f df. The expression Va2 + 4 becomes 2sec# - using the picture,

or using algebra. Recall the identity tan?z + 1 = sec® x

Va2 +4=1/(2tan0)* +4 = V4tan2 0 + 4 = V4/tan? 0 + 1 = 2Vsec2 0 = 2 [sec )|

.. . ™ T . o
Because 0 is in the interval —gr 5 )y secTis positive and so [secz| = sec .

1 1
. dr=
/\/m2+4 “ /QSeCH

This is an integral we have already seen: we can either use substitution (see in that handout) or partial fraction(see
in that handout). Either way,

(2 sec? 0 d9) = /sec@ do

/sece df = In |secf + tan 0| + C

Now we need to reverse the substitution and write the result as an expression of x. This is where the reference
triangle comes handy.
2
4 +4 z
sec = — and tanf = 5
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2+4 =z
7_}_*

In
2 2

Thus the answer is / + C. This expression can be further simplified:

1
e =
Va2 +4
Vil +44

2

x2+4
2

In +C =1In

+C:ln’\/x2+4+x‘—ln2+C:1n‘\/ac2+4+x‘—|—C

L
2

and so the final answer is | In ‘\/aﬂ +4+ 33’ + .

Case 2. The substitution z = asin  where —g <0< g This is useful in handling an integral involving v/a? — 2.

The picture below shows the reference triangle we use for this substitution.

Using this triangle, we can read (up to sign) the trigonometric functions of § in terms of x and a.

Example 2: Compute the integral [ v1 — x? dz.

Solution: This is a very famous integral because it leads to the area formula of the unit circle. We will use a
trigonometric substitution. We start with a reference triangle where the /1 — 22 is one of the legs. Using the

) T T . . . .
substitution z = sinf, (—= < 0 < 5) we will transform the integral into one in 6.

2
/A
€T

From the triangle, x = sinf. Then dz = cosf df. The expression /1 — 22 becomes
V1—22=1/1-sin260=Vcos?0 = |cos 6|

.. . ™ T . -
Because 6 is in the interval —505 ) cosTis positive and so |cos x| = cos .

/\/1—:32 d$:/cose (cos@ d9):/cos29 db

This is an integral we have already seen; we can simplify it using the double angle formula for cosine.

1
cos20 =2cos’f —1 = cos’f = §(cos20—|—1)

1 1 1/1
/c0529d9 = /2(00829—1—1) d9:2/cos29+1d9:2<2sin29+9>+0

1/1 1 1
= 3 <2 (281n90080)+9) +C = Esin9c080+§9+0
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Now we need to reverse the substitution and write the result as an expression of x. This is where the reference

sinf=x, cosf@=+1-22 and O=sin"'z

triangle comes handy.

1 1 1 1
Thus the answer is /\/1—:):2 do = 581H9COS€+59+C: 5:13\/1—:1:24— §sin_1x+0

1
T
Note that if we now compute / V1 — 22 dx the result is the area of the unit semi-circle, 5
-1
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Case 3. The substitution x = asecf where 0 < 0 < T This is useful in handling an integral involving vz2 — a2.

The picture below shows the reference triangle we use for this substitution.

0
a

Using this triangle, we can read (up to sign) the trigonometric functions of 6 in terms of x and a.

1
Example 3: Compute the integral / —— dx.
Va2 -9
Solution: We will use a trigonometric substitution. We start with a reference triangle where the hypotenuse is x and
one shorter side is 3. Using the substitution x = 3secf, we will transform the integral into one in 6.

/I e
S,
3

From the triangle, x = 3sec. Then dz = 3secftanf df. The expression V2 — 9 becomes 3tan - either from
the picture or using algebra. Recall the identity sec? z = tan?z + 1

Va2 —9=1/(3sec)’ —9 = /9sec20 — 9 = V9/sec2f — 1 = 3Vtan? 6 = 3 |tan 6|

T
Because 0 < 0 < 5 tan @ is positive and so [tan | = tan6.

1 1
/\/m dx/StanH (3S€C€tan0 d@)/sec@ d9
Again,
/SGC@ df =1In|secd + tan | + C

Now we need to reverse the substitution and write the result as an expression of x. This is where the reference
triangle comes handy.

2-9
secﬁzg and taHHZxT
1 Va2 =9
Thus the answer is / N dx =In|secf +tanf| + C =In %—I—CUT + C. We can still simplify this result
a bit:
V2 -9 V2 —9
|2+ Y2 o= | TR O =t o+ Va2 9|~ 3+ O = Infe+ Va2 9] + G

Thus the final answer is / In ‘x +VaxZ — 9‘ +C\|

1
——dx =
Vvx2 -9
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2
T
Example 4: Compute the integral / dx
p p g 16— 22
Solution: Let x = 4sin 6 where —g <fh< g Then dxz = 4 cosf db and

\/16—x2 \/16—1681n 6 = V16V 1 —sin? 0 = 4V cos? § = 4|cos 0|

Because —g <0< g, cos 0 is non-negative, and |cos | = cosf. So the integral is
x? 16sin? 6 . 9 . 9
/m / - 4cos€d9):/1651n 9d9:16/sm 0 do
1
By the double angle formula for cosine, cos20 = 1 — 2sin?d = sin?6 = 3 (1 — cos20)

1 1
= 16/sin29 d9:16/2(lcos29) d0:8/1c0520 d9:8<92sin20+0>
= 80 —4sin20+4+C

x
——dz
/\/16—332

Now we need to reverse the substitution and write the result as an expression of x. This is where the reference
triangle comes handy. Recall that £ = 4sinf and so

0 = sin! (%) and
2 1
sin20 — 2sin9cos9:2sine\/1—sm29:2(f) \/1—(‘73) zx\/(lﬁ—#)
4 1) T2V 16
1 |
= §<4) V16— a? = Sav/16 - o

And so the final answer is

1
do = 80 — 4sin 20 + C =|8 sin—? (Z) —SavViE—a? +C

22
/ V16 — 2

Example 5: Compute the integral / Va2 +4dx

™

Solution: Let x = 2tan 8 where —g <pB < 5" Then dx = 2sec?  df and

/\/$2+4d1: = /\/4tan25+4 (2se025 dﬁ) :/2 tan? 3 + 1 (286025 dﬂ) :4/|secﬁ (secQB dﬁ) =
= 4/secﬂ (se026 dﬂ) :4/se035 dg

We will compute / sec® B df3 by parts.
Let u = sec 8 and dv = sec? 8 dB. Then

du = sec S tan BdS and v—/dv—/secQB dg

In short,
u = sec v =tanf
du = sec Btan B df | dv = sec? 5 dB
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/udv =

/secﬁseczﬁ dg =
/sec3ﬁdﬁ =
/sec3/3d5 =
/sec3ﬁd6 =
/sec3,6’d6 =
2/sec3ﬁd6 =
2/sec3,8d5 =
/sec35d5 =

Now the original integral is

/\/x2+4dm‘

ww — / v du becomes

secﬂtanﬁ—/tanﬁ sec B tan 3 df

sec Stan 8 — / tan’ 8 sec 3 dB recall tan® 8 + 1 = sec? 3
sec f tan f — / (sec? B — 1) sec 3 d

sec Btan 8 — /sec35—secﬁ ds

secﬁtanﬁ—/sec?’ﬂ dﬂ—i—/secﬂ dj

secﬂtanﬁ—i—/secﬁ dp

sec B tan 8 + In|sec 8 + tan 3] + C

1 1
isecﬁtanﬁ—i-ilnbecﬁ—i-tanﬂ] +C

1 1
= 4/sec3ﬁdﬂ:4<zsecﬁtanﬂ+21n|secﬂ+tanﬁ]>—i—C’
= 2secftanf + 2In|sec S + tan B + C

Now we need to reverse the substitution and write the result as an expression of . Recall that x = 2tan 8. Then

tan § = g and

2 1 1
sec B = \/tan? 3 + :\/<§> +1:\/4x2+1: 4 (2 4+4) = \/x2

and so

1 1
/\/x2+4d1: = QSethanﬁ+21n]secﬁ+tan/B|+C:2<2 x2+4> (g) +2In 5
= fx\/w2 4+21In

1 1
= §x\/$2+4+21n‘x+\/x2+4‘—21n2—|—C: ix\/x2+4+21n‘x+\/$2+4‘+c

(© copyright Hidegkuti, Powell, 2012

x2+4+§‘+c

x—i—

1
:§x\/x2+4+2<1n’x+\/x2—|—4’—ln2>+C’
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Example 6: Compute the integral

[

Let x = 3tan 0 where —g <0< g Then dx = 3sec? 0df and

x 9tan? 6 9tan? 0 9tan? 0
——dz = —— = — (3sec’ db :/ 3sec’ 6 db :/ 3sec’ 6 db
/\/1‘2—1—9 V9tanZ6 + 9 ( ) 3vtan?0 + 1 ( ) 3 [sec O] ( )
2
= /Qtan f (3sec29d0) :9/tan29se09 d9:9/(86029—1)sec0 do
3secd

= 9/se036—se(:0 d6—9/86030 d@—9/sec€ do

We know that / sec df = In|secf + tan 6| + C and from the previous computation we have that

1 1
/sec3 0 do = 5 sec 0tan 6 + B In|secd + tanf| + C. So that the integral is

T
——dr = 9/86030 dc9—9/sec€ d0—9<secetan9+ In sec@—l—tan@) —9ln|secld + tanb| + C

9 9 9 9
= §sec:0tan9+ §ln|sec9+tan¢9| —9lnsecld + tanf| + C = §secé7tan9 - §1n|sec:9+tan0| +C

Now we need to reverse the substitution and write the result as an expression of z. Recall that x = 3tan6. Then
x
tanf = — and

2 1 1 1
secl = \/tan? 0 + :\/C)j) —1—1:\/9302—1—1:\/9(302—1—9):3 x2+9

and so
1 1
/\/a;ﬁdx = gsecﬁtanﬁ—gln\sece—i—tanﬁl—i—C:g(3 m2+9> <§>—gln (3 x2+9)+:§‘+0
1 9 2 +9 1 9
= ix\/x2+9—71 +C’=§x\/x2—|—9—§(ln‘x+\/x2+9‘—ln3>—I-C
1 1
= 536\/1‘2—1—9—gln)x+\/x2+9‘+gln3+0: §$\/x2+9—gln‘x+\/ac2+9‘+0
26
Example 7: /m dl’

d
Solution: Let u = z”. Then du = Tz5dx and so dx = 7—u6. Then the integral becomes
T

/\/1—u2 726

We can either recognize that this is the derivative of sin~!u:

=K

1 1
—sin"tu+C = - sin~! (x7) +C

1
J— 7d p—
7/\/1—u2 " 7
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1

If we do not recognize the derivative, then we can use trigonometric substitution § = sin™" u. Then u = sin 8 and so

du = cos 0df and 0 is in [—g, g}

cos 0do

1/ 1 J 1/ 1 040 1/ 1 0d0 1/ 1
| ——du=~- | ——— cosfdf = - cosfdf = —
7 V1 — u? 7 7/ 1 —Sil’l29 7 cos2 0 7 |COSQ’

. .. ™ . .
Since 6 is in |——, = |, cos @ is non-negative and so |cos 6| = cos 6 and so
2721’

1 1 1 1 1 1 1
= = — [ 1 — — Zain— L1 (7
7/‘COS9| cos 6do 7/6089 cos 0do 7/ db 79—1—0 7s1n (x)—i—C

So the answer is | — sin™! (337) + .

1

tan™!
E le 8: —
xample / 2 dx
° 1
Solution: Let u =tan"'z. Then du = ﬁdl’. For the limits of the integral, when z = 0, then u = tan™! (0) = 0
x

and when z = 1, u = tan™! (1) = % So our integral becomes

1 w/4 /4
tan~lx u?|" 1//m\2 1 72 |2
——dr= [ udu=— == <7) —02 )= =
2241 2|, —2\\1 216 |32
0 0

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|
[E-mail questions or comments to mhidegkuti@ccc.edu.|
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