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Sample Problems

1. Consider the solid obtained by revolving the region under the graph of y = \/z on [0,4] about the z—axis.

a) Let us use the partition {zg,x1, ..., z, } and approximate the function as constant within each subinterval.
Let us rotate this approximation about the x—axis. Write an expression for V;, the volume of the ith small
disk.

b) Write a Riemann sum approximating the volume of the solid.

¢) Find an integral expressing the volume and evaluate the integral.

1
2. Consider the solid obtained by revolving the region under the graph of y = 2% on [0,10] about the z—axis.

a) Write a Riemann sum expressing the volume.

b) Find an integral expressing the volume and evaluate the integral.

3. Consider the solid obtained by revolving the region under the graph of y = ma on [0, h] about the x—axis.
a) Write a Riemann sum expressing the volume.
b) Find an integral expressing the volume and evaluate the integral.
c) This object is a cone with height h and base radius » = mh. Express the volume computed in part b)

in terms of r and h.

4. Compute the volume of the solid obtained by revolving the region under the graph of y = vV R2? — 22 on
[—R, R] about the x—axis.

5. Find the volume of the solid obtained by revolving the region bounded by the graphs of y = v/z, y = 2, and
x = 0 about the y—axis.

6. Find the volume of the solid obtained by revolving the region bounded by the graphs of y = 23, y = 8, and
x = 0 about the y—axis.

7. Find the volume of the solid obtained by revolving the region bounded by the graphs of y = arctanz, y = %,

and x = 0 about the y—axis.

8. Find the volume of the solid obtained by revolving the region bounded by the graphs of y = 22, y = 0, and
x = 2 about the r—axis.

9. Find the volume of the solid obtained by revolving the region bounded by the graphs of y = 22, 2 = 0, and
y =4 about the y—axis.

Practice Problems

1. Find the volume of the solid obtained by rotating the region bounded by y = sinx, y = 0 between x = 0 and
x = 7 about the x—axis.

2. Compute the volume of the solid obtained by rotating the region bounded by y = VInz, y =0, z = 1, and
x = e about the r—axis.

T

3. Compute the volume of the solid obtained by rotating the region bounded by y = e ™, y = 0, x = 0, and

z = 1 about the r—axis.

,x=1,and y = 0 about

1
4. Compute the volume of the solid obtained by rotating the region bounded by y = —
x

the z—axis. (This will be an improper integral.)
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z = 1 about the r—axis.

. a) Compute the volume of the solid obtained by rotating the region bounded by y =

about the r—axis.

wls

5. Compute the volume of the solid obtained by rotating the region bounded by y = sechx, y = 0, x = 0 and

,y=0,and x =6

b) Compute the volume of the solid obtained by rotating the region bounded by y = g, y=2,and x =0

about the y—axis.

about the r—axis.

. a) Compute the volume of the solid obtained by rotating the region bounded by y = /z, y = 0, and = 16

b) Compute the volume of the solid obtained by rotating the region bounded by y = /z, y =2, and 2 = 0

about the y—axis.

of the other sphere.

Sample Problems - Answers

a) Vi=nl[f(z:) Az b) Y Vi=) w[f (@) Az c) 87
=1 =

=1

a) ; [f @Az b) —=m 3) a) ;w [f ()] A b) gm?h?
4 4 32 96 w2 32
§7TR 5.) 57 6.) =7 7)) L 8.) 57 9.) 8
Practice Problems - Answers
2 s 1 e —1
5 2) w 3.) 2(1—62> 4) © 5. 21" 6.) a) 8w b) 24w
128 512 5

Sample Problems - Solutions

]
S

c) =—mr2h

. Find the volume common to two spheres, each with radius r, if the center of each sphere lies on the surface

1. Consider the solid obtained by revolving the region under the graph of y = /= on [0,4] about the z—axis.
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a) Let us use the partition {xg, x1, ..., x,} and approximate the function as constant within each subinterval.
Let us rotate this approximation about the x—axis. Write an expression for V;, the volume of the ith small

disk.
Ax Ax
> e S
& fe

Solution: One thin disk is created by rotating the rectangle shown on the picture above. The rectangle
has height f (z) and width Az. When we rotate this rectangle, we obtain a cylinder with radius f (z) and
height Az. A cylinder’s volume is V = 7r?h. In this case,

Vi =7 [f (2:)]° Az;

b) Write a Riemann sum approximating the volume of the solid.

n n

Y Vi=Y wlf (@) Az

=1 i=1

¢) Find an integral expressing the volume and evaluate the integral.
Solution: As n approaches infinity, the Riemann sum becomes a definite integral.

N 4 4 4 2
V = T}LH;OZW[f(xz)]Qsz:/W[f(a:)]Q al:1::7r/(\/§)2 dIL’:ﬂ'/Cde:ﬂ' 5 O: (4> - 0?)
=1 0 0 0
= g(16)287r

1
2. Consider the solid obtained by revolving the region under the graph of y = 5% on [0,10] about the z—axis.
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a) Write a Riemann sum expressing the volume.
Solution: Let = be fixed. One thin disk is created by rotating the rectangle shown on the picture above.
A cylinder’s volume is V = 7r2h. In this case, AV =« [f (2;)]> Az;. The Riemann sum is then
n

> _mlf @) Az

i=1
b) Find an integral expressing the volume and evaluate the integral.
Solution: As n approaches infinity, the Riemann sum becomes a definite integral.

" 10 10 , 10 10
— 1 V2 Ags — 2y — it — [ T2 g =T [ 22
vV = nh_)rrolo 7 [f (x)]" Az, /W[f(l‘)] dx /7‘(‘(2) dx /4;v dx 4/;v dx
=1 0 0 0 0
3110
T (x m T 250
N _ "t —o®) = "1 _ 20U
4<3O> 13 (1072 07) = 35 (1000) = ==m

3. Consider the solid obtained by revolving the region under the graph of y = mz on [0, h] about the x—axis.

a) Write a Riemann sum expressing the volume.
Solution: Let x be fixed. The ith thin disk is created by rotating a rectangle with width Az; and height
f (7). The volume of such a cylinder is V; = 7 [f (#;)]* Az;. The Riemann sum is then
n

> wlf () A

i=1
b) Find an integral expressing the volume and evaluate the integral.
Solution: As n approaches infinity, the Riemann sum becomes a definite integral.

3

h
T
i)

n h h h
V. = lim mlf (@) Azi = [ 7 [f (@) Az = [ 7m?2? dz = 7m? | 2% dz = 7m? <
Ju 3 / / /

0 0 0

2 1
= 3 (h3 — 03) = gﬂ'mQh?’
c) This object is a cone with height h and base radius » = mh. Express the volume computed in part b)

in terms of r and h.

Solution: ) )
V= gmm’h? = om (mh?) ho= o (mh)* h = mrh

4. Compute the volume of the solid obtained by revolving the region under the graph of y = vV R? — 22 on
[—R, R] about the r—axis.

Solution:

Vi = wlf(x)]? Az Riemann sum:iﬂ[f(xi)}QA:m
n R l:; ) R
vV = JLI&ZW[f(Z’i)PAI'Z':/W[f(l’)]2dl':7T/(\/R2—:E2) d$:7T/R2—a72 dx
“R

i=1

R w?’
= 27T/R2—ZC2 dx:27r<R2x—3>
0

-R -R

R 3
R 2 4
=92 <R3 - ) =92 (R3> = _-7R?
0 3 3 3
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5. Find the volume of the solid obtained by revolving the region bounded by the graphs of y = v/z, y = 2, and

x = 0 about the y—axis.

Solution: We will again rotate rectangles to obtain cylinders but this time we rotate them about the y—axis.

c———

Ay

b

We will need to express everything in terms of y. If y = \/z, then = = 3.

n

The volume of one disk is V; = mz?Ay;. then the Riemann sum is Z T2 Ay; = Z T [f_l (yz)] 2 Ay;. The

i=1 i=1

volume is the limit of the Riemann sum as n approaches infinity.
2

n n 2
Vo= lim Y mafAy = lim Y ow[f (yi)]” Ay; = /W F @) dy = /ﬂ(yQ)Qdy—ﬂ/y“dy
=1 =1 0 0 0

5
= m—
5

2
:%(25—05):¥7r

0

6. Find the volume of the solid obtained by revolving the region bounded by the graphs of y = 23, y = 8, and

x = 0 about the y—axis.
Solution: If y = 3, then z = Jy. We will need to express everything in terms of y.

The volume of one disk is V; = mc?Ayi. Then the entire object’s volume is
8 8 5
natdy = /7r (\%7)2 dy = W/y2/3dy =7 <5> Y3
0 0
6

8
0
= gﬂ' (32) = %ﬂ'

® _ %W (85/3 _ 05/3)

V =
0

7. Find the volume of the solid obtained by revolving the region bounded by the graphs of y = arctanz, y = 1

and x = 0 about the y—axis.
Solution: If y = arctanx, then x = tany. We will need to express everything in terms of y.
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The volume of one disk is V; = mz?dy. Then the entire object’s volume is

w/4 w/4 /4
V= /chdy: /7T(tany)2 dy:w/tan2 ydy
0 0 0

Recall that
/tan2ydy—/se(:2y— ldy=tany —y+C

/4 _
Tr/tangydy = 7 (tany —y) 0/4=7r[<tan1—1)—(tan0—0)} ZW[(1—2>—O}
0
e

8. Find the volume of the solid obtained by revolving the region bounded by the graphs of y = 22, y = 0, and

Tz = 2 about the r—axis.

Solution:
2 2
2 2\2 4 a’
/ﬂ'[f(:v)] dx:/ﬂ'(:n) da::ﬂ'/:v dxzwg
0 0

0

9. Find the volume of the solid obtained by revolving the region bounded by the graphs of y = 22, 2 = 0, and

y =4 about the y—axis.
Solution: z = ,/y

4 4 4
2
Yy
/F(.T)Q dy—/rr(\/gj)2 dy—7r/ydy—7r2
0 0 0

[For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.|

[E-mail questions or comments to mhidegkuti@ccc.edu.|
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