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Equation: f (x) =

1. domain: 7. one-to-one:

range: 8. concave up:

2. y�intercept: concave down:

x�intercept(s): 9. point(s) of in�ection:

3. boundedness: 10. continuous:

4. horizontal asymptote(s): 11. even/odd:

vertical asymptote(s): 12. end-behavior:
lim

x!�1
f (x) and lim

x!1
f (x)

5. increasing:
13. Graph

decreasing:

6. absolute maximum(s):

relative maximum(s):

absolute minimum(s):

relative minimum(s):
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De�nitions

1. The domain of a function is a non-empty set of elements to which we assign things.

The range of a function is the set of elements that we assign to elements of the domain.

2. The y�intercept of a function is the point where the graph of the function intersects the y�axis.
A function can have at most one y�intercept.
The x�intercept of a function is the point where the graph of the function intersects the x�axis.
A function can have several x�intercepts.

3. A set S is bounded from below if there exists a real number L (lower bound) such that for all x in S,
x � L.
A set S is bounded from above if there exists a real number U (upper bound) such that for all x in S,
x � U .
A set S is bounded if it is bounded from above and from below.

A function f is bounded from below if there exists a real number L (lower bound) such that for all x in
the domain, f (x) � L.
A function f is bounded from above if there exists a real number U (upper bound) such that for all x in
the domain, f (x) � U .
A function f is bounded if it is bounded from above and from below.

4. Asymptotes. At this point we will not rigorously de�ne asymptotes yet, just provide with an intuitive idea.
There are two types of asymptotes.

A function can have at most two horizontal asymptotes. A horizontal asymptote is the graphical
representation of the property that as the numbers in the domain get larger and larger (positive or negative),
their assigned values get closer and closer to a �xed number.
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As x gets larger and larger in the negative,
f (x) gets closer and closer to �3.
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As x gets larger and larger in the positive,
f (x) gets closer and closer to 2.
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As x gets larger and larger, f (x) gets closer and closer to 1.
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The three examples above show di¤erent ways a function can approach a horizontal asymptote. The �rst
picture shows a graph approaching a horizontal asympotote from above. The second graph approaches a
horizontal asympotote from below. The third graph crosses it many times as it oscillates around it.

A vertical asymptote occurs when numbers in the domain close to a �xed number take extremely large
values. A function can have many di¤erent vertical asymptotes. The function may behave in di¤erent
ways at the left-hand side and at the right-hand side of the asymptote. Sometimes the function is not even
de�ned on both sides of a vertical asymptote.
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5. De�nition: A function f is increasing on an interval I if for all a and b in I, if a < b, then f (a) � f (b).
De�nition: A function f is strictly increasing on an interval I if for all a and b in I, if a < b, then
f (a) < f (b).

De�nition: A function f is decreasing on an interval I if for all a and b in I, if a < b, then f (a) � f (b).
De�nition: A function f is strictly decreasing on an interval I if for all a and b in I, if a < b, then
f (a) > f (b).

6. Extremum is a common name for a maximum or a minimum.

A function f has an absolute maximum at xM if for all x in the domain, f (xM ) � f (x).
A function f has an absolute minimum at xm if for all x in the domain, f (xm) � f (x).
A function f has a relative (or local) maximum at xM if there exists an open interval I = (a; b) that
contains xM such that

i) the function is de�ned on I and

ii) if we restrict the function to I as its domain, then (xM ; f (xM )) is an absolute maximum.

A function f has a relative (or local) minimum at xm if there exists an open interval I = (a; b) that
contains xm such that

i) the function is de�ned on I and

ii) if we restrict the function to I as its domain, then (xm; f (xm)) is an absolute minimum.

7. De�nition: A function f is one-to-one (or injective) if for all a and b in its domain, if a 6= b, then
f (a) 6= f (b).

Alternative de�nition: A function f is one-to-one (or injective) if for all a and b in its domain, if
f (a) = f (b), then a = b.
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8. A function f is concave up on an interval I if for all pairs of numbers a; b in I, the secant line connecting
the points (a; f (a)) and (b; f (b)) lies above the graph of f between a and b.

A function f is concave down on an interval I if for all pairs of numbers a; b in I, the secant line connecting
the points (a; f (a)) and (b; f (b)) lies below the graph of f between a and b.

9. A function has a point of in�ection at x if there exists real numbers a and b such that a < x < b and f
has di¤erent concavity behaviors on (a; x) and on (x; b).

10. Continuity is an extremely important concept in calculus. De�nition: A function f is continuous at a
point c if lim

x!c
f (x) = f (c).

De�nition: A function f is continuous on an open interval (a; b) if for all c with a < c < b, f is continuous
at c.

De�nition: A function f is continuous on a closed interval [a; b] if for all c with a < c < b, f is continuous
at c, and lim

x!a+
f (x) = f (a) and lim

x!b�
f (x) = f (b).

11. A function f is even if for all x in its domain, if f (x) is de�ned, then f (�x) is de�ned and f (�x) = f (x).

A function f is odd if for all x in its domain, if f (x) is de�ned, then f (�x) is de�ned and f (�x) = �f (x).

12. The end-behavior of a function f describes the behavior of f for very large negative and very large positive
numbers.

Sample Problems

Sketch the graph and give a complete analysis for each of the following functions.

1. f (x) =
p
x+ 1� 2

2. f (x) = 10x� x2 + 11 where the domain is the closed interval [3; 8]

3. f (x) = 10x� x2 + 11 where the domain is the open interval (3; 8)
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Sample Problems - Answers

1. f (x) =
p
x+ 1� 2

domain: [�1;1) one-to-one no point of in�ection
range: [�2;1) no relative maximum concave down on (�1;1)
no asymptotes no absolute maximum continuous on (�1;1)
y�intercept: (0;�1) no relative minimum even/odd: neither
x�intercept: (3; 0) absolute minimum: (�1;�2) end-behavior:
bounded from below increasing on (�1;1) lim

x!�1
f (x) = unde�ned

lim
x!1

f (x) =1
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2. f (x) = 10x� x2 + 11 where the domain is the closed interval [3; 8].

domain: [3; 8] not one-to-one no point of in�ection
range: [27; 36] relative maximum: (5; 36) concave down on [3; 8]
no asymptotes absolute maximum: (5; 36) continuous on (3; 8)
no intercepts no relative minimum even/odd: neither
bounded absolute minimum: (8; 27) end-behavior:

increasing: on (3; 5) lim
x!�1

f (x) = unde�ned

decreasing: on (5; 8) lim
x!1

f (x) = unde�ned
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3. f (x) = 10x� x2 + 11 where the domain is the open interval (3; 8)

domain: (3; 8) not one-to-one no point of in�ection
range: (27; 36] relative maximum: (5; 36) concave down on (3; 8)
no asymptotes absolute maximum: (5; 36) continuous on (3; 8)
no intercepts no relative minimum even/odd: neither
bounded no absolute minimum end-behavior:

increasing: on (3; 5) lim
x!�1

f (x) = unde�ned

decreasing: on (5; 8) lim
x!1

f (x) = unde�ned
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For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.
E-mail questions or comments to mhidegkuti@ccc.edu.
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