Lecture Notes

Integrating by Parts page 1

Compute each of the following integrals.

as tan~ !z

1. /xez dz
2. /:L‘COS:L‘ dz
3. /xe‘lm dz
4. /lnx dx

=
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Sample Problems

1

Please note that arcsin z is the same as sin™ " z and arctan z is the same

arcsin xz dx 9. / cos? x dx

arctan z dx
10. /1:26_3’” dx

efsinx dx

—_— — —

$3
sin? z dz 11. /2 dx
(22 +2)

Practice Problems

. /x22$ dx 11.
7. /a:cosac dzx 9 !
12. / ne
1

(@)

xsin 10z dx

—

x?cosz dx

]
9./xlnxdx !
]

10 z®Inz dz 14. /xsin 2z dx

0
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2

Sample Problems - Answers

1 1
1.) ze® —e*+C 2.) zsinz +cosz + C 3.) —Ee_“—ixe_“—kC 4) zlhnx—z+C
1 1
5.) zarcsinz +v1—a?2+C 6.) xarctanx—ﬁln (z24+1)+C 7.) 56:6 (sinz —cosz) + C
8.) 1(—s’natcosat—i—:z:)+C’ 9.) l(a:+s'na:cosa:)+C 10.) —e 3% 1:1:24—233—#3
AN ST ' 37 Tt Tt
11.) lln(x2+2)+;+c
72 2 +2
Practice Problems - Answers
1 2;3_12;3 _1 —330_1 -3z l_i 1
1.) 52e 1€ +C 2.) 3¢ 5%¢ +C 3.) = 241112 4.) 9
27 1 27 9 2T 2 )
5.) h12<$_1r12>+c 6.) h12<:1: _ln2+ln22)+c 7.) xsinz +cosz +C
2 - L o L o L 6 L 6
8.) zsinzx + 2zcosx — 2sinx 4+ C 9.) 3% ln:z:—za: +C 10.) 6% lnx—%x +C
11) — sin 10z — —a cos 10z + C 12.) 6ln9—8 13) — 14) 1
) 1o Sin 10z — 15 x . n ) 35 1
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Sample Problems - Solutions

1

Lz and arctan z is the same as tan—! z.

Please note that arcsin z is the same as sin™

1. /xex dx

Solution: We will integrate this by parts, using the formula

/f/ngg—/fg/

Let g(z) =« and f’'(x) = e® Then we obtain ¢’ and f by differentiation and integration.

flx)=e" |g(x) =2
flla)=e"] g (x)=1

/f’g = fg-— /fg’ becomes
/xem dr = :z:ex/emda::
We should check our result by differentiating the answer. Indeed,
(we” — e® + C) = e® + ze” — ¥ = xe”

and so our answer is correct.

2. /ascosx dx

Solution: Let g (z) =« and f’ () = cosz Then we obtain ¢’ and f by differentiation and integration.

f(z)=sinz |g(z)==x
f'(x)=cosz | ¢ (z)=1

/f’g = fg—/fg' becomes

/.’BCOS.’B de = xsinx—/sinx dmzmsinm—(—cosx):’xsinm—&—cosm—l—C'

We should check our result by differentiating the answer. Indeed,
(zsinx +cosx + C) =sinx + zcosx —sinz = xcosz

and so our answer is correct.
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3. /xe‘m dx

Solution: Let g(z) = x and f' (z) = e=*® Then we obtain ¢’ and f by differentiation and integration. To

d
compute f (z), we will use substitution. Let u = —4x then du = —4dx and so dx = —Z
d 1 1 1
f(z) :/6_4$ dx:/e“ _—Z :—4/6“ du:—ze“—l—C:—Ze_“—i—C
. 1,
We will choose C' =0 and so f (z) = —7¢ .
1 4
f@)=—qe* | g(@) =2
F@=c™ |g@=1
/f’g = fg— /fg’ becomes
1 1 1 1 1 1 1
/m_‘laC der = —Zme_‘l“’ - /—46_4$ dx = —Za:e_4$ + 4/6_43” dx = —Zme_4x + 1 <—4e_4$> +C
1 1
= fzxe_‘lz — Ee‘“ +C
We check our result by differentiating the answer.
1 1 '
(_4:1:6—433 . Ee—h? + C> —
1 —4x\/ 1 —4z\/ 1 4 —4 1 —4
= —q @) — e () =g (T ra(Ae™)) - o (—4e)
— _ie—4m + xe—4m + 16—4m —_ m€—4m

and so our answer is correct.

4. /lnx dx

Solution: Let g(x) = Inz and f'(x) = 1 Then we obtain ¢’ and f by differentiation and integration.

Fz) =z [gla) =z
Fa)=1]¢ @)=~

T
/flg = fg—/fg' becomes

1
/lnxdaz = :Eln:r—/ﬂ:-xda::mln:c—/l dm:’xlnx—az—l—c

We check our result by differentiating the answer.
/ 1
(zlnz—2z+C) =lhzx+z-——1=Inzx
x

and so our answer is correct.
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5. / arcsin z dx

Solution: Let g(z) = arcsinz and f' () =1 Then we obtain ¢’ and f by differentiation and integration.

f(z)=2 | g(z) = arcsinx

")=1|7¢ () = ——
/f’g = fg—/fg’ becomes
/ . d ‘ / 1 d . / :1: d
arcsinz dr = zarcsinz — | ¥+ ——— dx = zarcsine — | —— dx
V1— 22 V1—2z2
T
We compute the integral ——_ dx by substitution. Let u = 1 — 22. Then du = —2zdz and so
p g / 12 y
d du
r=—".
—2x

x _ [ = _ 1 _ —1/2
[ = == 7 du= g [

1/2
- —%“T+c— Vi+C=-/1-22+C
2

Thus the entire integral is

/arcsinx dr = rarcsinz — <—\/1 —a:2) +C :‘xarcsinx+ V1—22 —i—C‘

We check our result by differentiating the answer.

/
(marcsinx +vV1-—22+ C) =

= (ZL‘ arcsin .’IJ), =+ ((1 — x2)1/2>/ — arcsin x +x- 17 + (1 _ ZCQ)_l/Q (_2$)

. z xz .
= arcsinx + — — arcsinx

Vi—z2 V1-—22

and so our answer is correct.

6. /arctanx dx

Solution: Let g (z) = arctanz and f’ (z) =1 Then we obtain ¢’ and f by differentiation and integration.

f(zx)=2z | g(x) =arctanz

fx)=1]4d(x)=

z2+1

/f'g = fg—/fg’ becomes

1
/arctanx dr = :L‘arctan:r—/x- d:nza:arctanx—/
241

x
d
241 v
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d
dx by substitution. Let v = 22+ 1. Then du = 2zdz and so dz = Q—U
x

x
241

x rdu 1 [1 1 1
/w2+1da¢ /u2$ 2/udu 2n|u\+C 2n(ac—|—)—|—C

Thus the entire integral is

We compute the integral /

1
/arctanx dr =|xarctanz — 5 In (a:2 + 1) +C

We check our result by differentiating the answer.

1 /
<:E arctan x — 3 In (3:2 + 1) + C) =

1 1 1
241 2zx2+1

= (rarctanz)’ — % (In (2% + 1))/ = arctanx + x - (2z)

= arctanx + = arctanz

x x
2+1 2241

SO our answer is correct.

7. /e”” sinx dx

Solution: This is an interesting application of integration by parts. Let M denote the integral [ e*sinz dzx.

Solution: Let g (x) =sinz and f’ (z) = e¢® (Notice that because of the symmetry, g (z) = ¢ and [’ (z) =
sinz would also work.) We obtain ¢’ and f by differentiation and integration.

f(x)=¢" | g(z) =sinz
f'(z)=¢"| ¢ (z) =cosz

/f'g = fg—/fg' becomes

/ezsin:c dr = exsinw—/excosx dz

It looks like our method produced a new integral, / e® cos ¢ dx that also requires integration by parts. We

proceed: let g (z) = cosz and f’ (z) = e®. We obtain ¢’ and f by differentiation and integration.

f(x)=¢€" | g(x) =cosz
fl(x)=¢€"| ¢ (x) = —sinzx

[ 9 = to- [ 14 becomes

/excosx dex = excosx—/ex(—sinw) dw—excosx—&—/exsinx dz

Thus /excosx da:—excossc—&—/exsinx dx
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Now the result contains the original integral, / e’sinz. At this point, it looks like we are getting nowhere

because we are going in circles. However, this is not the case. Recall that we denote / e*sinx by M. Let

us review the computation again:

/exsinx dr = exsinm—/excosx dx

/ef” smz dr = €sinx — <e$ cosT + /exsinx d$>
/e:D sinz dr = €esinx —e®cosx — /ez sinz dz
This is the same as
M =¢e*sinz —e*cosx — M
This is an equation that we can solve for M.
2M = e*sinx — e cosz

1
M = ielﬂ (sinx — cosx)

1
Thus the answer is §6x (sinz — cosz) + C'| We check our result by differentiation.

1 !/
(261 (sinz — cos a:)) =

1 1 1
(e*) (sinxz — cosx) + iew (sinz —cosz)’ = §e$ (sinz — cosx) + 56”” (cosx +sinz)

— N =

. . 1 . .
= iez (sinz — cosz + sinz + cosz) = §6$ (2sinz) = e"sinx

So our answer is correct.

8. /sinzx dx

Solution: Note that this integral can be easily solved using substitution. This is because of the double
1 —cos2x
angle formula for cosine, cos2z = 1 — 2sin?xz =  sin?z = —————. This solution can be found

on our substitution handout. But at the moment, we will use this interesting application of integration by
parts as seen in the previous problem.

Let M denote the integral /sinzaj dx. Let g(x) =sinz and f’(z) = sinz Then we obtain ¢’ and f by

differentiation and integration.

f(z)=—cosz | g(z)=sinz
f'(x) =sinx | ¢’ (z) =cosx
/f’g = fg—/fg’ becomes
/sian dr = —sina:cosa:—/(—cosx)cos:n dm:—sinxcosx+/0082x dx

= —sina;cosa?+/1—sin2:1: dx:—sinxcosx+/1 dq:—/sin2a: dx

= —sinxcosx+x—/sin2m dx
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We obtained

/Sin2 T dx
M
2M

M

—sinmcosx—i—m—/sin2x dr or

—sinzcosx +x — M we solve for M

—sinxcosx + x

(—sinzcosz +z)+C

page 8

2

So our answer is

(

(—sinzcosz + )+ C| We check our result by differentiating the answer.

1
2

1

2

/
(—sinzcosz + z) +C’>

(—sinz (—sinz) + (—cosx) (cosx) + 1)

N |

/
(—sinzcosz + ) +C’>

| =

1
2

2

(sin2 x —cos®x + 1) = sinx + 1 — cos®x (2 sin? J:) =sin’z

N =

N | =

2

sin“ x

So our answer is correct.

. /0052:3 dr

Solution: We do not need to integrate by parts (although it is good practice)

/ cos’ z dx

1

/1—sin2:c dx:/l dw—/sian d:t::u—ﬁ(—sinxcosx—i—:v)—i-C’

1
5 (x +sinzcosx) + C

L +1 +C
—sin = =
5 Sinzcose + oo

We check our result by differentiating the answer.

<1

2

2

T 2

= COsS™ T

= (1+cos2a:—sin2x) = =

2cos?
( )

N =

1 —sin?z + cos
—_————

N —
N

/!
(x +sinzcosx) + C’)

cos?2

SO our answer is correct.
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10. /x2e3‘” dx

Solution: We will need to integrate by parts twice. First, let f/ (z) = e and g (z) = 2%. Then

f#) =~z | g(a) =22

Fo=e® |gd@=2

/f’g = fg-— /fg’ becomes
1 1 1 2
/a:Qe?’x dr = —56731 (362) - / (—3639”) 2xdr = —§m2e*3m + 3 /xe3mda:

f@)=—3c% | g@) =0
F@=c" [J@=1

/f’g = fg—/fg’ becomes
1 1 1 1
/xe_?’x dx = —ge_?’x () — / (—36_3“7) dx = —ga:e_?’x + 3/6_3xdl’

1 1 1 1 1
= —§:IJ€_3$ t3 (—36_35’:) +C = —gxe_?’x - §e_3“” +C

This is the result we need to compute the integral /mze_?’x dx. So far we had this much:

1 2
/:p2e3x dx = —3332673‘% + 3 /:L‘egwdx

1 1
to this we substitute our result /xe_?’m dr = —g:zze_?)‘” — §e_3m + C:

1 2 1 2 1 1
/a:Qe?’x dr = —pleT3 4 3 /:ce?’xdx = —ga:ze*?’x + 3 (—3$€3x — e 4 Cl)

3
1 2 2
— _nge—Sac _ §xe—3x . Ee—?)x +C

1
Our result might look nicer if we factor out —e™3% or ———e~3%. Then the final answer is

27
—e 3% 1332 + ga: + 3 +C'lor —ie_:‘,’z (9x2 + 6x + 2) + |
3 9 27 27
We check via differentiation:
1 ! 1
f(x) = (—276_31: (922 + 6z + 2)) =% (=3¢ (927 + 62 + 2) + e 3" (18z + 6))
1
= 5 (e73" (—272% — 18z — 6) + ¢~ ** (182 + 6))
1
= —2—76_3$ (—273:2 — 18z — 6 + 18x + 6) = g2e 3

and so our solution is correct.
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3
11, /5‘:2 dx
(2 +2)

Solution: this integral can be computed using at least three different methods: substitution (try u = x?+2)
or partial fractions or integration by parts. We will present integration by parts here.

First, let [/ (z) = (23:2)2 and g (z) = 2. To compute f, we need to integrate (2:52)2 We can do
e+ T4+
d
that by using substitution: Let u = 22 + 2. Then du = 2zdz and so dx = 2—u So
x
T r du 1 1 1 1 1
Y =22 du==(-2)+C=-—— 4 C
/(a:2+2)2 v u? 2z 2/u2 b 2< u>+ 2(x2+2)+
1
Thus if f/ (x) = (2$2)2, then f(x) = —m. Proceeding with the integration by parts, we write
x? + x
1 2
J@ =5ty 9@ ="
!/ —_ T / _
PO = igp |70 =2

/flg = fg—/fg/ becomes
x 1 )
/(362—1-2)2 (1:2) dv = _m (xZ) _/_W"‘Z)(Qx) dx

2 +/ T d
g - —dx
2 (224 2) 2 +2

and this second integral can be computed using the same substitution:

d
Let w =22+ 2. Then dw = 2zdx and so dsz—w
T
x z dw 1 1 1 1
——dr= | F—== | —dw==1 C==-In(z2+2)+C
/x2+2$ w 2dz 2/ww g Infwl+C=5ln(a”+2)+
and so the entire integral is then
x3 x? T x? 1
—— dr = — der =|—————— + =1 249 C
/(x2+2)2 v 2(w2+2)+/:1:2+2 =T r o) 2 n(e?+2) +

We check via differentiation:

.’13'2

fix) = <—2(m2+2)+;ln(3€2+2)+c>

1 <2x (22 +2) — a2 (2@) +%$21 (20)

2 (22 + 2)? +2
_ _(33(:52+2)—:1:3>+ x __(x3—|—2x—x3)+ x
(22 +2)° z? + 2 (22 +2)° 2?2 42
_ 2x a:(:c2+2)_—2x+a:3—|—2a:_ x>
O (@2+2° (@242 (@2+2°  (@2+2)°

and so our solution is correct.

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.
E-mail questions or comments to mhidegkutiQccc.edu.
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