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Claim: lim
x!0
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proof:

lim
x!0
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�
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x!0

�
sin2 x� x2 cos2 x

x2 sin2 x

�
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We apply l�Hôpital�s rule (1):

L = lim
x!0

2 sinx cosx�
�
2x cos2 x+ x22 cosx (� sinx)

�
2x sin2 x+ x22 sinx cosx

= lim
x!0

2 sinx cosx� 2x cos2 x+ 2x2 sinx cosx
2x sin2 x+ 2x2 sinx cosx

Recall that 2 sinx cosx = sin 2x and cos2 x =
1 + cos 2x

2
and sin2 x =

1� cos 2x
2

and so 2 cos2 x = 1 + cos 2x and

2 sin2 x = 1� cos 2x

L = lim
x!0

2 sinx cosx� 2x cos2 x+ 2x2 sinx cosx
2x sin2 x+ 2x2 sinx cosx

= lim
x!0

sin 2x� x (1 + cos 2x) + x2 sin 2x
x (1� cos 2x) + x2 sin 2x

= lim
x!0

�
sin 2x� x� x cos 2x+ x2 sin 2x

x� x cos 2x+ x2 sin 2x

�
the right side of the numerator almost matches

= lim
x!0

�
sin 2x� 2x+ x� x cos 2x+ x2 sin 2x

x� x cos 2x+ x2 sin 2x

�
the denominator

= lim
x!0

�
sin 2x� 2x

x� x cos 2x+ x2 sin 2x +
x� x cos 2x+ x2 sin 2x
x� x cos 2x+ x2 sin 2x

�
= lim
x!0

�
sin 2x� 2x

x� x cos 2x+ x2 sin 2x + 1
�

= 1 + lim
x!0

sin 2x� 2x
x� x cos 2x+ x2 sin 2x

We apply l�Hôpital�s rule again (2):

L = 1 + lim
x!0

sin 2x� 2x
x� x cos 2x+ x2 sin 2x

= 1 + lim
x!0

2 cos 2x� 2
1� (cos 2x� 2x sin 2x) + (2x sin 2x+ 2x2 cos 2x)

= 1 + lim
x!0

2 cos 2x� 2
1� cos 2x+ 2x sin 2x+ 2x sin 2x+ 2x2 cos 2x = 1 + limx!0

2 cos 2x� 2
1� cos 2x+ 4x sin 2x+ 2x2 cos 2x

We apply l�Hôpital�s rule again (3):

L = 1 + lim
x!0

2 cos 2x� 2
1� cos 2x+ 4x sin 2x+ 2x2 cos 2x

= 1 + lim
x!0

2 cos 2x� 2
2 sin 2x+ (4 sin 2x+ 8x cos 2x) + (4x cos 2x� 4x2 sin 2x)

= 1 + lim
x!0

�4 sin 2x
2 sin 2x+ 4 sin 2x+ 8x cos 2x+ 4x cos 2x� 4x2 sin 2x

= 1 + lim
x!0

�4 sin 2x
2 sin 2x+ 4 sin 2x+ 12x cos 2x� 4x2 sin 2x

= 1 + lim
x!0

�4 sin 2x
6 sin 2x+ 12x cos 2x� 4x2 sin 2x = 1 + limx!0

�2 sin 2x
3 sin 2x+ 6x cos 2x� 2x2 sin 2x
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We apply l�Hôpital�s rule again (4):

L = 1 + lim
x!0

�2 sin 2x
3 sin 2x+ 6x cos 2x� 2x2 sin 2x

= 1 + lim
x!0

�4 cos 2x
6 cos 2x+ (6 cos 2x� 12x sin 2x)� (4x sin 2x+ 4x2 cos 2x)

= 1 + lim
x!0

�4 cos 2x
6 cos 2x+ 6 cos 2x� 12x sin 2x� 4x sin 2x� 4x2 cos 2x

= 1 + lim
x!0

�4 cos 2x
12 cos 2x� 16x sin 2x� 4x2 cos 2x

= 1 + lim
x!0

� cos 2x
3 cos 2x� 4x sin 2x� x2 cos 2x = 1 +

�1
3
=
2

3


