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Solutions of selected problems

4. Assume that for all real numbers x and y,

sin?z 4+ cos’z = 1
sin(z+y) = sinxcosy+coszsiny and
cos(x+y) = cosxcosy—sinzsiny

Prove each of the following.

a) sin(x —y) =sinxcosy — coszsiny
Solution: We will think of 2 — y as z + (—y) and apply the sum formula to this sum.

sin (z — y) = sin (z + (—y)) = sinz cos (—y) + cos z sin (—y)
We know that sin (—y) = —siny and cos (—y) = cosy.
sin (r —y) =sinxcosy + (—1)coszsiny = sinx cosy — coszsiny

b) cos2r =2cos?z — 1
Solution:

cos 2z = cos (z + ) = cos x cos & — sin xsinx = cos? z — sin’

We can eliminate sinz using the identity cos? z + sin? z = 1; by substituting sin?z = 1 — cos® x
cos 2z = cos® & — sin? ¢ = cos® x — (1 — coszsc) =2cos’z —1

c) cos2x =1—2sin’x

We start with cos 2z = cos

cos2z =1—sin’z

2 2 2

z—sin? z and eliminate cos x using the identity sin? z+ cos

2 2 2 2

cos2x = cos“x —sin“x = (1 —sin2:r) —sin“x =1—2sin“z
1-— 2
d) sinz =+ #
Solution: We start with cos2z = 1 — 2sin? z and solve for sin z.
tanx + tany

e) tan(x +y) =

Solution:

1 —tanztany

sin(z +y) sinzcosy+ coswsiny

tan (x = =
(z+y) cos(x +y) cosxzcosy—sinzsiny

We will now divide both numerator and denominator by cos x cosy

sinx cosy + cosx siny sinxcosy cosxsiny sinx  siny
tan (z +y) — CoSTCOSY _ COSTCOSY COSTCOSY _ COST  COSY
cosx cosy — sinx siny coszcosy  sinxsiny | _ Sinz siny
COS X CoSY COSXTCOSY  COSTCOSY COS T CoS Y
tanz + tany

1 —tanztany

f) sec?z =1+ tan’x
Solution:

sin? z cos2z  sin’zx cos?x + sin?x 1

RHS=1+tan’z =1+ P 5 + 5 3 = 3 = sec’ z = LHS
cos?x cos?x cos?z cos? x cos? x

x = 1; by substituting
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1
g) cos?z = 5 (cos2x + 1)

Solution: Start with cos 2z = 2cos?z — 1 and solve for cos? z.

h) sin x _ 1 —cosx
1+ cosx - sinz
Solution:
sinx sinx 1 ——coszx sinz (1 —cosz sinz (1 —cosx 1—cosx
1+cosz 1+cosx 1—coszx 1—cos?z sin® x sin

5. Simplify each of the following.
a) sin (sin™!z)
Solution: When we compose a function with its inverse, we always get f ( ft (m)) =z

b) cos (sin 'z) = V1 — a2

Solution 1: We need to simplify cos (sim_1 :L’) Let f =sin~'z. We re-write the expression to be simplified:

cos (sin_1 x) =7
B

T T
This means that —5 < B < =, sinf = z, and we need to express cos 3 in terms of z. Since sin? B+cos? 5 = 1,

2
cos B =+4/1—sin?f =+/1— a2

0 T
Since —3 < B < 3 cos 3 is positive and so cos (silf1 x) =122

Solution 2: This method significantly reduces computation but can only provide us with the answer up to
signl We always have to worry about the signs after the method gave us the absolute value of
the answer.

We need to simplify cos (sin’1 x) Let B =sin~!2. We re-write the expression to be simplified:

cos (sirf1 w) =7
B

This means that sinf = x, and we need to express cos 5 in terms of x. Let us first draw a right triangle
where sin f = x happens. One side will be labeled as z, another as 1, and one angle as 8 so that it is true
that sin 5 = x. Here is such a triangle:

m £

We compute the missing side by the Pythagorean theorem and get v/1 — 22. Now we can easily compute cos 3

1 — 22
in terms of the triangle: cosf = % =+/1—22. This is a very nice easy method, but the payback is

that we need to worry about the sign of the answer: so far we only know that it is +v/1 — 22. We know that

the range of sin™! z is {— The cosine of all angles within this interval is non-negative, so the answer

is simply V1 — z2.

3}
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T

2?2 +1
Solution 1: We need to simplify sin (tan_l sc) Let v = tan~' 2. We re-write the expression to be simplified:

¢) sin (tan™'z) =

sin (tan_1 :1:) = 7
———
y

T T
This means that —— < v < —, tany = z, and we need to express sin-~y in terms of z.

2 2
sin“y+cos®y = 1 divide by sin“~y
siny  cos?~y 1
. 2 + . 2 - . 2
sin“~y  sin“vy sin” ~y
1 B 1
tan?y  sin?~y
tan? 1 1
7724_ = —— take reciprocal
tan“ vy sin“ vy
tan? . 9
———— = sin"y
tan®vy 41
tan? V/tan? t
Gy = an®y . Wtan’y 0 ftany| 7

L+tan?y /T4 tan2y  /1+tan2y  V1+a2

T T
We can further simplify this expression by considering its sign. Since —3 <7< 5 the value of cos~ is

always non-negative. This means that sin~y and tan~ have the same signs, if one is positive, so is the other;
if one is negative, so is the other. This means that our expression can be simplified as

X

V1422

Solution 2: This method significantly reduces computation but can only provide us with the answer up to
sign! We always have to worry about the signs after the method gave us the absolute value of
the answer.

siny =

We need to simplify sin (tam_1 :1:) Let v =tan~'z. We re-write the expression to be simplified:

sin (tan_1 :1:) = 7
———
y

This means that tan+y = z, and we need to express sin~y in terms of x. Let us first draw a right triangle
where tany = x happens. One side will be labeled as x, another as 1, and one angle as v so that it is true
that tany = z. Here is such a triangle:

We compute the missing side by the Pythagorean theorem and get V22 + 1. Now we can easily compute sin
x

in terms of the triangle: siny = ————. This is a very nice easy method, but the payback is that we need
Va2 +1
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to worry about the sign of the answer: so far we only know that it is + We know that the range

T
V2 +1

T
Lg s [——, —] The cosine of all angles within this interval is non-negative, so the sign of tangent

of tan™
depends on the sign of sine. If the sine is postive, so is the tangent. If the sine is negative, so is the tangent.

x
va2+1

if x is. Since x = tan~ and sin~ must have the same sign, our expression can be simplified as
V1— 22

x
Solution 1: We need to simplify tan (cos_1 33) Let @ = cos™'z. This means that 0 < § < 7, cosf = x, and
we need to express tan 6 in terms of x.

We can quickly figure out sin§ (see part b): sinf = +v/1 — cos?2 0 = +v/1 — 22. because 0 < 6 < 7, the value
sinf V1 —a?

In the expression, , the denominator is clearly positive. The fraction is positive if x is, and negative

T
vV +1.

d) tan (cos™'z) =

of sin @ is positive and so sinf = /1 — 22 Then tan =

cosf T
Solution 2:
102 2 _ A 2
sin“f +cos“f = 1 divide by cos“#
sin26  cos?0 B 1
cos20  cos?  cos?6
1
tan?04+1 = ———
ancu+ cos2 6
1 1 1— 22 V1= 22
tanf = i\/ —l—i\/—l—j: o v
cos2 6 22 2 Va2
V1 = 22
tanfd = :tix

]

Since 0 < 6 < m, the sign of tan# will depend on the sign of cos @ (clearly, sin 6 is positive on (0,7). Thus
tan @ is positive when cosf = x is positive and negative when cosf = z is negative. This means that our
V1—a2

x
Solution 3: This method significantly reduces computation but can only provide us with the answer up to
sign!l We always have to worry about the signs after the method gave us the absolute value of
the answer.

expression can be simplified as tan 6 =

We need to simplify tan (cos.*1 x) Let 6 = tan~!z. We re-write the expression to be simplified:

tan (cos_1 a:) =7
4

This means that cosd = x, and we need to express tand in terms of x. Let us first draw a right triangle
where cosd = x happens. One side will be labeled as x, another as 1, and one angle as ¢ so that it is true
that cosd = x. Here is such a triangle:
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We compute the missing side by the Pythagorean theorem and get v/1 — z2. Now we can easily compute

V1— 22

tand in terms of the triangle: tand = ————. This is a very nice easy method, but the payback is that
T
V1 — 22
we need to worry about the sign of the answer: so far we only know that it is +———. Since 0 < 6 < T,

T
the sign of tan @ will depend on the sign of cosf (clearly, sinf is positive on (0,7). Thus tané is positive
when cosf = x is positive and negative when cosf = x is negative. This means that our expression can be

V1—22

simplified as tan§ =

T
6. Claim: A= B =C = D = FE where
A= 1 +sinz B:l—l—sinx C =secx +tanx Dzilcos,m Ezil
1 —sinz CcosS T —S;mT secx —tanzx
Proof:
A_\/l—i—sinm_\/l—l—sinx 1+Sina¢ 1—|—Slnx 1+S1nx 1+Slnx 2 1+S1na¢_B
~ Vi1—sine V1—sinz 1+4sinz 1 —sin?x cos? x cosS T CcoS T
1+sinx
B = — + _secac—l—tanx—C
COS T COST COST
B_1+sinx_1+sinx l—sinx 1—sin?z _ cos?x _ cosT _D
~ cosxz  cosz 1—sinz cosx(l—sinz) cosz(l—sinz) 1-sinz
D cos.a: _ 1‘ _ 1 . _ 1 B
1 —sinz I —sinx I sinz  secx —tanz
CcoS T COST  COST

In90 In(2-32-5) n2+In(3?)+n5 I2+2m3+In5

7. a) 10g24 90 =

24 In(2-3) () +m3  3mlh2+In3
42? (25z) 10023 5
(0.1z) 23
1000

~ I3 In4 In5 In6 In7 In8 In8 In(2°) 3In2
" In2 In3 In4 In5 In6 In7 In2 In2  In2

c) logy3-logg4-log,b-logs6-logg 7 -log; 8

sinx cosx\ —1 CcCoST
d) logs|tanz| = 10g3 = logs (sinx) = —logy ) P ‘ —logs |cot x|
) d (ac2 — x)
10. Claim: ——* =2z —1
dzx
Proof:
2
d(2? — ) , <(37+h) —(a:+h))—(a:2—:v) . 2?42k +h—z—h—2’+ux
——2 = lim = lim
dx h—0 h h—0 h
2 _
— hmM: limwzlimQx—i—h—l:Qm—l
h—0 h h—0 h h—0
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1
V1 — 22
Solution: Recall that when we compose a function f with its inverse f~1 the result is always the same
function:

11. Claim: f(z) =sin"!x then f/ (z) =

Ff ) ==
We will state this fact for f (z) = sinz and differentiate both sides of the equation. For the left-hand side,
we use the chain rule.

sin (sin*1 :c) = x
1
cos (sim_1 :L') . d(sillxx) =1
d (sin_1 a:) 1 1

dx cos (sirf1 :1:) V1—22

To prove that cos (Sinf1 ZL’) = /1 — 22, see problem 5b.

1
dr =tan "tz + C
2 +1

z? 2 4+1-1 2?4+ 1 1 1 1
L = [T T = [ Y e = 1 —de = [ lde— | ———dz = a—tan~' a+C
/xQ—i—lx / 22r1 /x2+1 22417 / 2241 / x/x2+1x Totan St

12. b) Recall that/

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.
E-mail questions or comments to mhidegkutiQccc.edu.
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