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Theorem: If f is differentiable at a, then it is continuous there.

Proof: Suppose that f is differentiable at a number a. Then f’(a) exists which means that f (a) exists and the
fla+h)—f(a)

limit }llir% N also exists and is finite. Let us start with the true statement that 0 =0- f’ (a).
0 = 0-f'(a)
0 = limh-lim flath) = flo) by the product rule of limits
h—0 h—0 h
0 = lim (h A (ath) =] (a)) cancel out h
h—0 h
0 = }Lir% (f(a+h)—f(a)) by the difference rule of limits
= i —li
0 lim f (a + k) — lim f(a)
}ILIH%) fla) = }Lir% fla+h) by the constant rule of limits
fla) = Jimf(ath)

and f (a) = }llli%f (a 4+ h) means that f is continuous at a.

Theorem: (Product rule of derivatives) If f and g are differentiable at z, then so is fg and the derivative is

(f9)' = f'g+fd
Proof: Suppose that f and g are differentiable at x.

fglz+h) - fg(z) flet+h)g(z+h) - f(x)g(x)

(f9)" = lim A = lim - smuggle in f (z + h) g (z)
_ %il%f(wrh)g(ﬂﬁ%)—f($+h)g}(L$)+f($+h)g(m)—f(l‘)g(ﬂﬁ)
_ }Lig%)f(ﬁh)[g(ﬁh)—g(w)}]lJrg(x)[f(ﬂerh)—f(w)]
- limf(m+h)g<x+h})b g(>+g(x)f(m+h2_f(x) by the sum rule of limits
= }llli%f(l‘—i-h) (m+h2 9(@ )+}1Ll£%g( )f($+h}1_f(x) by the product rule of limits
— lim f (v + ) lim (Hh]i 9(x )—l—}lg]%g( )}llig(l)f(ﬁh}z_f(w) by the constant rule of limits
i )iy LD Z9G) T ) 0

We now realize the following;:
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Furthermore, f is continuous because it is differentiable, and so ]lliH(I] f(z+h)=f(z). Thus we now have that

(fg) = }llii%f(erh).}]lEr[l)g(ﬁU*‘hf)L—g(ﬂ?)+g($)}lli_)néf($+h})L—f(x)
= fl@ - g@ +g() - f (@)
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